
to appearin the2005ACM SymposiumonSolidandPhysicalModeling(SPM)

Finding Feasib le Mold Parting Directions Using Graphics Hardware
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Wepresentnew programmablegraphicshardwareacceleratedalgo-
rithmsto testthecastabilityof geometricpartsandassistwith part
redesign.Thesealgorithmsef�ciently identify andgraphicallydis-
play undercutsandminimum and insuf�cient draft angles. Their
running times grow only linearly with respectto the numberof
facetsin thesolidmodel,makingthemef�cient subroutinesfor our
algorithmsthat testwhethera tessellatedCAD modelcanbeman-
ufacturedin a two-partmold. Wehavedevelopedandimplemented
two suchalgorithmsto choosecandidatedirectionsto testfor casta-
bility usingaccessibilityanalysisandGaussmaps.Theef�ciency
of thesealgorithmslies in thatthey identify groupsof candidatedi-
rectionssuchthat if any onedirectionin thegroupis not castable,
noneare,or if any oneis castable,all are. We examinetrade-offs
betweenthealgorithms'speed,accuracy, andwhetherthey guaran-
teethatacastabledirectionwill befoundfor apartif oneexists.

1 Intr oduction

In molding andcastingmanufacturingprocesses,moltenraw ma-
terial is shapedin moldsfrom which theresultingpartmustbere-
movedaftersolidi�cation. Typical rigid, reusablemoldsconsistof
two main halves, which are separatedin oppositedirections(the
positive andnegative “castingdirection”) to remove the part. To
becastablein a givendirection,it mustbefreefrom undercutfea-
tureswhich would make it impossibleto de�ne mold halves that
couldbeseparatedfrom thepartwhentranslatedalongthecasting
directionswithout colliding with thepart(seeFigure1). For small
scale,manualproduction,onecould imaginea worker simultane-
ouslytranslatingandrotatingthemoldhalvesalongarbitrarypaths
during removal, but for automatedmassproduction,mold halves
aretranslatedonly, alwaysin oppositedirections.

Wecall anobject“castable”in apotentialmoldremoval directionif
it hasno undercutsrelative to thatdirection;thedirectionis called
a castabledirectionfor thatobject. Formally, anobjectis castable
in a direction~d if thecomplementof theobjectcanbesplit in two
partssuchthatonepartcanbetranslatedto in�nity in thedirection
~d andtheotherin thedirection� ~d withoutcolliding with theobject
[Ahn et al. 2002]. Note that if theobjectis castablein a direction
~d, then it is alsocastablein � ~d. For a convex part all directions
arecastabledirections.For otherpartgeometries,theremaybeno
castabledirectioncorrespondingto a two-partmold with opposite
removal directions;moreexpensive multi-piecemoldswith cores
andinserts(possiblyincludingthreadedinserts)would berequired
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Figure1: Partswhich arenot castablein theverticaldirectionbe-
causeof undercutfeatures(a) Cubewith an undercut(b) Plastic
casingwith undercutson lowercylindrical bosses

for suchparts.In thispaper, wepresentalgorithmsthataddressthe
needsof a CAD useraimingfor a partdesignthatcanbeproduced
the mosteconomically, in a two-partmold; we leave multi-piece
moldsto futurework.

In the designprocess,the castingdirectionshouldbe determined
beforedetaildesignfeatureslike thebossesandribs in Figure1-b
areadded.Therearenumerousoccasionswhena partneedsto be
modi�ed afterthecastingdirectionis chosen.Thus,thereis aneed
for a tool whichwill warnthedesignerassoonasachangeis made
which makesthepartnon-castablein thechosendirection. Earlier
in thedesignprocess,duringtheconceptualdesignphase,feedback
aboutwhetheranycastabledirectionsexist for theproposedgeom-
etry is helpful. During this stage,identifying all possiblecastable
directionsis useful becausea designercan then choosethe best
possibledirection in termsof manufacturingcost. In this paper,
we describeef�cient graphics-hardwareacceleratedalgorithmsto
solve theaboveproblemsfor tessellatedinputgeometry.
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2 Backgr ound and related work

Recently, commoditygraphicshardware hasseenenormousim-
provementsin termsof programmabilityandcomputationalspeed.
Due to theseimprovements,GraphicsProcessingUnits (GPUs)
havebecomeaviablealternative to CPUsfor generalpurposecom-
puting. Furthermore,“Moore's law” seemsto apply to GPUsbut
with aneven fasterimprovementratethanfor CPUsover thepast
decadeandhalf: a speedupof roughly2.4 timesa yearfor GPUs,
comparedto a 1.7 timesspeedupperyearfor CPUsover thesame
period[Lin andManocha2003]. If thesesustainedtrendscontinue,
the performanceadvantagefor algorithmsthat take advantageof
graphicshardwarewill continueto grow. Previousapplicationsof
graphicshardwareto manufacturingandinspectionproblemsused
only the hiddensurfaceremoval capabilitiesof the graphicshard-
ware [Saito and Takahashi1991; Konig and Groller 1998; Bala-
subramaniamet al. 2000;Spitz et al. 1999; Inui andKakio 2000;
Inui 2003],but today'sprogrammablehardwarecanspeedupmore
complex calculations[Fernando2004].Thepreliminaryresultswe
describedin [KhardekarandMcMains 2004] werethe �rst appli-
cationof theprogrammablecapabilitiesof GPUsto castabilitythat
weareawareof.

A programmablegraphicscardallows generalpurposecomputing
in two stagesof the graphicsrenderingpipeline. A vertex shader
stageexecutesa userde�ned vertex programin parallelon every
vertex passedto the renderingpipeline. A vertex programcan
changetheposition,normal,color, andtexturecoordinatesof each
vertex. The resultsof thesecalculationsarepassedon to the ras-
terizationstage,wherenormals,colors,andtexturecoordinatesare
interpolatedinside the trianglesthe verticesde�ne. Thena pixel
shaderexecutesa userde�ned fragmentprogramat every pixel,
taking the interpolatedvertex andtexturedataasinput andsetting
thecolorandthedepthvalueof thatpixel asoutput.

Thereis a largebodyof literatureon checkingcastabilityand�nd-
ing castabledirections.Many researcherswho have looked at the
problemof �nding a castingdirection for a two-part mold for a
given geometryonly look at a limited numberof potentialdirec-
tions. [Wongetal. 1998]and[Ravi andSrinivasan1990]only con-
siderpartingdirectionsalongthethreeprincipleaxes. [Chen1997]
looksonly at theaxesof a minimumboundingbox. [Hui andTan
1992] usea heuristicsearchapproachwhich, even thoughnot ex-
haustive,showssigni�cant performancehitsonmorecomplex parts
with curvedsurfaces.

[Dhaliwal et al. 2001] considerall accessdirectionsin their al-
gorithm for the automateddesignof multi-piecesacri�cial molds.
However, this classof molds is moreappropriatefor prototyping
thanfor massproductionsincethe moldsaredestroyed for every
part. For their applicationtheproblembecomesoneof decompos-
ing the mold into machinablepiecesrather than de-moldingthe
part. Other researchershave explored automatingthe designof
multi-piecemoldsand rapid tooling using layeredmanufacturing
[Chen2001;ChenandRosen2003]andshapedepositionmodeling
for sacri�cial molds[Stamp� etal. 2002].

Chenet al. introducethe term visibility map to the demoldabil-
ity literaturein a paperthat shows how to minimize the number
of coresin partsthatcan't necessarilybemadein a two-partmold
[Chenet al. 1993]. They �nd potentialundercutsby performinga
regularizedBooleansubtraction[Requicha1980] of the part from
its convex hull. Woo's moregeneralpaperpresentstheconceptof
usingconvex visibility mapsthatpartitiontheGaussiansphere,de-
scribingtheir applicationto differentclassesof visibility problems
in manufacturing[Woo 1994]. He relatesthe degreesof freedom
of thesurfaceto bemanufacturedto thenumberof manufacturing

setups,andshowshow clusteringof overlappingvisibility mapsfor
differentsurfacescanbeusedto reducethetotal numberof setups
requiredfor machining.In a subsequentpaperChenandChouuse
AugmentedVisibility Mapsto representvisibility for geometrythat
doesn't admitatwo-partmoldanddescribehow potentialundercuts
thatcan't behandledby a singlecorecanbesubdividedto show a
designerwhatwouldneedto bechangedto makeadesignmoldable
[ChenandChou1995].

A numberof paperslook to graph-basedfeaturerecognitionmeth-
odsto �nd potentialundercuts[GanterandSkoglund1991;Fuetal.
1999a;Fuetal. 1999b;Yin etal. 2001].Unfortunatelygraph-based
methodsbreakdown for interactingfeatures,a shortcomingthat
[Ye et al. 2001] addressby using a hybrid approachthat doesn't
rely exclusively on graphmatching. [Wuerger andGadh1997a]
presentan incompletealgorithmbasedon convex hull differences,
similarto the[Chenetal.1993]approach,to �nd apartingdirection
for a two-partmold. Their moresigni�cant contribution is in their
companionpaper[WuergerandGadh1997b],the�rst weareaware
of to describetheimplementationof adiscretizedrepresentationof
a Gaussmap. This datastructuregivesthemmuchbetterrunning
timesthantheir contemporariesreport.

Provablycorrectalgorithmsfor castabilitycanbefoundin thecom-
putationalgeometryliterature.[RappaportandRosenbloom1994]
presentan O(nlogn) time algorithm(unimplemented)for the 2D
caseof �nding if a polygon is 2-castable.Ahn et al. combines
strongtheorywith apartialimplementation[Ahn etal. 2002].They
show that a de�niti ve answerto whethera polyhedronis castable
in any directioncanbeobtainedvia building anarrangementon a
sphereasa functionof facetnormalsandorientationswherefacets
may start to obscureeachother. Their implementation,however,
only testsa heuristicallychosenset of directionsbecauseof the
complexity of implementationandlong runningtime of the com-
pletealgorithm. Thesealgorithmsall work with tessellatedge-
ometry;for curves,[McMains andChen2004]analyze2D curved
splineinput, andfor 3D [Elber et al. 2004]describean impressive
new algorithmcombiningstrongtheoryandanimplementation,but
it is limited to C3 continuousNURBSsurfacesonly.

3 Checking a direction for castability

This section describesour graphics-hardware acceleratedalgo-
rithms for checkinga part when the castingdirection is given.
Thesealgorithmsef�ciently identify andgraphicallydisplayunder-
cutsandminimumandinsuf�cient draft angles.

3.1 Castability checking

For simplicity, we �rst describethecastabilitycheckingalgorithm
assuminga vertical castingdirection. We de�ne a part facetasan
“up-facet”with respectto a givendirection~d if theanglebetween
the facet's outward facingsurfacenormaland ~d is lessthan90� .
For a vertical castingdirection,take ~d to be the + z axis. We call
the projectionof two facets“overlapping” if the interiorsof their
projectionsarenon-disjoint(notethat if theprojectionstouchonly
atavertex or alonganedgewedonotcall this “overlap”).

[Ahn et al. 2002] proved that a given part geometryis vertically
castableif and only if it is vertically monotone,i.e. thereexists
no vertical line that intersectsthe part interior in more than one
disconnectedinterval. Weobserve thatasaconsequence,for apart
thatis notcastableandhencenotverticallymonotone,verticallines
at the non-vertically-monotonelocationswill intersectthe interior
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of at leasttwo up-facets. Thus if we project the up-facetsof the
boundaryrepresentationof the part orthographicallyonto a plane
normalto thecastingdirection,thepart is castablein this direction
if andonly if noneof theprojectionsof theup-facetsoverlap.

Kwongobservedthat this testis simply a visibility test[Ahn et al.
2002; Kwong 1992]. If all the up-facetsare completelyvisible
whenthe objectis renderedwith orthographicprojection,looking
down with the eye-pointabove the object, the object is vertically
castable.Figure2 shows a two dimensionalexampleof this pro-
cessfor a polygon (assumethe edgesare orientedwith normals
pointingto theexteriorof thepolygon).If thepartshown is viewed
from apoint verticallyabove, the“up-edge”v1v2will beoccluded
by up-edgesv5v6 andv6v7; thusthis contouris not castablein the
verticaldirection.

Figure2: Two dimensionalexampleof castabilitytest

Thusdeterminingwhetheror not a part is castablein a given di-
rectionreducesto checkingwhetherthereareany partiallyor com-
pletelyinvisible up-facetswhentheobjectis lookeduponfrom the
moldremoval direction.Wesolvethisvisibility problemef�ciently
with thehelpof graphicshardware.Theinputsto thealgorithmare
thepartgeometryandthecastingdirection~d. Thealgorithmis as
follows:

1. Enable back face culling and
standard depth test

2. Set the view matrix parameters
a. orthographic projection
b. viewing direction -d
c. eye point offset +d from part bounds
d. screen parameters to encompass part bounds

3. Render the geometry
4. Keep z-buffer but clear frame-buffer
5. Re-render the geometry with depth test

set to GL_GREATER
6. Call an occlusion query to test if any

pixels were rendered in the second pass

After the�rst renderingpass(step3), thez-buffer will hold thedis-
tanceto thevisible up-facetfor eachpixel. During thesecondpass
(step5), only the (portionsof) up-facetsthat wereinvisible in the
�rst passwill be rendered.Thusif any pixels arerenderedin the
secondpass,the object is not castablein direction ~d. On recent
graphicscards,wecanef�ciently checkif any pixelswererendered
in thispassby usingthegraphicscard'socclusionqueryfunctional-
ity, ratherthanreadingbacktheentireframe-buffer, makingusing
theframe-buffer moreef�cient thanusingthestencil-buffer, for ex-
ample. Figure 3 shows an exampleof the the frame-buffer after

step3 andagain afterstep5 whenthealgorithmis run on thepart
in Figure1-bwith averticalcastingdirection.

Figure3: Screenshotsof theframe-buffer showing pixelsrendered
afterthe�rst (top)andsecondpass(bottom)of thealgorithm

Our implementationof this algorithm, running on a QuadroFX
3000GPU,wasableto testthecastabilityof partswith over20,000
facetsin less than one millisecond per direction testedusing a
256x256frame-buffer (Figure4). Our directiontestingrateranged
from 18,200to 1,040directionsper second,on partswith 40 to
20,676facesrespectively. Our running times grow only linearly
with input size,in contrastto theO(nlogn) growth rateof theAhn
etal. algorithmfor testingadirectionfor castability(by calculating
the objectsilhouette,projectingit orthographically, anddetermin-
ing if the projectedsilhouettewould be self-intersectingafter an
epsilon-shrinkingoperation).Therunningtimesfor our algorithm
on this GPU wereover 200 times fastercomparedto runningon
thesamemachinewith anolderGPUthatdoesnot supportvertex
andfragmentprograms,so that the CPU (AMD Athlon 1.8 GHz)
thenhadto executethem.Runningjust the�rst stageof theAhn et
al. algorithmin software(extractingthesilhouette)took � ve to six
timeslongerthanourentirehardware-acceleratedalgorithm.Faster
silhouetteextraction might be achieved using more sophisticated
sub-linearalgorithms[Pop et al. 2001], but the O(nlogn) plane
sweepintersectiontestingstill dominatesthe theoreticalcomplex-
ity. (GPUalgorithmsfor silhouetteextractiondesignedfor render-
ing, suchas[McGuire andHughes2004],do not seemappropriate
for thispurposedueto longvertex programsthatslow performance
for complex modelsandthedif�culty of accuratelyperformingthe
epsilon-shrinkingand self-intersectiontestson a low resolution,
renderedsilhouette.)
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Figure5: Undercutsin prototypepartdesignsfoundandhighlightedby oursoftware(verticalremoval direction)
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Figure4: Runningtimes(QuadroFX3000GPU,AMD Athlon 1.8
GHzCPU)

3.2 Highlighting non-castab le features

Onceit is determinedthatanobjectis notcastablefor agivenmold-
removal direction,we would like to highlight the portionsof the
surfacethatarenot castablesothatthedesignercanmake thenec-
essarycorrections.Up-facetswhicharerenderedin thesecondpass
of thetwo passalgorithmalongwith down-facetswhich areinvisi-
ble if theobjectis viewedfrom theoppositedirectionarethenon-
castablefacets,whichshouldbehighlighted.If theobjectis illumi-
natedby two light sourceslocatedat in�nity in thedirections~d and
� ~d, thenthenon-castablesurfaceswill beexactly thosein shadow.
For the2D examplein Figure2, if theobjectwasilluminatedfrom
vertically above andbelow, theedgesv1v2, v8v1, andportionsof
v7v8 would be in shadow; thoseedgesarethe undercut. We can
performthis highlightingin realtime usingthedepthtexturecapa-
bility of graphicshardwareasdetailedbelow. Depthtextures(a.k.a.
shadow textures)aretextureswhichstoredepthvaluesateachpixel
location,allowing aseconddepthtestfor eachpixel asdescribedin
[Everitt et al. 2003].

As apreprocessingstepbeforewecandisplaythepartwith its non-
castablefeatureshighlighted,we performthe following procedure
twice, oncefrom the positive castingdirectionandoncefrom the
negative castingdirection.First thesceneis projectedorthographi-
cally with thecameraplacedabovethepart,alignedalongtheposi-
tivecastingdirection,andtheview directionsettowardstheobject.
The z-buffer obtainedafter this renderingpassis transferredto a
depthtexturewhich will now hold thedistanceto thepart for each

pixel of the resultingimage. We alsoreadbackandstorethe or-
thogonalviewing matrix associatedwith this cameraposition for
later usein our vertex program. This procedureis repeatedfrom
theoppositecastingdirection.

Wecanthenallow thedesignerto rotatetheobjectandexaminethe
undercutsin realtime,accessingthesametwo depthtexturesprevi-
ouslycalculatedto highlight thecurrentlyvisibleundercutsfor any
instantaneousviewing direction.We useavertex programto trans-
form theverticesof eachpolygonby thetwo previously generated
orthogonalviewing transformationsin turn. Thesetwo transformed
positionsarestoredastwo texturecoordinatesfor eachvertex. Thus
afterinterpolationduringrasterization,the�rst two componentsof
a pixel texture coordinategive the locationof that pixel in the as-
sociateddepthtexture andthe third componentgivesthe depthof
thatpixel from thepositive (alternately, negative) castingdirection
viewpoint thatwasusedto generatethatdepthtexture. A fragment
programchecksthedepthtexturevaluesof bothsetsof coordinates.
If thepixel depthis morethanthedepthtexturevaluefor both the
storedtextures,thenthepixel wasoccludedby someothergeome-
try from boththepositiveandnegativecastingdirections;wehigh-
light it in redto indicatethat it is on a non-castableundercut.The
threepartsshown in Figure5 wererenderedwith thisprocess.

3.3 Draft analysis

Althoughverticalpartfacesdonotconstituteundercuts,they make
it dif�cult to removethepartfrom its mold(primarily dueto shrink-
ageasthe part cools). Thusduring detail designa slight taperor
“draft” shouldbeappliedto all verticalwalls to facilitatemold re-
moval. The anglethe modi�ed facesthenmake with the vertical,
typically oneto threedegrees,is calledthedraft angle.Draft anal-
ysis performedtoday in softwarecanbe accomplishedmoreef�-
cientlyusingvertex programsin hardware.

If thedesignerspeci�esa minimumacceptabledraft angle,we can
usea simple vertex programto highlight facetswith insuf�cient
draft. To highlight the facetswith draft lessthana certainvalue,
wesetthecastingdirectionandthesineof thethresholddraftangle
valueasconstantdatafor thevertex program.Within theprogram,
we take the dot productof the castingdirectionandthe facetnor-
mal, andcompareit to thestoredsineof the thresholddraft angle,
modifyingthedisplaycolorof thetriangleswith anglelessthanthe
desiredvalue.

We canalso�nd theminimumdraft anglefor theentirepartin one
off-screenrenderingpassusinga vertex program. The basicidea
is to usea vertex programto calculatethe sineof the draft angle
for eachtriangle,thenrendera dummytrianglewhoseheightis set
equalto this calculatedvalueinsteadof thereal trianglegeometry.
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The lowestsuchtrianglewill be for thesmallestsine,correspond-
ing to theminimumdraftangle.To implementthisapproach,when
werendertheobjectduringthispass,for thethreeverticesof every
triangle,wepassin thetruetrianglenormalbut dummyvertex posi-
tion values,(0,0,z),(1,0,z),(0,1,z)respectively. Thesedummyver-
ticesde�ne adummytriangle,initially identicalfor all thefacetsof
thepart,whichwesetto bevisible in asmallframe-buffer with or-
thographicprojection.In ourvertex program,weagainsetthecast-
ing directionasconstantdata,andthentake a dot productbetween
thenormalof the facet(storedwith thevertex) andthecastingdi-
rection,thuscalculatingthe cosineof the anglebetweenthe facet
normalandthecastingdirection,equivalentto thesineof thedraft
angle(Figure6). For theoutputpositionvaluefor thedummyver-
tex, we changethez coordinateto thesinevaluecalculated.Thus
for everyinputtrianglewerenderatrianglein theframe-buffer with
thez valueequalto thesineof thedraftangle(Figure7). Weenable
thedepthtestto GL LESSandsetour eye-pointon thenegative z
axis looking towardsthe origin with orthographicprojection. At
theendof therenderingpassonly thetrianglecorrespondingto the
smallestdraft anglewill bevisible. We thenreadbackthez value
of justonepixel in theinteriorof thetrianglefrom theframe-buffer
andcalculatetheminimumdraft anglefrom thatvalue.

Figure6: The dot productof the normalandthe castingdirection
(here,+z) is thesineof thedraft anglefor a face

Figure7: Dummytrianglesrenderedfor everyfacetto �nd themin-
imumdraft angle

Figure8 showsagraphcomparingrunningtimesof thisGPUalgo-
rithm for �nding theminimumdraftangleto asoftwareimplemen-
tation. The overheadassociatedwith the GPU algorithmmakesit
slower for testingvery small parts,but for partswith morethana
couplehundredfacets,theGPUalgorithmis a clearwin. Its incre-
mentalcostfor additionalfacetsis negligible,while thesoftwareal-
gorithmtimecontinuesto grow linearlywith thenumberof facets.

Duringtheconceptualdesignphase,wewould liketo providefeed-
back aboutpotentialcastabledirectionsso that the designercan
choosethe directionthat is optimal. Knowing the minimum draft
anglefor differentcastingdirectionsallows us to �nd theonethat
maximizesminimumdraft, for example.But weonly wantto com-
paredirectionsthatareactuallycastable.
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Figure8: Performanceof draft analysisalgorithm

4 Finding castab le directions

In this sectionwe describetwo algorithmswe have developedand
implementedto choosecandidatedirectionsto test for castability.
The key to makingthesealgorithmsef�cient is to identify groups
of candidatedirectionssuchthatif any onedirectionin thegroupis
not castable,noneare,or if any oneis castable,all are.

Both our algorithmsmake useof a Gaussiansphere,a unit sphere
centeredat the origin suchthat every point on it de�nes a direc-
tion in Euclidean3-space(a unit vectorwith its tail at the origin
andits headon thesurfaceof thesphere). A planarfacetde�nes
a greatcircle on a Gaussianspherewhich is perpendicularto the
normalvectorof theplane. This greatcircle dividesthespherein
two hemisphericalregionswherethe correspondingfacetis either
alwaysanup-facetor alwaysadown-facetwith respectto thesetof
directionscontainedin eachhemisphere.

4.1 Quadtree algorithm

Our�rst algorithmrunsontheGPU.It is inspiredby thetheoretical
algorithmof Ahn et al., who prove thatall combinatoriallydistinct
castingdirectionscorrespondto 0-, 1-, or 2-cellsin anarrangement
of greatcirclesonaGaussiansphere[Ahn etal. 2002]. Everyfacet
normalandnormalof thetriangleformedby everyedge-vertex pair
of thepartgeneratesagreatcircle in theirarrangement.Thesegreat
circlescorrespondto thedirectionswhereapartfacechangesfrom
front-facingto back-facing(directionscontainedin theplaneof the
face),anddirectionswhereaprojectionof onepartfacepotentially
changesfrom occludingto not occluding(or vice versa)another
partface(directionscontainedin theplanesthroughanedge-vertex
pair from separatetriangles).

Weobservethatthereis noneedto addthegreatcirclescorrespond-
ing to facenormalsto the arrangement,sincetheseareactuallya
subsetof thenormalsof thetrianglesde�ned by edge-vertex pairs.
We reducethenumberof greatcirclesfurtherby merging adjacent
coplanarfacesand omitting redundantand non-interactingedge-
vertex pairs(thosewhereneitherof thefacetsadjacentto theedge
canbeup-facetssimultaneouslywith any of the facetsadjacentto
thevertex beingup-facets).
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Figure9: Arrangementof linesin aquadtreeleafnode

We project the remaininggreatcircles on a planetangentto the
sphereto obtainanarrangementof lines. We subdivide theline ar-
rangementin a quadtreeto obtain32 lines per quadtreeleaf node
(becauseour graphicscardhas8 bits percolor channelandwe al-
locateonebit perline; for thelatestgraphicscardswith 32 bits per
color channelwe would use128linesperquadtreeleaf node).We
thenconstructthearrangementin eachsuchleafnodeby rendering
a half-spacefor eachline with a differentcolor, blendingthe col-
orsby usingtheGL BLEND operation(equivalentto abitwise-or).
Figure9 shows an arrangementin onequadtreeleaf node. Thus
eachof the up to 32� (32+ 1)=2+ 1 = 529 2-cells will be ren-
deredin a differentcolor. We selecta randomsequenceof 1,024
pixel locationsin eachleaf node,abouttwice themaximumpossi-
ble numberof 2-cells,andkeepthe pointshaving differentcolors
(correspondingto distinct 2-cells in the arrangement).While this
certainlydoesnotguaranteethatwewill �nd apoint in each2-cell,
we found rapidly diminishingreturnsif we increasedthe number
of initial pointstested;for example,doublingthenumberof points
typically only increasedthe numberof cells found by oneor two.
Sincethe implementationis only approximateto begin with, we
decidedto forego the additionaloverhead. If while building the
quadtree,a cell sizefalls below a settolerancelimit beforewe've
reducedthenumberof lines,aswill alwayshappenif morethan32
linesgo throughthesamepoint, we stopsubdividing andjust pick
randompointsin thecell. In eithercase,we testthedirectionscor-
respondingto thepoints,alongwith facenormalandaxisdirections
(whicharegoodheuristiccandidates),for castability.

Figure 11: Samplepart with castabledirectionsshown by the
(lighter) greendots on the Gaussiansphere. Non-castabledirec-
tionsareshown by (darker) reddots.

Figure11showsapart,alongsidethedirectionstesteddisplayedon
theGaussiansphere.The(lighter) greendotson thesphererepre-
sentthecastabledirectionsfoundandthe(darker)reddotsrepresent
the directionswhich werechecked andfoundnon-castable.Table
10shows timing datafor additionalpartswe tested.

Note that in additionto the fact that we cannotguaranteethat we
will testa directionin the interior of all the2-cells,this algorithm
ignoresthe1-cellsand0-cells,whichin somecasescontaintheonly
castabledirections. Also we found that the speedof frame-buffer
read-backwastoo slow to beusefulfor practicalapplicationswith
partswith a largenumberof facets.

4.2 Convex hull inter section algorithm

Our second,more accuratealgorithm makes useof convex hulls
on theGaussiansphere.A sphericalconvex hull (C.H.) of a setof
pointsalsoon thesphereis aconvex sphericalpolygonboundedby
greatcirculararcs[Ganetal.1994].Thesetof directionsin whicha
planarfacetA occludesanotherplanarfacetB is calledtheinacces-
sibility regionof B dueto A; it canbecalculatedexactlyandrepre-
sentedasasphericalconvex hull on theGaussiansphere[Dhaliwal
etal. 2003].Theinaccessibilityregionsof A dueto B andB dueto
A lie diametricallyoppositeto eachotheron theGaussiansphere,
with the correspondingconvex hull verticesprojectedthroughthe
origin.

Recallfrom section3 thatanobjectis non-castablein agivendirec-
tion only if any two up-facetsoverlapeachotherwhenprojectedor-
thographicallyon a planenormalto thatdirection.Thusonly pairs
of facetswhich canpotentiallybecomeup-facetssimultaneously,
with theirprojectionsalsooverlapping(non-disjointinteriors)each
other, couldaffect thecastabilityof theobjectin anydirection.We
call suchpairsof facets“potentially interacting”facets.A facetdi-
videsspaceinto two half spacesseparatedby theplanecontaining
thefacet.We call theclosedhalf spaceon thesidewherethefacet
normalpointsthepositivehalf spaceandtheotherclosedhalf space
thenegativehalf space.

A pair of potentially interactingfacetswill make the objectnon-
castablein the directionslying in the inaccessibilityregion of the
facetsdue to eachother. Taking this into consideration,before
calculatingconvex hulls to �nd inaccessibilityregionsof pairsof
facets,wecan�rst eliminatepairsthatweknow cannever interact.
The following observationallows us to identify many suchpairsa
priori.

Lemma:If two facetsA andB both lie entirely in oneof the half
spacesde�ned by theplaneof theother, andthesehalf spaceshave
the samesign, thenthosetwo facetscannotinteract. In particular
if A lies in the positive (alternately, negative) half spaceof B and
B lies in thepositive (alternately, negative) half spaceof A, thenA
andB cannotinteract.

Proof. Considertwo facetsA and B, eachof which lies entirely
in the negative half spaceof the other (seeFigure 12). Call the
greatcircles on the Gaussiansphereperpendicularto the normal
vectorsof A andB CA andCB respectively. Eachgreatcircle di-
videsthespherein two openhemispheres,within eachof whichall
directionsmake thecorrespondingfaceteitheranup-facet(theup-
hemisphereof thefacet)or a down-facet(thedown-hemisphereof
thefacet).Theregion within which boththefacetsareup-facetsis
theintersectionof theup-hemispheresof A andB. Call this region
R. Wewill show thattheprojectionsof A andB alongany direction
in regionRcannotoverlap.

6
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No. facets 28 40 80 328
No. greatcircles 128 258 863 1832

No. directionstested 6,085 17,418 283,904 476,646
No. castable

directionsfound 1 2 34,758 120,299
Time(secs) 2.58 6.89 78 200

Figure10: Performancedatafor quadtreealgorithm

Figure12: (a)A pairof noninteractingtriangles(b)Gaussiansphere
with greatcirclescorrespondingto thepairof triangles

Call the line of intersectionof the two planescontainingA andB
respectively LAB. Wewill show thatfor projectiondirectionsin the
regionR, theprojectionof LAB will alwaysseparatetheprojections
of A andB; thusthey cannotoverlapin this region wherethey are
both up-facets. We know LAB doesnot overlap A, becauseA is
entirely in the(closed)negative half spaceof B, andvice versa,so
LAB overlapsneitherfacet.BecauseLAB liesin thesameplaneasA,
their projectionscannever overlapexceptfor projectiondirections
parallelto thisplane,thedirectionsonCA. Similarly theprojections
of LAB andB cannotoverlapexceptfor projectiondirectionsonCB.
Thusfor projectiondirectionswithin the up-hemisphereof A, the

projectionof A will alwayslie to thesamesideof theprojectionof
LAB; it will only crossover the projectionof LAB whenwe move
from theup-hemisphereto thedown-hemisphere.Likewise for B.
Thuswe needonly con�rm that for somedirectionin region R the
projectionsof A andB areon oppositesidesof the projectionof
LAB andit will hold truefor all directionswithin regionR.

Now considera vector that is the averageof the facetnormalsof
A and B, as shown in the �gure. It is perpendicularto LAB and
canbeplacedon theplanewhich is theanglebisectorbetweenthe
half planesof A andB, boundedby LAB, thatcontaintherespective
facets.Thisvectorlies in theregionRon theGaussiansphere.The
projectionsof A andB alongthisvectorlie onoppositesidesof the
projectionof LAB, sincetheprojectionsof therespectivecontaining
half planesareon oppositesides. Thus the projectionsof A and
B will alwaysbeon oppositesidesof theprojectionof LAB for all
projectiondirectionsin region R, never overlappingin R, so they
arenot potentiallyinteracting.Thecasewheretwo facetseachlie
in thepositivehalf spaceof theotheris analogous.

Note that for convex objects,which areequivalentto their convex
hulls,all thefacetsarein thenegativehalf spaceof all otherfacets.
Thusour testcorrectlydeterminesthatnopairof its facetsis poten-
tially interacting;aconvex objectis castablein any direction.

Now imaginemoving over thesurfaceof theGaussiansphere,con-
sideringdifferentcastingdirections. The only event that changes
thecastabilityof our currentdirectionis whena pair of potentially
interactingfacetsstartor stopoccludingeachother. Thusthecasta-
bility couldchangeonly whenthecurrentdirectioncrossesoneof
thearcsboundingtheaccessibilityregionsof thepotentiallyinter-
actingfacets.Thesearcsdivide theGaussiansphereinto connected
regionswherethecastabilitydoesnot changein theinterior of any
region. Furthermore,if theobjectis castablein thedirectionsinte-
rior to a region, thenit is alsocastablein directionson its bound-
aries,becausearcsthat form the boundariesof the inaccessibility
regionsrepresentdirectionswherethecorrespondingprojectionsof
the two potentiallyinteractingfacetsjust touchbut have zeroarea
overlap.Similarly if theobjectis castablein directionscorrespond-
ing to theinteriorpointsof thearcit is alsocastablein thedirections
correspondingto thearcboundaries,thetwo verticesof thearcseg-
ment. On the otherhand,notethat the objectmay be castablein
directionsalongan arc separatingtwo regions that arenot them-
selvescastable,andit maybecastablein thedirectionscorrespond-
ing to theverticesof anarcwhoseother(interior) pointsdon't cor-
respondto castabledirections.Thusto checkwhetherthereexists
any castabledirectionfor theobject,it suf�ces to testthecastability
at theverticesof theconnectedregions.Theseverticesmaybethe
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convex hull verticesor they maybenew verticesintroducedby the
intersectionof theoriginal convex hull arcs.

Unlike thepreviousalgorithm,this algorithmis theoreticallyguar-
anteedto includea castabledirectionin thesetof candidatedirec-
tions if any castabledirectionexists. Of course,in practice,there
will be roundoff error unlessit is implementedusingexact arith-
metic.

Thisalgorithmcanbesummarizedasfollows:

for every pair of triangles
if that pair is potentially interacting

calculate its inaccessibility region C.H.
store its bounding great circular arcs

endif
endfor
calculate intersections of all arcs
test castability of

1. C.H. vertices
2. intersections

4.2.1 Implementation

We have implementedtheabove algorithmin C++ on Linux. For
every pair of triangularfacetsin the �le, we determineif thatpair
is potentiallyinteractingby checkingwhetherthey arecoplanaror
in the samesignedhalf-spacerelative to eachotheraspreviously
described.On averagethis reducedthenumberof trianglepairsby
about75%in thepartswetested(seeFigure15,for whichexamples
71-90%of the potentially interactingpairs were eliminatedfrom
furthertesting).Unfortunately, thenumberof potentiallyintersect-
ing pairsis still O(n2), for apotentialtotalof O(n4) intersectionsto
test,but sinceweareintersectingonly segments,notwholelines,it
is unlikely wewouldseethatmany intersectionsin practice.

If apairof facetsis potentiallyinteracting,wenext �nd theinacces-
sibility region of the two facets.This region is a sphericalconvex
hull of pointsontheGaussianspherede�nedby thesetof ninevec-
tors createdfrom connectingeachvertex from onefacetto every
vertex in theotherfacet[Dhaliwal et al. 2003]. Again,we normal-
ize the vectorsandplacetheir tails at the origin in the centerof a
sphere.We thenprojectthevectorsontopointson a planeplaced
tangentto thesphereatthepoleof ahemispherecontainingthenine
vectors,sothattheirsphericalconvex hull projectswith nooverlap.
The vectorswill alwaysbe co-hemisphericalassumingour origi-
nal objectboundarywasnot self-intersecting.This follows from
the fact that for any two triangleswith disjoint interiors,thereex-
istsa separatingplanesuchthateachtriangleis in oppositeclosed
half-spacesde�nedby thisplane.Thevectorsall originatefrom the
samesideof theseparatingplaneandcrossto theotherside,soall
the vectorsmapto pointson the samehemispherede�ned by the
greatcircle correspondingto theseparatingplanenormal. Theex-
istenceof aseparatingplanefor two disjoint convex facets,andthe
fact that it canbe foundef�ciently becausea separatingplaneex-
istsparallelto oneof thefacetsor parallelto anedgeof eachfacet,
follows from theseparatingplanetheorem[Gottschalk1998]. On
the plane,we calculatea standard2D convex hull, the verticesof
whichweprojectbackto thesphereandconnectwith greatcircular
arcswith thesameconnectivity, giving usthesphericalconvex hull
[Ganetal. 1994].

We tried threedifferentconvex hull calculationapproaches.The
�rst was the gift-wrappingconvex hull algorithmasdescribedin
[de Berg et al. 2000]. Sincewe arealwaysusingsetsof only nine

points, a simple, brute force approachlike gift-wrapping would
seemadequate.However, for pairsof nearlycoplanarfacets,the
projectionsof the nine vectors from one facet's vertices to the
other's verticeswill benearlyco-great-circular. Thustheir projec-
tionsontotheplanewill benearlycollinear. Gift-wrapping,which
worksby comparingthesignsof thecrossproductsof vectorsbe-
tween candidateconvex hull points, can becomeunstablewhen
pointsarevery closeto collinear. (Theissueis with numericalim-
precisionthatchangesthesignof thecrossproducts,sincethesign
indicateswhich sideof anotherline a point is on. This qualitative
erroransweringa sidednessquerycanleadto mutually impossible
resultswhencalculatingthecrossproductswith differentsubsetsof
thecollinearpoints,leadingto anin�nite loopor aself-intersecting
convex hull.) Given that the numberof thesecaseswaslarge in a
signi�cant numberof our testgeometries,we next turnedto exact
arithmetic.

We interfacedwith two convex hull algorithm implementations
from the ComputationalGeometryAlgorithms Library (CGAL)
[cgal.org 2004],Bykat's non-recursive versionof quickhull aswell
as Akl and Toussaint's algorithm. We usedthe Cartesiankernel
with the MP Float (multi-precision�oat) numbertype,which can
represent�oats with arbitraryprecisionandusesexact arithmetic
for numericaloperations.As expectedtheseimplementationswere
muchslowerdueto theoverheadof exactarithmetic,andwefound
to our surprisethat for several of the setsof nine input pointswe
generatedthey ranout of memory(using1 GB of RAM and2 GB
of swapspace),againdueto setsof near-collinearpoints.

We hadthe bestluck whenwe implementedGraham's scanalgo-
rithm asdescribedin [O'Rourke1998]to calculatetheconvex hull.
It sortsthe input pointsby anglefrom a pivot, deletingfrom the
list thosepointswith equalanglebut smallerradiusfrom thepivot
thananotherpoint in theset,andbuilds thehull basedon the�nal
sortedlist. Graham's scanis thereforewell suitedto handledata
setswith collinear input pointsbecausesmall quantitative round-
off errorscalculatingtheangleswill only causesmall quantitative
errorsin theresults,not mutually impossibleanswersto sidedness
queries.

We veri�ed that from every pair of triangles,we get two diamet-
rically oppositeinaccessibilityregions. Thus,whenall theconvex
hullsareaddedonthesphere,thearrangementobtainedis symmet-
ric aboutthecenter. Thus,for furthercomputationit is suf�cient to
considertheportionsof thearcsegmentsthatarein any onehemi-
sphere.

Again, it is simpler to calculategreatcircular arc intersectionsif
weprojectthemto aplane,wherethis time theproblemmapsto an
intersectionof straightline segments.To avoid pointsprojectingto
in�nity andto make moreuniform useof the �oating point preci-
sion,we actuallyprojectontoa circumscribing,axis-alignedhemi-
cube,speci�cally, thecubefacescorrespondingto thex=1,y=1 and
z=1planes.We projecteachconvex hull to thesehemi-cubefaces,
splittingsegmentsacrossthefacesif they projectto morethanone,
andclipping at theboundaries.Thusfor every facewe obtaina set
of straightline segments.Figure13shows thisprocessfor apairof
triangles.

We �rst checkthe verticesof theselines to seeif they represent
castabledirections. If noneof the verticesare castable,then we
�nd the intersectionsof the linesandcheckthoseintersectionsfor
castability(Figure14). If weareonly interestedin �nding whether
theobjectis castable,wecanstopafterwe�nd acastabledirection,
otherwisewe cancontinueuntil all theline verticesandtheir inter-
sectionsarechecked. Again, we initially tried CGAL for calculat-
ing theintersections,but foundthatweranoutof memoryfor more
complex inputs(presumablythe large numberof overlappingand
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Figure13: (a)A pairof triangles(b) Pointson theGaussiansphere
obtainedfrom the pair of triangles(c) Sphericalconvex hull ob-
tainedon the sphere(d) Projectingthe convex hull on a circum-
scribingcube(e)Theconvex hull obtainedon thefacesof thecube
aftersplitting.

collinear-up-to-our-limited-numerical-precisionarcsegmentswere
the problem),so we revertedto a faster�oating point arithmetic
intersectiontest.

Details of running times to �nd a castabledirection for different
partsaregiven in Figure15. The convex hull calculationsfor the
morecomplex partstake from secondsto minutes;castabilitytest-
ing timedependsonhow many directionsweactuallyendupcheck-
ing before�nding onethat is feasible. The �nal part in the table
wasthe mostchallengingwith only onecastabledirection,which
ouralgorithmonly foundafterabout�fteen minutesof processing.

5 Future work

Wewill continueworkingto optimizeouroriginalproof-of-concept
implementationof the convex hull intersectionalgorithm. Cur-
rently we test all the verticeswe generate,even thosethat lie in

Figure14: Pointsof intersectionsof lineson thehemi-cubefaces

theinteriorof aninaccessibilityregionof anotherpairof facets.Be-
causetheinaccessibilityregionsareregionsof non-castability, such
verticeswill alwaysbe non-castable.We will investigatewhether
thetimeit takesto identify thatavertex is interiorto anotherconvex
hull is lessthanthetime we cansave by not checkingthecastabil-
ity of suchvertices. A promisingapproachcould be to �nd the
(non-regularized)unionof theinteriorsof thenon-castableregions
andonly testverticesof theunion.An alternateapproachto reduce
the runningtime for geometriesthatareapproximationsto curved
surfaceswouldbeto look attheoriginalcontrolpolygongeometry.

Anotherareaof interestfor futurework is multi-piecemoldswith
coresandinserts.Ouralgorithmfor checkingfor castabilitycanbe
easilyextendedto consideradditionalremoval directionsfor side
pulls if the designerspeci�es the directions. If no removal direc-
tion guidanceis given, we suspectthe problemof �nding a mold
designthatis guaranteedto minimizethenumberof moldpiecesis
NP-hard. But we believe that GPU-basedalgorithmscanbe used
within heuristicapproachesto facilitate the designof partsto be
manufacturedin multi-piecemoldsaswell.
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