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We presennhew programmablgraphicshardwareacceleratedlgo-

rithmsto testthe castabilityof geometricpartsandassistwith part
redesign.Thesealgorithmsef ciently identify andgraphicallydis-

play undercutsand minimum andinsufcient draft angles. Their

running times grow only linearly with respectto the numberof

facetdn thesolid model,makingthemef cient subroutinegor our

algorithmsthattestwhethera tessellatedCAD modelcanbe man-
ufacturedn atwo-partmold. We have developedandimplemented
two suchalgorithmsto choosecandidateadirectionsto testfor casta-
bility usingaccessibilityanalysisand Gaussmaps. The ef ciency

of thesealgorithmslies in thatthey identify groupsof candidatedi-

rectionssuchthatif ary onedirectionin the groupis not castable,
noneare,or if ary oneis castableall are. We examinetrade-ofs

betweerthealgorithms'speedaccurag, andwhetherthey guaran-
teethata castablairectionwill befoundfor a partif oneexists.

1 Introduction

In molding and castingmanufcturingprocessesnoltenraw ma-
terial is shapedn moldsfrom which the resultingpartmustbere-
moved aftersolidi cation. Typicalrigid, reusablemoldsconsistof
two main halves, which are separatedn oppositedirections(the
positive and negative “casting direction”) to remove the part. To
be castablén a givendirection,it mustbe free from undercutfea-
tureswhich would malke it impossibleto de ne mold halvesthat
couldbe separatedrom the partwhentranslatedalongthe casting
directionswithout colliding with the part(seeFigure1). For small
scale,manualproduction,one could imaginea worker simultane-
ouslytranslatingandrotatingthe mold halvesalongarbitrarypaths
during removal, but for automatedmassproduction,mold halves
aretranslatecdnly, alwaysin oppositedirections.

We call anobject“castable’in apotentialmold removal directionif

it hasno undercutgelative to thatdirection;the directionis called
a castabldirectionfor that object. Formally, an objectis castable
in adirectiond if the complemenbf the objectcanbe splitin two

partssuchthatonepartcanbetranslatedo in nity in thedirection
@ andtheotherin thedirection @ withoutcolliding with theobject
[Ahn etal. 2002]. Notethatif the objectis castablen a direction
d, thenit is alsocastablein &. For a corvex partall directions
arecastabldirections.For otherpartgeometriestheremaybe no

castablalirectioncorrespondindo a two-partmold with opposite
removal directions; more expensive multi-piecemoldswith cores
andinserts(possiblyincludingthreadednserts)would berequired
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Figure1: Partswhich arenot castabldn the vertical directionbe-
causeof undercutfeatures(a) Cubewith an undercut(b) Plastic
casingwith undercutn lower cylindrical bosses

for suchparts.In this paperwe presentlgorithmsthataddresshe
needxf a CAD useraimingfor a partdesignthatcanbe produced
the mosteconomically in a two-partmold; we leave multi-piece
moldsto futurework.

In the designprocessthe castingdirection shouldbe determined
beforedetail designfeaturedik e the bossesandribs in Figure1-b
areadded.Therearenumerousoccasionswwhena partneedso be
modi ed afterthecastingdirectionis chosenThus,thereis aneed
for atool whichwill warnthedesignemlmssoonasa changds made
which malkesthe partnon-castablén the choserdirection. Earlier
in thedesignprocessduringtheconceptuatlesignphasefeedback
aboutwhetherany castablalirectionsexist for the proposedyeom-
etry is helpful. During this stage,identifying all possiblecastable
directionsis useful becausea designercan then choosethe best
possibledirectionin termsof manufcturingcost. In this paper
we describeef cient graphics-hardare acceleratealgorithmsto
solve theabove problemsfor tessellatednput geometry
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2 Background and related work

Recently commodity graphicshardware has seenenormousim-

provementdn termsof programmabilityandcomputationaspeed.
Due to theseimprovements,GraphicsProcessingJnits (GPUs)
have becomeaviablealternatie to CPUsfor generapurposecom-
puting. Furthermore,;'Moore's law” seemgo apply to GPUsbut

with an even fasterimprovementratethanfor CPUsover the past
decadeandhalf: a speedumf roughly 2.4 timesa yearfor GPUs,
comparedo a 1.7 timesspeedugperyearfor CPUsover the same
period[Lin andManocha2003]. If thesesustainedrendscontinue,
the performanceadvantagefor algorithmsthat take advantageof

graphicshardwarewill continueto grow. Previous applicationsof

graphicshardwareto manufcturingandinspectionproblemsused
only the hiddensurfaceremoval capabilitiesof the graphicshard-
ware [Saito and Takahashil991; Konig and Groller 1998; Bala-
subramanianet al. 2000; Spitz et al. 1999; Inui and Kakio 2000;
Inui 2003],but today's programmabld&ardwarecanspeedip more
comple calculationdFernandd004]. The preliminaryresultswe

describedn [Khardekarand McMains 2004] werethe rst appli-

cationof the programmableapabilitiesof GPUsto castabilitythat
we areawareof.

A programmableraphicscardallows generalpurposecomputing
in two stagef the graphicsrenderingpipeline. A vertex shader
stageexecutesa userde ned vertex programin parallelon every

vertex passedio the renderingpipeline. A vertex programcan
changehe position,normal,color, andtexture coordinate®f each
vertex. The resultsof thesecalculationsare passedn to the ras-
terizationstage wherenormals colors,andtexture coordinatesre
interpolatedinside the trianglesthe verticesde ne. Thena pixel

shaderexecutesa userde ned fragmentprogramat every pixel,

takingtheinterpolatedvertex andtexture dataasinput andsetting
the color andthe depthvalueof thatpixel asoutput.

Thereis alarge body of literatureon checkingcastabilityand nd-
ing castabledirections. Mary researchersrho have looked at the
problemof nding a castingdirection for a two-part mold for a
given geometryonly look at a limited numberof potentialdirec-
tions.[Wongetal. 1998]and[Ravi andSrinivasan1990]only con-
siderpartingdirectionsalongthethreeprincipleaxes. [Chen1997]
looks only at the axesof a minimum boundingbox. [Hui andTan
1992] usea heuristicsearchapproachwhich, even thoughnot ex-
haustve, shavs signi cant performancéiitsonmorecomple parts
with curvedsurfaces.

[Dhaliwal et al. 2001] considerall accesgdirectionsin their al-

gorithmfor the automatedlesignof multi-piecesacri cial molds.

However, this classof moldsis more appropriatefor prototyping
thanfor massproductionsincethe molds are destryed for every

part. For their applicationthe problembecome®neof decompos-
ing the mold into machinablepiecesratherthan de-moldingthe

part. Otherresearchersiave explored automatingthe designof

multi-piecemolds and rapid tooling using layeredmanufcturing
[Chen2001;ChenandRoser2003]andshapedepositiormodeling
for sacri cial molds[Stamp etal. 2002].

Chenet al. introducethe term visibility mapto the demoldabil-
ity literaturein a paperthat shavs how to minimize the number
of coresin partsthatcant necessarilype madein a two-partmold
[Chenetal. 1993]. They nd potentialundercutdy performinga
regularizedBooleansubtractionRequichal980] of the partfrom
its corvex hull. Woo's moregeneralpaperpresentghe conceptof
usingcorvex visibility mapsthatpartitionthe Gaussiarspherede-
scribingtheir applicationto differentclasse®f visibility problems
in manufcturing[Woo 1994]. He relatesthe degreesof freedom
of the surfaceto be manufcturedto the numberof manufcturing

setupsandshavs how clusteringof overlappingvisibility mapsfor
differentsurfacescanbe usedto reducethe total numberof setups
requiredfor machining.In a subsequerpaperChenandChouuse
AugmentedVisibility Mapsto representisibility for geometrythat
doesnt admitatwo-partmold anddescribehow potentialundercuts
thatcant be handledby a singlecorecanbe subdvidedto shov a
designewhatwould needio bechangedo make adesignmoldable
[ChenandChou1995].

A numberof paperdook to graph-basedeaturerecognitionmeth-
odsto nd potentialundercut§GanterandSkoglund1991;Fuetal.
1999a;jFuetal. 1999b;Yin etal. 2001]. Unfortunatelygraph-based
methodsbreakdown for interactingfeatures,a shortcomingthat
[Ye et al. 2001] addresshy using a hybrid approachthat doesnt
rely exclusively on graphmatching. [WuegerandGadh1997a]
presentanincompletealgorithmbasedon corvex hull differences,
similarto the[Chenetal. 1993]approachto nd apartingdirection
for atwo-partmold. Their moresigni cant contritution is in their
companiorpapefWuegerandGadh1997b],the rst weareaware
of to describeheimplementatiorof adiscretizedepresentatioof
a Gaussmap. This datastructuregivesthemmuchbetterrunning
timesthantheir contemporarieseport.

Provably correctalgorithmsfor castabilitycanbefoundin thecom-
putationalgeometnyliterature.[RappaporiandRosenbloon1994]
presentan O(nlogn) time algorithm (unimplementedjor the 2D
caseof nding if a polygonis 2-castable.Ahn et al. combines
strongtheorywith a partialimplementatiofjAhn etal. 2002]. They
shav thata de niti ve answerto whethera polyhedronis castable
in ary directioncanbe obtainedvia building an arrangementn a
sphereasa function of facetnormalsandorientationsavherefacets
may startto obscureeachother Their implementationhowever,
only testsa heuristically chosenset of directionsbecauseof the
compl«ity of implementatiorand long runningtime of the com-
plete algorithm. Thesealgorithmsall work with tessellatedye-
ometry;for curves,[McMains andChen2004]analyze2D curved
splineinput, andfor 3D [Elber et al. 2004] describeanimpressie
new algorithmcombiningstrongtheoryandanimplementationbut
it is limited to C3 continuousNURBS surfacesonly.

3 Checking a direction for castability

This section describesour graphics-hardare acceleratedalgo-
rithms for checkinga part when the castingdirection is given.
Thesealgorithmsef ciently identify andgraphicallydisplayunder
cutsandminimumandinsufcient draftangles.

3.1 Castability checking

For simplicity, we rst describethe castabilitycheckingalgorithm
assuminga vertical castingdirection. We de ne a partfacetasan

“up-facet”with respecto a givendirectiond if the anglebetween
the facets outward facing surfacenormaland & is lessthan 90 .

For a vertical castingdirection, take @ to be the + z axis. We call

the projectionof two facets‘overlapping”if the interiorsof their

projectionsarenon-disjoint(notethatif the projectionstouchonly

atavertex or alonganedgewe do not call this “overlap”).

[Ahn et al. 2002] proved that a given part geometryis vertically
castablef andonly if it is vertically monotone,i.e. thereexists
no vertical line that intersectsthe part interior in more than one
disconnectedhterval. We obsene thatasa consequencdor a part
thatis notcastablendhencenotverticallymonotoneyerticallines
at the non-\ertically-monotondocationswill intersectthe interior
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of at leasttwo up-facets. Thusif we projectthe up-facetsof the
boundaryrepresentatioof the part orthographicallyonto a plane
normalto the castingdirection,the partis castablan this direction
if andonly if noneof the projectionsof the up-facetsoverlap.

Kwong obsenredthatthis testis simply a visibility test[Ahn etal.
2002; Kwong 1992]. If all the up-facetsare completelyvisible
whenthe objectis renderedwith orthographigorojection,looking
down with the eye-pointabave the object, the objectis vertically
castable.Figure 2 shavs a two dimensionalexampleof this pro-
cessfor a polygon (assumethe edgesare orientedwith normals
pointingto theexterior of thepolygon).If thepartshavn is viewed
from apointvertically above, the “up-edge”viv2 will beoccluded
by up-edges5v6 andv6v7; thusthis contouris not castablén the
verticaldirection.

v7 v8
v2 vl

v3 v4

Figure2: Two dimensionakxampleof castabilitytest

Thus determiningwhetheror not a partis castablein a given di-
rectionreducego checkingwhetherthereareary partially or com-
pletelyinvisible up-facetswhenthe objectis looked uponfrom the
mold removal direction.We solve this visibility problemef ciently

with the helpof graphicshardware. Theinputsto thealgorithmare
the partgeometryandthe castingdirectiond. Thealgorithmis as
follows:

1. Enable back face culling and

standard depth test
2. Set the view matrix parameters
a. orthographic projection
b. viewing direction -d
c. eye point offset +d from part bounds
d. screen parameters to encompass part bounds
3. Render the geometry
4. Keep z-buffer but clear frame-buffer
5. Re-render the geometry with depth test
set to GL_GREATER
6. Call an occlusion query to test if any

pixels were rendered in the second pass

After the rst renderingoasqstep3), thez-buffer will holdthedis-

tanceto thevisible up-facetfor eachpixel. During the secondpass
(stepb), only the (portionsof) up-facetsthatwereinvisible in the
rst passwill berendered.Thusif ary pixels arerenderedn the
secondpass,the objectis not castablein directiond. On recent
graphicscardswe canef ciently checkif ary pixelswererendered
in this passby usingthegraphicscard's occlusionqueryfunctional-
ity, ratherthanreadingbackthe entireframe-tuffer, makingusing
theframe-tuffer moreef cient thanusingthe stencil-tuffer, for ex-

ample. Figure 3 shavs an example of the the frame-tuffer after

step3 andagpin after step5 whenthe algorithmis run on the part
in Figurel-bwith averticalcastingdirection.

Figure3: Screershotsof theframe-tuffer shaving pixelsrendered
afterthe rst (top) andsecondpasg(bottom)of thealgorithm

Our implementationof this algorithm, running on a QuadroFX
3000GPU,wasableto testthe castabilityof partswith over20,000
facetsin lessthan one millisecond per direction testedusing a
256x256frame-tuffer (Figure4). Our directiontestingrateranged
from 18,200to 1,040directionsper second,on partswith 40 to
20,676facesrespectrely. Our runningtimesgrow only linearly
with inputsize,in contrastto the O(nlogn) growth rateof the Ahn
etal. algorithmfor testinga directionfor castability(by calculating
the objectsilhouette projectingit orthographicallyanddetermin-
ing if the projectedsilhouettewould be self-intersectingafter an
epsilon-shrinkingoperation). The runningtimesfor our algorithm
on this GPU were over 200 times fastercomparedo runningon
the samemachinewith anolder GPU thatdoesnot supportvertex
andfragmentprograms so thatthe CPU (AMD Athlon 1.8 GHz)
thenhadto executethem.Runningjustthe rst stageof the Ahn et
al. algorithmin software (extractingthe silhouette)took ve to six
timeslongerthanourentirehardware-acceleratealgorithm. Faster
silhouetteextraction might be achiezed using more sophisticated
sub-linearalgorithms[Pop et al. 2001], but the O(nlogn) plane
sweepintersectiortestingstill dominateghe theoreticalcomplex-
ity. (GPU algorithmsfor silhouetteextractiondesignedor render
ing, suchas[McGuire andHughes2004],do not seemappropriate
for this purposedueto long vertex programshatslow performance
for complex modelsandthedif culty of accuratelyperformingthe
epsilon-shrinkingand self-intersectiortestson a low resolution,
renderedsilhouette.)
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Figure5: Undercutsn prototypepartdesigndoundandhighlightedby our software (verticalremoval direction)
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Figure4: Runningtimes(QuadroFX3000GPU,AMD Athlon 1.8
GHz CPU)

3.2 Highlighting non-castab le features

Onceit is determinedhatanobjectis not castabldor agivenmold-
removal direction, we would like to highlight the portionsof the
surfacethatarenot castablesothatthe designercanmalke the nec-
essarycorrectionsUp-facetavhicharerenderedn theseconass
of thetwo passalgorithmalongwith down-facetswhich areinvisi-

bleif the objectis viewed from the oppositedirectionarethe non-
castabldacetswhich shouldbehighlighted.If the objectis illumi-

natedby two light sourcedocatedatin nity in thedirectionst and

d, thenthenon-castablsurfaceswill beexactly thosein shadaov.
For the 2D examplein Figure?2, if the objectwasilluminatedfrom
vertically above andbelow, the edgesvlv2, v8v1l, andportionsof
v7v8 would be in shadev; thoseedgesare the undercut. We can
performthis highlightingin realtime usingthe depthtexture capa-
bility of graphicshardwareasdetailedbelon. Depthtextures(a.k.a.
shadav textures)aretextureswhich storedepthvaluesat eachpixel
location,allowing a seconddepthtestfor eachpixel asdescribedn
[Everitt etal. 2003].

As apreprocessingtepbeforewe candisplaythe partwith its non-
castabldeatureshighlighted,we performthe following procedure
twice, oncefrom the positive castingdirectionandoncefrom the
negative castingdirection. Firstthe scenes projectedorthographi-
cally with thecamerglacedabove the part,alignedalongthe posi-
tive castingdirection,andtheview directionsettowardsthe object.
The z-huffer obtainedafter this renderingpassis transferredo a
depthtexturewhich will now hold the distanceto the partfor each

pixel of the resultingimage. We alsoreadback and storethe or-
thogonalviewing matrix associatedvith this cameraposition for
later usein our vertex program. This procedures repeatedrom
theoppositecastingdirection.

We canthenallow the designetto rotatethe objectandexaminethe
undercutsn realtime, accessinghe sametwo depthtexturesprevi-
ouslycalculatedo highlightthe currentlyvisible undercutdor ary
instantaneousiewing direction. We usea vertex programto trans-
form the verticesof eachpolygonby the two previously generated
orthogonaliewing transformation# turn. Thesetwo transformed
positionsarestoredastwo texturecoordinategor eachvertex. Thus
afterinterpolationduringrasterizationthe rst two component®f
a pixel texture coordinategive the locationof that pixel in the as-
sociateddepthtexture andthe third componengivesthe depthof
thatpixel from the positive (alternately negative) castingdirection
viewpointthatwasusedto generatehatdepthtexture. A fragment
programcheckghedepthtexturevaluesof bothsetsof coordinates.
If the pixel depthis morethanthe depthtexture valuefor boththe
storedtextures,thenthe pixel wasoccludedby someothergeome-
try from boththe positive andnegative castingdirections;we high-
light it in redto indicatethatit is on a non-castableindercut.The
threepartsshawvn in Figure5 wererenderedvith this process.

3.3 Draft analysis

Althoughvertical partfacesdo not constituteundercutsthey make
it dif cult toremovethepartfrom its mold (primarily dueto shrink-
ageasthe part cools). Thusduring detail designa slight taperor
“draft” shouldbe appliedto all vertical walls to facilitate mold re-
moval. The anglethe modi ed facesthenmake with the vertical,
typically oneto threedegreesjs calledthe draft angle.Draft anal-
ysis performedtodayin software canbe accomplishednore ef -
ciently usingvertex programsn hardware.

If thedesigneispeci esaminimumacceptabla@raft angle,we can
usea simple vertex programto highlight facetswith insufcient

draft. To highlight the facetswith draft lessthana certainvalue,
we setthe castingdirectionandthesineof thethresholddraftangle
valueasconstantatafor the vertex program.Within the program,
we take the dot productof the castingdirectionandthe facetnor

mal, andcompareit to the storedsineof the thresholddraft angle,
modifyingthedisplaycolor of thetriangleswith anglelessthanthe
desiredvalue.

We canalso nd theminimumdraftanglefor the entirepartin one
off-screenrenderingpassusing a vertex program. The basicidea
is to usea vertex programto calculatethe sine of the draft angle
for eachtriangle,thenrendera dummytrianglewhoseheightis set
equalto this calculatedvalueinsteadof the realtrianglegeometry
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The lowestsuchtrianglewill be for the smallestsine,correspond-
ing to theminimumdraftangle.To implementthis approachyhen
we renderthe objectduringthis passfor thethreeverticesof every
triangle,we passn thetruetrianglenormalbut dummyvertex posi-
tion values,(0,0,2),(1,0,2),(0,1,z)respectiely. Thesedummyver
ticesde ne adummytriangle,initially identicalfor all thefacetsof
the part,which we setto bevisible in a smallframe-tuffer with or-
thographigorojection.In our vertex programwe again setthe cast-
ing directionasconstandata,andthentake a dot productbetween
the normalof the facet(storedwith the vertex) andthe castingdi-
rection, thus calculatingthe cosineof the anglebetweenthe facet
normalandthe castingdirection,equialentto the sineof the draft
angle(Figure6). For the outputpositionvaluefor thedummyver-
tex, we changethe z coordinateto the sinevaluecalculated.Thus
for everyinputtrianglewe renderatrianglein theframe-huffer with
thez valueequalto thesineof thedraftangle(Figure7). We enable
the depthtestto GL_LESSandsetour eye-pointon the negative z
axis looking towardsthe origin with orthographicprojection. At
theendof therenderingpassonly thetrianglecorrespondingo the
smallestdraft anglewill bevisible. We thenreadbackthe z value
of justonepixel in theinterior of thetrianglefrom theframe-tuffer
andcalculatethe minimumdraft anglefrom thatvalue.

Figure6: The dot productof the normalandthe castingdirection
(here,+z) is the sineof thedraftanglefor aface

Figure7: Dummytrianglesrenderedor everyfacetto nd themin-
imumdraftangle

Figure8 shavs agraphcomparingunningtimesof this GPUalgo-
rithm for nding theminimumdraftangleto a softwareimplemen-
tation. The overheadassociatedvith the GPU algorithmmalesit
slower for testingvery small parts,but for partswith morethana
couplehundredfacetsthe GPUalgorithmis a clearwin. Its incre-
mentalcostfor additionalfacetds negligible, while thesoftwareal-
gorithmtime continuedo grow linearly with thenumberof facets.

Duringtheconceptuatlesignphasewe wouldlike to provide feed-
back about potential castabledirectionsso that the designercan
choosethe directionthatis optimal. Knowing the minimum draft
anglefor differentcastingdirectionsallows usto nd the onethat
maximizesminimumdraft, for example.But we only wantto com-
paredirectionsthatareactuallycastable.
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Figure8: Performancef draftanalysisalgorithm

4 Finding castab le directions

In this sectionwe describetwo algorithmswe have developedand
implementedo choosecandidatedirectionsto testfor castability
The key to makingthesealgorithmsef cient is to identify groups
of candidatedirectionssuchthatif ary onedirectionin thegroupis
notcastablenoneare,or if ary oneis castableall are.

Both our algorithmsmale useof a Gaussiarspherea unit sphere
centeredat the origin suchthat every point on it de nes a direc-
tion in Euclidean3-space(a unit vectorwith its tail at the origin

andits headon the surfaceof the sphere). A planarfacetde nes

a greatcircle on a Gaussiarspherewhich is perpendiculato the
normalvectorof the plane. This greatcircle dividesthe spherein

two hemisphericategionswherethe correspondindacetis either
alwaysanup-facetor alwaysa down-facetwith respecto the setof

directionscontainedn eachhemisphere.

4.1 Quadtree algorithm

Our rst algorithmrunsontheGPU.lIt is inspiredby thetheoretical
algorithmof Ahn etal., who prove thatall combinatoriallydistinct
castingdirectionscorrespondo 0-, 1-, or 2-cellsin anarrangement
of greatcirclesona GaussiarsphergAhn etal. 2002]. Everyfacet
normalandnormalof thetriangleformedby every edge-ertex pair
of thepartgeneratea greatcirclein theirarrangementThesegreat
circlescorrespondo thedirectionswherea partfacechangegrom
front-facingto back-fcing(directionscontainedn the planeof the
face),anddirectionswherea projectionof onepartfacepotentially
changedrom occludingto not occluding(or vice versa)another
partface(directionscontainedn theplaneshroughanedge-ertex
pair from separatériangles).

We obserethatthereis noneedio addthegreatcirclescorrespond-
ing to facenormalsto the arrangementsincetheseare actuallya
subsebf the normalsof thetrianglesde ned by edge-ertex pairs.
We reducethe numberof greatcirclesfurther by memging adjacent
coplanarfacesand omitting redundantand non-interactingedge-
vertex pairs(thosewhereneitherof the facetsadjacento the edge
canbe up-facetssimultaneouslywith any of the facetsadjacento
thevertex beingup-facets).
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Figure9: Arrangemenbdf linesin a quadtredeaf node

We projectthe remaininggreatcircles on a planetangentto the
sphereto obtainanarrangementf lines. We subdvide theline ar-

rangementn a quadtreeto obtain 32 lines per quadtredeaf node
(becauseur graphicscardhas8 bits per color channelandwe al-

locateonebit perline; for the latestgraphicscardswith 32 bits per
color channelwe would use128lines perquadtredeaf node). We
thenconstructhearrangemenin eachsuchleaf nodeby rendering
a half-spacefor eachline with a differentcolor, blendingthe col-

orshy usingthe GL_BLEND operationequivalentto a bitwise-or).
Figure 9 shavs an arrangemenin one quadtredeaf node. Thus
eachof theupto 32 (32+ 1)=2+ 1 = 529 2-cellswill beren-
deredin a differentcolor. We selecta randomsequencef 1,024
pixel locationsin eachleaf node,abouttwice the maximumpossi-
ble numberof 2-cells,andkeepthe pointshaving differentcolors
(correspondingdo distinct 2-cellsin the arrangement) While this
certainlydoesnotguarante¢hatwe will nd apointin each2-cell,

we found rapidly diminishingreturnsif we increased¢he number
of initial pointstested;for example,doublingthe numberof points
typically only increasedhe numberof cells found by one or two.

Sincethe implementationis only approximateto begin with, we
decidedto forego the additional overhead. If while building the
quadtreea cell sizefalls belov a settolerancedimit beforewe've
reducedhenumberof lines,aswill alwayshappenrf morethan32

lines go throughthe samepoint, we stopsubdviding andjust pick

randompointsin thecell. In eithercasewe testthe directionscor

respondindo thepoints,alongwith facenormalandaxisdirections
(which aregoodheuristiccandidates)for castability

Figure 11: Samplepart with castabledirectionsshavn by the
(lighter) greendots on the Gaussiarsphere. Non-castablelirec-
tionsareshaown by (darker) reddots.

Figurellshawvsapart,alongsidehedirectionstestecdisplayedon
the Gaussiarsphere.The (lighter) greendotson the sphererepre-
sentthecastablalirectionsfoundandthe(darker) reddotsrepresent
the directionswhich were checled andfound non-castable Table
10 shavs timing datafor additionalpartswe tested.

Note thatin additionto the factthat we cannotguaranteg¢hat we
will testa directionin theinterior of all the 2-cells, this algorithm
ignoresthe 1-cellsandO-cells,whichin somecasegontaintheonly
castabldlirections. Also we found that the speedof frame-tuffer
read-backvastoo slow to be usefulfor practicalapplicationswith
partswith alarge numberof facets.

4.2 Convex hull inter section algorithm

Our second,more accuratealgorithm makes use of corvex hulls

onthe Gaussiarsphere.A sphericalcorvex hull (C.H.) of a setof

pointsalsoonthe spherds a cornvex sphericapolygonboundedcoy

greatcirculararcs[Ganetal. 1994]. Thesetof directionsin whicha

planarfacetA occludesanothemplanarfacetB is calledtheinacces-
sibility region of B dueto A; it canbecalculatedxactly andrepre-
sentedasa sphericakcorvex hull onthe GaussiarsphergDhaliwal

etal. 2003]. Theinaccessibilityregionsof A dueto B andB dueto

A lie diametricallyoppositeto eachotheron the Gaussiarsphere,
with the correspondingorvex hull verticesprojectedthroughthe
origin.

Recallfrom section3 thatanobjectis non-castablin agivendirec-
tion only if ary two up-facetsoverlapeachotherwhenprojectedor-
thographicallyon a planenormalto thatdirection. Thusonly pairs
of facetswhich can potentially becomeup-facetssimultaneously
with their projectionsalsooverlapping(non-disjointinteriors)each
other could affectthe castabilityof the objectin anydirection.We
call suchpairsof facets‘potentially interacting”facets.A facetdi-
videsspacento two half spaceseparatedby the planecontaining
thefacet.We call the closedhalf spaceon the sidewherethefacet
normalpointsthepositive half spaceandtheotherclosedhalf space
theneggative half space.

A pair of potentiallyinteractingfacetswill make the objectnon-
castabldn the directionslying in the inaccessibilityregion of the
facetsdue to eachother Taking this into considerationbefore
calculatingconvex hullsto nd inaccessibilityregions of pairs of
facetswe can rst eliminatepairsthatwe know canneverinteract.
Thefollowing obsenation allows usto identify mary suchpairsa
priori.

Lemma:If two facetsA andB bothlie entirelyin one of the half
spacesle ned by the planeof the other andthesehalf spacehave
the samesign, thenthosetwo facetscannotinteract. In particular
if A liesin the positive (alternately negative) half spaceof B and
B liesin the positive (alternatelynegative) half spaceof A, thenA
andB cannotinteract.

Proof. Considertwo facetsA andB, eachof which lies entirely
in the negative half spaceof the other (seeFigure 12). Call the
greatcircles on the Gaussiarsphereperpendiculato the normal
vectorsof A andB Ca andCg respectiely. Eachgreatcircle di-
videsthe spherdn two openhemispheresyithin eachof which all
directionsmale the correspondindaceteitheranup-facet(the up-
hemispheref the facet)or a down-facet(the dovn-hemispheref
thefacet). Theregion within which boththefacetsareup-facetsis
theintersectiorof the up-hemispheresf A andB. Call this region
R. Wewill shav thatthe projectionsof A andB alongary direction
in region R cannotoverlap.
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No. facets 28 40 80 328
No. greatcircles 128 258 863 1832
No. directionstested 6,085 17,418 283,904 476,646
No. castable
directionsfound 1 2 34,758 120,299
Time (secs) 2.58 6.89 78 200

Figure10: Performancaatafor quadtreealgorithm

b}

Figurel2: (a) A pairof noninteractingrianglesb) Gaussiarsphere
with greatcirclescorrespondingo the pair of triangles

Call theline of intersectionof the two planescontainingA andB
respectiely Lag. Wewill shaw thatfor projectiondirectionsin the
region R, theprojectionof Lag will alwaysseparatéhe projections
of A andB; thusthey cannotoverlapin this region wherethey are
both up-facets. We know Lag doesnot overlap A, becauseA is
entirelyin the (closed)negative half spaceof B, andvice versa,so
Lag overlapsneitherfacet.Becausé ag liesin thesameplaneasA,
their projectionscannever overlapexceptfor projectiondirections
parallelto this plane thedirectionsonCp. Similarly theprojections
of Lag andB cannotoverlapexceptfor projectiondirectionsonCg.
Thusfor projectiondirectionswithin the up-hemispheref A, the

projectionof A will alwayslie to the samesideof the projectionof
Lag; it will only crossover the projectionof Lag whenwe move
from the up-hemispheré¢o the dowvn-hemisphereLik ewise for B.
Thuswe needonly con rm thatfor somedirectionin region R the
projectionsof A andB are on oppositesidesof the projectionof
Lag andit will holdtruefor all directionswithin region R.

Now considera vectorthatis the averageof the facetnormalsof

A andB, asshown in the gure. It is perpendiculato Lag and
canbe placedon the planewhich is the anglebisectorbetweerthe
half planesof A andB, boundeddy L ag, thatcontaintherespectre
facets.Thisvectorliesin theregion R onthe Gaussiarsphere The
projectionsof A andB alongthis vectorlie on oppositesidesof the
projectionof Lag, sincethe projectionsof therespectie containing
half planesare on oppositesides. Thusthe projectionsof A and
B will alwaysbe on oppositesidesof the projectionof Lag for all

projectiondirectionsin region R, never overlappingin R, sothey

arenot potentiallyinteracting. The casewheretwo facetseachlie

in the positive half spaceof the otheris analogous.

O

Note thatfor corvex objects,which areequialentto their corvex
hulls, all thefacetsarein the negative half spaceof all otherfacets.
Thusourtestcorrectlydetermineshatno pair of its facetds poten-
tially interacting;a corvex objectis castablén ary direction.

Now imaginemaving over the surfaceof the Gaussiarspherecon-
sideringdifferentcastingdirections. The only eventthat changes
the castabilityof our currentdirectionis whena pair of potentially
interactingfacetsstartor stopoccludingeachother Thusthecasta-
bility could changeonly whenthe currentdirectioncrossene of
the arcshoundingthe accessibilityregionsof the potentiallyinter
actingfacets.Thesearcsdivide the Gaussiarspherdnto connected
regionswherethe castabilitydoesnot changen theinterior of ary
region. Furthermoreif the objectis castablén the directionsinte-
rior to aregion, thenit is alsocastablan directionson its bound-
aries,becausercsthat form the boundarief the inaccessibility
regionsrepresentlirectionswherethecorrespondingrojectionsof
the two potentiallyinteractingfacetsjust touchbut have zeroarea
overlap.Similarly if theobjectis castablen directionscorrespond-
ing to theinterior pointsof thearcit is alsocastablén thedirections
correspondingo thearcboundariesthetwo verticesof thearcsey-
ment. On the otherhand, note that the objectmay be castablein
directionsalong an arc separatingwo regions that are not them-
selescastableandit maybecastablen thedirectionscorrespond-
ing to theverticesof anarcwhoseother(interior) pointsdon't cor
respondo castabldirections. Thusto checkwhetherthereexists
ary castablalirectionfor theobject,it sufces to testthecastability
attheverticesof the connectedegions. Theseverticesmaybethe
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corvex hull verticesor they maybe new verticesintroducedby the
intersectiorof theoriginal corvex hull arcs.

Unlike the previous algorithm,this algorithmis theoreticallyguar
anteedo includea castablalirectionin the setof candidatedirec-
tionsif ary castabledirectionexists. Of course,in practice there
will be roundof error unlessit is implementedusing exact arith-
metic.

This algorithmcanbe summarizedsfollows:

for every pair of triangles

if that pair is potentially interacting
calculate its  inaccessibility region C.H.
store its bounding great circular arcs
endif

endfor

calculate intersections of all arcs

test castability of

1. C.H. vertices
2. intersections

4.2.1 Implementation

We have implementedhe abore algorithmin C++onLinux. For

every pair of triangularfacetsin the le, we determinef thatpair
is potentiallyinteractingby checkingwhetherthey arecoplanaror

in the samesignedhalf-spacerelative to eachotheras previously
described On averagethis reducedhe numberof trianglepairsby

about75%in thepartswetested seeFigurel5, for whichexamples
71-90%of the potentially interactingpairs were eliminatedfrom

furthertesting).Unfortunately the numberof potentiallyintersect-
ing pairsis still O(n2), for apotentialtotal of O(n?) intersectiongo

test,but sincewe areintersectingonly sgmentsnotwholelines, it

is unlikely we would seethatmary intersectionsn practice.

If apairof facetds potentiallyinteractingwenext nd theinacces-
sibility region of the two facets.This region is a sphericalcorvex
hull of pointsonthe Gaussiarspherede ned by thesetof ninevec-
tors createdfrom connectingeachvertex from onefacetto every
vertex in the otherfacet[Dhaliwal etal. 2003]. Again, we normal-
ize the vectorsandplacetheir tails at the origin in the centerof a
sphere.We then projectthe vectorsonto pointson a planeplaced
tangento thespheretthepoleof ahemisphereontainingthenine
vectors sothattheir sphericatornvex hull projectswith no overlap.
The vectorswill always be co-hemisphericahssumingour origi-
nal objectboundarywas not self-intersecting. This follows from
the factthatfor ary two triangleswith disjoint interiors,thereex-
istsa separatingplanesuchthat eachtriangleis in oppositeclosed
half-spacesle ned by this plane.Thevectorsall originatefrom the
samesideof the separatingplaneandcrossto the otherside,soall
the vectorsmapto pointson the samehemispherale ned by the
greatcircle correspondingdo the separatingplanenormal. The ex-
istenceof a separatinglanefor two disjoint corvex facetsandthe
factthatit canbe found ef ciently because separatingplaneex-
istsparallelto oneof thefacetsor parallelto anedgeof eachfacet,
follows from the separatingplanetheorem[Gottschalk1998]. On
the plane,we calculatea standard?D corvex hull, the verticesof
whichwe projectbackto thesphereandconnectwith greatcircular
arcswith thesameconnechity, giving usthesphericaktorvex hull
[Ganetal. 1994].

We tried threedifferentcorvex hull calculationapproaches.The
rst wasthe gift-wrapping corvex hull algorithmas describedn
[de Berg etal. 2000]. Sincewe arealwaysusingsetsof only nine

points, a simple, brute force approachlike gift-wrapping would
seemadequate.However, for pairsof nearly coplanarfacets,the
projectionsof the nine vectorsfrom one facets verticesto the
other's verticeswill be nearlyco-great-circularThustheir projec-
tionsontotheplanewill benearlycollinear Gift-wrapping,which
works by comparingthe signsof the crossproductsof vectorsbe-
tween candidatecorvex hull points, can becomeunstablewhen
pointsarevery closeto collinear (Theissueis with numericalim-
precisionthatchangeshe signof the crossproducts sincethe sign
indicateswhich side of anotherine a pointis on. This qualitatve
erroransweringa sidednesgjuerycanleadto mutuallyimpossible
resultswhencalculatingthe crossproductswith differentsubsetof
thecollinearpoints,leadingto anin nite loop or aself-intersecting
corvex hull.) Giventhatthe numberof thesecasesvaslargein a
signi cant numberof our testgeometrieswe next turnedto exact
arithmetic.

We interfacedwith two corvex hull algorithm implementations
from the ComputationalGeometryAlgorithms Library (CGAL)
[cgal.og 2004],Bykat's non-recursie versionof quickhullaswell
as Akl and Toussains algorithm. We usedthe Cartesiankernel
with the MP_Float (multi-precision oat) numbertype, which can
representoats with arbitrary precisionand usesexact arithmetic
for numericaloperations As expectedtheseimplementationsvere
muchslower dueto theoverheadf exactarithmetic,andwe found
to our surprisethat for several of the setsof nine input pointswe
generatedhey ranout of memory(using1l GB of RAM and2 GB
of swapspace)again dueto setsof nearcollinearpoints.

We hadthe bestluck whenwe implementedGrahams scanalgo-
rithm asdescribedn [O'Rourke 1998]to calculatethe convex hull.
It sortsthe input points by anglefrom a pivot, deletingfrom the
list thosepointswith equalanglebut smallerradiusfrom the pivot
thananothempointin the set,andbuilds the hull basedon the nal
sortedlist. Grahams scanis thereforewell suitedto handledata
setswith collinearinput points becausesmall quantitatve round-
off errorscalculatingthe angleswill only causesmall quantitatve
errorsin theresults,not mutuallyimpossibleanswergo sidedness
queries.

We veri ed that from every pair of triangles,we gettwo diamet-
rically oppositeinaccessibilityregions. Thus,whenall the corvex
hullsareaddedonthespherethearrangemendbtaineds symmet-
ric aboutthe center Thus,for furthercomputatiorit is sufcient to
considerthe portionsof the arc segmentsthatarein ary onehemi-
sphere.

Again, it is simplerto calculategreatcircular arc intersectiondf

we projectthemto a plane,wherethis time the problemmapsto an
intersectiorof straightline segments.To avoid pointsprojectingto

in nity andto make more uniform useof the oating point preci-
sion,we actuallyprojectontoa circumscribing axis-alignechemi-
cube,speci cally, thecubefacescorrespondingo thex=1,y=1 and
z=1planes.We projecteachcorvex hull to thesehemi-cubefaces,
splitting segmentsacrosghefacesf they projectto morethanone,
andclipping at the boundariesThusfor every facewe obtaina set
of straightline sgments Figure13 shavs this procesdor a pair of

triangles.

We rst checkthe verticesof theselines to seeif they represent
castabledirections. If noneof the verticesare castable thenwe
nd theintersectionof the lines andcheckthoseintersectiongor
castability(Figure14). If we areonly interestedn nding whether
theobjectis castableye canstopafterwe nd acastablelirection,
otherwisewe cancontinueuntil all theline verticesandtheir inter-
sectionsarechecled. Again, we initially tried CGAL for calculat-
ing theintersectionsbut foundthatwe ranout of memoryfor more
comple inputs (presumablythe large numberof overlappingand
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(a) (b)

Figure13: (a) A pair of triangles(b) Pointson the Gaussiarsphere
obtainedfrom the pair of triangles(c) Sphericalcorvex hull ob-
tainedon the sphere(d) Projectingthe corvex hull on a circum-
scribingcube(e) Thecorvex hull obtainedon thefacesof thecube
aftersplitting.

collinearup-to-ourlimited-numerical-precisioarc sgmentswere
the problem), so we revertedto a faster oating point arithmetic
intersectiortest.

Details of runningtimesto nd a castabledirectionfor different
partsaregivenin Figure 15. The corvex hull calculationsfor the

morecomple partstake from secondgo minutes;castabilitytest-
ingtimedepend®nhow mary directionswe actuallyendup check-
ing before nding onethatis feasible. The nal partin the table
wasthe mostchallengingwith only one castabledirection, which

ouralgorithmonly foundafterabout fteen minutesof processing.

5 Future work

Wewill continueworkingto optimizeour original proof-of-concept
implementationof the corvex hull intersectionalgorithm. Cur
rently we testall the verticeswe generategven thosethat lie in

Figurel4: Pointsof intersection®f linesonthe hemi-cube&aces

theinteriorof aninaccessibilityregion of anothelpair of facets Be-
causédheinaccessibilityregionsareregionsof non-castabilitysuch
verticeswill alwaysbe non-castable We will investicate whether
thetimeit takesto identify thatavertex is interiorto anotheicorvex

hull is lessthanthe time we cansave by not checkingthe castabil-
ity of suchvertices. A promisingapproachcould beto nd the
(non-regularized)unionof theinteriorsof the non-castableegions
andonly testverticesof theunion. An alternateapproacho reduce
the runningtime for geometrieghat areapproximationgo curved
surfaceswould beto look attheoriginal controlpolygongeometry

Anotherareaof interestfor future work is multi-piecemoldswith
coresandinserts.Our algorithmfor checkingfor castabilitycanbe
easily extendedto consideradditionalremoval directionsfor side
pulls if the designerspeci esthe directions. If no removal direc-
tion guidanceis given, we suspecthe problemof nding a mold
designthatis guaranteedo minimize the numberof mold piecess
NP-hard. But we believe that GPU-basedlgorithmscan be used
within heuristicapproacheso facilitate the designof partsto be
manugcturedn multi-piecemoldsaswell.
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