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ABSTRACT

In this paperwe presenta simple new algorithm to off-
setmultiple, non-overlappingpolygonswith arbitraryholesthat
makesuseof winding numbers.Our algorithmconstructsanin-
termediaté’raw offsetcurve” asinputto the tessellatoroutines
in theOpenGLUtility library (GLU), which calculateghewind-
ing numberfor eachconnectedegion. By constructionthein-
valid loopsof ourraw offsetcurve boundareaswith non-positve
winding numbersandthuscanbe removedby usingthe positive
winding rule implementedn the GLU tessellatarThe proposed
algorithmtakesO((n+ k) logn) timeandO(n+ k) spacewheren
is thenumberof verticesin theinput polygonandk is thenumber
of self-intersectiong theraw offsetcurve. Theimplementation
is extremely simple andreliably producescorrectandlogically
consistentesults.
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1 Introduction

Offsettingis afundamentaproblemin CAD/CAM. Beyond
the useof offsetsas designprimitives, for manugcturingthey
area critical tool for analysisand processlanning. In orderto
generateaool pathsfor Z%D pocket machining for example,the
boundaryof eachpocketmust rst beoffsetinwardby adistance
equalto theradiusof thecuttingtool to avoid gouging[1-5]. For

directionparalleltool pathgeneratior(seeFigure 1(a)), thetool
pathincludesthe line sggmentsinside the pocket generatedy
intersectinghe offsetboundariesvith equidistanparallellines;
for contourparalleltool path generation(seeFigure 1(b)), the
original boundariesare offset successiely andthe offsetcurves
arechainedogethetinto thetool path[2, 3,6].

Milling
Tool

= Milling
=1~ Tool

(a) Direction parallelone-
way cutting

(b) Contourparallelspiral

Figure 1. Tool pathgenemtionin podet madining

We canalsouseoffsettingto nd the accessiblareafor a
giventool radius[7], asubstepn nding anoptimalsetof cutter
radii for pocket machining[8]. The boundaryof the poclket is
rst offsetinwardby thetool radiusto getthetool pathboundary
We thenoffsetthe resultoutward by the sameoffsetdistanceto
nd the accessiblareaandsubtractthe resultfrom the original
boundaryof the pocket usinga Booleandifference. If the area
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of thedifferences zero,we don't needa smallertool to remove
the excessmaterial. Otherwise,a smallertool is necessaryo
cleanup the corners. An exampleis shown in Figure2. The
shadedhreais the inaccessiblareafor a tool of radiusequalto
theoffsetdistance.

Offset
Polygon

Original
Polygon Polygon After

Offsetting Back

Figure 2. Differencebetweerthe original polygonandthe poly-
gonafter offsettingbad

Roughmachiningof moldsor diesalsousesoffsetting. The
die/moldcavity canbeslicedinto asetof 2D contourshy a setof
parallelplanegperpendiculato thedraw direction(seeFigure3).
Thenwe canoffsetthesecontoursinward by a distanceslightly
largerthantheradiusof theendmill to accommodatéhe uncut-
allowance. The unwantedmaterialin the interior of the offset
polygonis removedby machiningeachlayerfrom top to bottom

(9]

Offset
Contours

’/////,‘

(b) Sliceby plane4

(a) Die/Mold

Figure 3. Roughmadining of dies/molds

Offsetting is also usedin rapid prototyping. For generat-
ing deposition-nozzler laserscanningpaths,a tessellatedSTL
modelis rst slicedto getthe externalcontours.For eachlayer,
the contoursare offset to constructtool pathssimilar to those
usedin pocket machining.2D offsetsof thelayers,in combina-
tion with Booleanconstructve solid geometry(CSG)operations,
canalsobe usedto approximate3D offsetsthat hollow out ob-
jectsin orderto save build time andmaterialconsumptiorf10].

Robotmotion planningis yet anotherareathat usesoffset-
ting [11]. For an autonomousobot moving on the ground, its
work spacecanbemodeledasa 2D polygonwith arbitraryholes,
wherethe outer polygon boundaryrepresentshe extent of the

oor plan andthe holesrepresenthe obstaclego be avoided.
Offsettingthis generalpolygoninward by the dimensionof the
robot gives the boundaryof the spacein which the robot can
movefreely.

Our algorithmis relatedto the corventionaloffsetting ap-
proacheshatoffseteachedgesegmentof the polygonandinsert
circulararcsto closethe gapsbetweerthe offset sgments(see
Figure4). Theresultingcurve is calleda raw offsetcurve A
raw offset curve usually containsinvalid loops which mustbe
removedto producethe offsetpolygon[2,12-15].

Inserted Arcs

Invalid Loops

Figure 4. Corventionalpair-wiseoffsetapproach

In this paperwe presenta simple nev algorithmto offset
multiple, non-overlappingpolygonswith arbitraryholesusinga
variation of the traditionalraw offset curve and calculatingthe
winding numbersof its connectedegions. Our algorithm con-
structsa raw offset curve asinput to the tessellatoroutinesin
the OpenGLUtility library (GLU), which calculateghe wind-
ing numberfor eachconnectedegion. By constructionthein-
valid loopsof ourraw offsetcurve boundareaswith non-positive
winding numbersandthuscanbe removedby usingthe positive
winding rule implementedn the GLU tessellatar The outputis
the contour(s)of the offset polygon. Using a GLU tessellator
implementatiorthat employs a sweepline algorithm, our algo-
rithm takesO((n+ k) logn) time andO(n+ k) spacewherenis
the numberof verticesin theinput polygonandk is the number
of self-intersectionsn the raw offset curve. The implementa-
tion is extremelysimpleandreliably producescorrectandlogi-
cally consistentesults,unlike the offsetroutinein the commer
cial ACIS geometrykernel.

We next review relatedwork, thenpresenassumptionsind
preliminaryde nitions, describehealgorithm,andproveits cor-
rectness.A discussiorof the implementatiorand performance
follows.
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2 Related Work

Oneoffsettingapproachs to useVoronoidiagramsPersson
wasthe rst to applyVoronoidiagramgo generatingutterpaths
for machiningarbitrarily shapedoockets[1]. Chouand Cohen
useVoronoidiagramgo createcontourparallelpaths[16]. Kim
givesa simplebut ef cient Voronoidiagrambasedalgorithmto
computea trimmedoffsetof a singlesimple polygonconsisting
of line sgmentsandarcs[17].

The computationof the Voronoi diagramis subjectto nu-
mericalrobustnessssuesaresultof generatingntermediatage-
ometric entitiesduring its construction. Smith describesa di-
vide and conqueralgorithm, similar to that usedby Held [3],
to build the Voronoi diagram. Smith, however, minimizesthe
oating point round-of error andusesadaptve-precisiorarith-
meticto addressiumericalrobustnessssueg18]. Thoughoff-
settingalgorithmsbasedon Voronoi diagramsarefast, creating
the Voronoi diagramitself canbe slow, anda robustimplemen-
tationis extremelycomple to implement.

Another offsetting method is pairwise intersection.
Rossignacand Requicha describe a CSG-basedalgorithm
in which the pocket boundariesare rst offset and then the
interfering sectionsare identi ed by calculatingthe distance
betweenthe offset sgmentsand the pre-offset boundary[19].
Hansenand Arbab useinterferencendicesto detectanddelete
the “gouging” sectionsof the offset boundaried2]. Yangand
Huang develop two criteria for loop validation by examining
the geometryamongthe offsetsegmentg13]. Bartoncalculates
the in ation/de ation of a 2D polygon by using a bounding
box hierarchy[12]. Choi and Park achieve a fastalgorithm by
removing all local invalid loops beforethe raw offset curve is
constructed,but their methodis applicableonly to polygons
withoutholes[15].

3 Assumptions and Preliminar y De nitions

The input to our algorithmis a setof non-overlapping2D
polygons,eachboundedby orientedstraightline edges. Each
polygon consistsof one peripheralcontourand zero or more
inner contours,which form holesor “islands” in the polygon.
We preprocessheinput to assurghateachpolygonis non-self-
intersecting(in otherwords, no edgecontainsa pointin thein-
terior of another). The polygonscan be non-manifoldin the
sensethat more thantwo edgescan touch eachother at some
endpoint(s).We will usethe right-handrule corventionthatthe
edgesof eachcontourare directedsuchthat the interior of the
polygonlies to the left. Thatis, the peripheralcontouris ori-
entedcounterclockwisg CCW) and eachinner contouris ori-
entedclockwise (CW). The normal of eachedgeis perpendic-
ular to the edgeand pointsto theright, i.e., the exterior of the
polygon.

In our algorithm, which we will describein Section4.1in
detail, we treatthe verticesdifferentlydependingn whetherthe

vertex is corvex or concae.

De nition 1. A vertex is corvex if a left turn is madeat this
vertex while marching along the contour A vertex is concae
if a right turn is madeat this vertex while marching along the
contour(seeFigure 5).

O: Convex Vertex

@ Concave Vertex

Figure 5. Corvex andconcaveverticesin a polygonwith a hole

Anotherimportantconceptwe will useis thewindingnum-
ber. While thereare differentapproaches$o de ning the term
[20-24], thewinding numberscalculatedusingary of thesedef-
initions areidentical. In this paper we usethe following de ni-
tion:

De nition 2. LetP bea setof orientedpolygonsconsistingof
oneor more contouss, g be any point of A?nP, whee A? is the
2D Euclideanspace and R be any ray from g to in nity that
intersectsno vertex of P. Thewinding numbemw(R; P) of R with
respecto P is:

w(RP)= g y(Re)
g2P

whelg, for eadh edge g, theindexy (R; g) is de nedasfollows:

8
< 0 if Rdoesnotintersects;

y(Re)=_ 1 if g crosseRin CCWdirectionasviewedfromg;
" 1if g crosseRin CWdirectionasviewedfromq;

FromDe nition 2, we have thefollowing properties.First,
W(R; P) takesthe samevaluefor all raysR with the samestart
point provided that R doesnot intersectary vertex of P. Sec-
ond, the winding numberfor a point g, denotedby w(q; P), has
the samevaluefor all pointsin a singleconnectedegion (acon-
nectedsetof points boundedby the contoursof the polygons,
notincludingits boundary).Third, thewinding numbersof adja-
centregionsseparatethy asingleedgewill alwaysdiffer by one.
Fourth,theindividualwindingnumberswith respecto eachcon-
tour canbe summedo get the winding numberwith respecto
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the polygonwhentherearemultiple contoursde ning the poly-
gon.

An exampleof calculatingthe winding numberfor a point
g usingtwo differentchoicesof R is shovn in Figure 6. Note
thatwindingnumbersanbede nedfor overlappingand/orself-
intersectingpolygons but only for closedcontours.

+1
+1

7Y

Figure 6. w(q; P), windingnumberat pointq, is equalto + 1 with
respecto anyray fromq. For theraysshown,theincremental
difference(+ = 1) to the winding numberas it crosseseah
polygonedge is indicated.

Thewindingrule de nes a catgory, suchasodd, nonzero,
positive, negative, or “absolutevalue greaterthan or equalto
2", to classify a region asinside or outside. If the calculated
winding number of a region falls into the chosencateaory,
it is classi ed as inside. Other winding rules could also
be de ned, but these ve are the only ones implemented
in OpenGL, with the names GLU_TESSWINDING _ODD,
GLU_TESSWINDING _NONZERO,

GLU_TESSWINDING _POSITIVE,

GLU_TESSWINDING _NEGATIVE, and
GLU_TESSWINDING _ABS_GEQ.TWO, respectiely (see
Figure 7). Winding rules GLU_TESSWINDING_ODD and
GLU_TESSWINDING_NONZERO are commonly used in
polygon Il procedures(only regions classied as inside
are lled). Winding rules can be usedto implement CSG
Boolean operationssuch as union, difference and intersec-
tion of contours. For example, we can use the winding rule
GLU_TESSWINDING _ABS_GEQ.TWO to gettheintersection
of two contourg20].

In this paperwe usethe positive winding rule: only regions
with positive winding numbersareclassi ed asin theinterior of
the polygon. We rst usethe positive winding rule to cleanup
ary overlappingand/orself-intersectingoolygonsin a prepro-
cessingstep(seeFigure8). We later usethe samewinding rule
to extracttheoffsetfrom ourraw offsetcurve,aswewill describe
in Sectiond. 1.

Theinneroffsetandthe outeroffsetof apolygonarede ned
asfollows.

+1

+1

(a) Preprocessingverlappingpolygons

U =

(b) Preprocessingelf-intersectingolygons

Figure 8. Prepmocessingthewindingnumbesofead connected
region are shownon the left and the interior of the polygon,by
thepositivewindingrule, is shownontheright.

De nition 3. Theinner offsetof the polygonP is the regular-
ized[25] boundaryof the setof pointsead of which liesin the
interior of P andhasa Euclideandistancegreaterthantheoffset
distanced fromthe boundaryof P.

De nition 4. Theouteroffsetof the polygonP is the regular-
izedboundaryof the setof pointseac of which lies exterior to P
and hasa Euclideandistancegreaterthan the offsetdistanced
fromthe boundaryof P.

Note that the distanceof a point g from the boundaryof a
polygonis the distancebetweenq andthe closestpoint on the
boundaryandthattheremaybe multiple pointsonthe boundary
thatareclosestto the given point. For instancejn Figure9, the
distancefrom interior point a (respectiely, exterior point c) to
the polygonis the distancerom pointa to pointd (respectiely,
from pointcto pointg). Thedistanceof pointb from thepolygon
is thedistancefrom pointb to eitherpoint e or point f.

4 Winding Number Offset Algorithms

Corventional pair-wise offsetting approachesffset each
edgeand insertcounterclockwisgrespectiely, clockwise)cir-
culararcsat corvex (respectiely, concae) verticesbetweerthe
nontangenbffsetsegmentgo gettheraw, self-intersectingffset
cunve (seeFigure4). They thencalculatethe self-intersections
in the raw offset curve andidentify and remove both local and
globalinvalid loops[2, 12,13,15]. Identifying theinvalid loops,
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(a) Contoursand winding
numberdor eachregion

(b) Odd (c) Nonzero

(d) Positve (e) Negative (f) Abs.val. 2

Figure 7. Winding Rules
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Figure 9. Distancebetweera pointanda polygon

particularlythosecauseddy globalinteractionswhile retaining
valid loopsthat are part of the offsetboundarylies at the heart
of thesealgorithms.

Calculatingthewindingnumbersof theraw offsetcurve ob-
tainedby the corventionalpair-wise offset approachesnitially
appeardo beavalid methodfor differentiatinginvalid loops. A
simple exampleis shavn in Figure 10. For a relatively small
offsetdistancesuchasshovnin Figure10(a)and(b), thebound-
ary of the areawith positive winding numberis the inner offset
polygon. However, for a large offset distancesuchasthe one
in Figure 10(c), the resultis incorrect: the resultinginner off-
setpolygonshouldbe empty but the areawith positive winding
numberis nonempty Thereforewe insteadconstructa variation
on thetraditionalraw offsetcurve thatallows usto usewinding
numbergo ef ciently determinghe offsetpolygons.

4.1 Our Algorithm
To constructour raw offset curve for the inner offset poly-

gon, we rst offset eachedgeoppositeto its normal direction
(i.e., to the left of the edge)by the offset distanced (Fig-

ure 11(a)). The offset sggmentshave the sameorientationas
the original edges. If the vertex is a concae vertex, we con-
necttheendpointof theoffsetedgesvhoseoriginal edgeshare
this vertex by a clockwiseorientedarc centeredon this shared
vertex. Thesesggmentsandarcsareidenticalto thosetypically
usedin otherapproacheshat constructa raw offset curve. If

the vertex is a corvex vertex, however, we connectit with the

endpointof the offsetsggmentswhoseoriginal edgessharethis
cornvex vertex with straightline segmentsatherthaninsertingan
arc(Figurell(b)). Theinsertededgesareorientedsuchthatthe
connectvity is maintainedwhenyou go aroundthe raw offset
curve.

Thenwe considerthewinding numbersof eachregion with
respectto the raw offset curve. Regions with positive wind-
ing numbersarein theinterior of theinner offset polygon(Fig-
ure 11(c)). Theboundaryof their unionis theinner offsetpoly-
gon(Figure11(d)).

(a) Offseteachedge (b) Connecbffsetedges

(c) Calculatehewinding
numberof eachregion

(d) Getthe boundaryof
areaswith positive wind-
ing numbers

Figure 11. Constructingthe inner offsetpolygon(original poly-
gondashed)

To constructour raw offsetcurve for the outeroffset poly-
gon,we follow the samestepsasfor aninneroffsetpolygonwith
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(@ (b)

©

Figure 10. Wnding numbercalculationusingconventionalpair-wiseinner offsetraw offsetcurve; the shadedareain eat gure has

positivewindingnumberandthe original polygonis dashed.

minor modi cations. In the rst step,we offseteachedgealong
its normaldirection (i.e., to theright of the edge)by the offset
distanceln thesecondstep,for acorvex vertex, we connecthe
endpointf the offsetsegmentswhoseoriginal edgessharethis
vertex by acounteclockwiseorientedarccenterednthis shared
vertex; for a concae vertex, we connectit to the endpointsof
the offsetedgeswhoseoriginal edgessharethis concare vertex.
An exampleof constructinghe outeroffsetpolygonis showvn in
Figurel2.

(a) Offseteachedge (b) Connecbffsetedges

(c) Calculatethewinding
numberof eachregion

(d) Get the boundaryof
areaswith positive wind-
ing numbers

Figure 12. Constructingthe outer offsetpolygon(original poly-
gondashed)

4.2 Correctness of the algorithm

In this sectionwe rst show thatthe offsetpolygonscanbe
constructedy Booleanoperationswhich canin turn beimple-
mentedusing winding numbers. After proving the correctness
of this method,we thenshav that our methodis equivalentbut
takeslesstime andspace.

De nition 5. Therectangularareaof an edge sggmentis the
areasweptout whensweepinghe edge segmentalong or oppo-
siteto its normaldirectionuntil reacingits offsetsggment.(The
sweepdirectionis alongthe normalfor an outeroffset,opposite
to thenormalfor aninner offset.)

De nition 6. Thefan-shapedreaof a vertex is thefan-shaped
area formedby the vertex and the insertedarc centeed at the
vertex and connectingts two offsetpoints. Thefan-shapedarea
is only de ned on concaveverticesfor an inner offsetand on
corvex verticesfor an outeroffset.

WeillustrateDe nition 5andDe nition 6 with theexamples
shawvn in Figurel13.

Offset points

Fan-shaped arca
Offset segment
% Z)

Rectangular area el 7l
(b) Outer offset

(a) Inner offset

Figure 13. De nitions of rectangularareasandfan-shapedreas

4.2.1 |Inner Offset To constructthe inner offset poly-
gonby Booleansubtractionwe needto subtracall pointswithin
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distanced of the boundary that are also inside the boundary
from the original polygon. This is accomplishedy subtracting
the rectangularareafor eachedgesegmentandthe fan-shaped
areafor eachconcave vertex. We orientthe boundaryclockwise
for eachcontourwe wish to subtract.Combiningthesecontours
with the contoursde ning the original orientedpolygonP and
usingthe positive winding rule to evaluatetheresultingpolygon
setPYcorrespondso a Booleansubtractior{20]. The boundary
of the resultingsetof regionswith positive winding numberss
theinneroffsetpolygonof P.

To seewhy this givesthe inner offset, considercalculating
the winding numbers rst with respectto eachcontour of P°.
Sincethe original polygonis not self-intersectingthe winding
numberis + 1 in its interior, andO in its exterior. The pointsin-
sideeachsubtractedectangulaor fan-shapedlockwisecontour
have a winding numberof 1 relative to that contoursincethe
boundaryof any rectangulaor fan-shapedreawill not be self-
intersecting.The pointsoutsideeachsubtractedcontourhave a
winding numberof 0 relative to thatcontour

Now we calculatethe winding numberswith respecto P°
Sincethewinding numberof a pointwith respecto PPequalshe
sum of the winding numbersof this point with respectto each
contourof P% we know a point o outsidethe original polygonP
will have awinding numberof at most0 with respecto P% The
winding numberwith respectto P° of o0 equalsO wheno does
notlie in ary of therectangulaor fan-shapedrea;the winding
numberwith respectto PP of o is lessthan0 if o lies in one
or more of the rectangularor fan-shapedhreas. In either case
o will be classi ed as outsidethe evaluatedpolygon P° using
the positive winding rule. For a point thatlies in at leastone
rectangularor fan-shapedrea, it will have a winding number
of at most( 1) + (+1) = 0 (whenthe point lies both in one
of the rectangularor fan-shapedreaandin the interior of the
polygonP). Sothesepointswill alsobeclassi edasoutsidethe
evaluatedpolygon P° usingthe positive winding rule. Now we
canexpressthe processasa subtractionfrom theinterior of the
original polygonP, of the unionof all the rectangulaareasand
fan-shapedreas. The resultis the setof pointsthatlie in the
interior of P and have a distanceof at leastthe offset distance
d from P. The boundaryof this region is thusthe inner offset

polygon.

4.2.2 Outer Offset The constructionof the outer off-
setpolygonby Booleanunion (addition)andits proofaresimilar
to thatfor the inner offset polygon. To constructthe outer off-
setpolygon,we rst constructherectangulaareafor eachedge
segmentandthefan-shapedreafor eachcorvex vertex. Thenwe
orienttheboundarycounteclockwisefor eachrectangulaor fan-
shapedarea. Combiningthesecontourswith thosede ning the
original polygonP andagainusingthe positive winding rule to
evaluatethenew polygonP°correspondso a Booleanunion(be-

causehistime theboundariesrecounterclockwise)20]. Since
thewinding numberof a pointin theinterior (respectiely, exte-
rior) of the original polygonP is 1 (respectiely, 0) with respect
to P andthewinding numberof a pointinside(respectiely, out-
side)a rectangulaor fan-shapedreais 1 (respectrely, 0) with
respecto thatrectangulaor fan-shapedrea the winding num-
ber of a pointis at least1 with respecto the polygon PP after
the winding numberswith respecto eachcontourare summed
if andonly if the point lies in the interior of the original poly-
gon P and/orin one or more rectangularor fan-shapedreas.
Thereforethepointis in theinterior of thenew polygonP°using
positvewindingruleif andonly if it isin theinterior of theorig-
inal polygonP and/orin oneor morerectangulaor fan-shaped
areas.This procesds equivalentto addingthe rectangula@areas
and fan-shapedreasto the interior of the original polygon P.
Theboundaryof theresultingsetof regionswith positive wind-
ing numberds thusthe outeroffsetpolygon.

4.2.3 Simplifying the Raw Offset Curve Using
straightBooleanoperationgo obtainthe offset polygonsasde-
tailedin Section4.2.1andSection4.2.2,we needto constructa
new contourwith four edgesfor eachedgein the original poly-
gon, aswell asa new contourwith two straightedgesandone
curvededgefor eachconcae or corvex vertex. We canreduce
thenumberof contoursandedgesl|eaving only thoseusedin our
algorithm's raw offsetcurve, by eliminatingthe edgeswith the
samegeometrybut oppositedirectionsby applyingthefollowing
theorem:

Theorem 1. If there are two edgesin a polygonhaving the
samegeometryand oppositedirections,the winding numberof
anypointis invariant after weremosethesetwo edges.

Proof. Supposeherearetwo edgese; ande; in a polygonP
with the above properties(seeFigure 14). After removing the
two edgesfrom the polygonP, we geta new polygonP® The
polygonsP and P have the samevertices. For ary ray R with
anendpointg thatcontainsno vertex of P andhencecontainsno
vertex of PY, eitherit crossesoth edgese; ande; or it crosses
neither If it doesnot crosseitheredge,the winding numberof
point g is equalwith respecto the polygonP or the polygonP°
sincethe edgeghat contributeto the winding numberof pointq
arethe samefor both the polygonsP andP°. If the ray crosses
bothe; ande; in the polygonP, their contributionsto the wind-
ing numberof pointq are+1 (or 1)and 1 (or +1)respec-
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tively. For ary ray R, from g, we have

a y(Ry &)
g2P
a Y(Rgpe)+y(Rge)+y(Rye)
&2Pnfe;exg
a vy(Rge)+1 1
g2Pnfep;eng
a Y(Rge)

e2Pnfe;ex0
w(g; PY

w(q; P)

Thereforethewinding numberfor ary pointis invariantaftere;
ande, areremoved.

GI\L
it 1
B Nﬂs =

Polygon P

Polygon P'

Figure 14. Winding numberinvariance Edgese; ande; are co-
incidentbut we move thema little apart from ead other for vi-
sualizationpurposes.

Thereductionfrom thecontoursusedfor thefull Boolearal-
gorithmto the contoursusedfor our raw offsetcurveis shovnin
Figurel5. Boththeorientationof eachrectangulaor fan-shaped
contourandthe winding numbersof eachsingle connectede-
gionareshavnin the gure. We do not usethe contourde ning
the original polygonin our raw offsetcurve soit is shavn us-
ing dashedines. Using our algorithm,the numberof contours
in the raw offsetcurve PCis equalto the numberin the original
polygon. Thatis, for eachcontourin the original polygon P,
we constructonly onecontourin theraw offsetcurve. Thetotal
numberof the edgesn Pfor our algorithmis betweer28%and
75% of the numberof the edgesusingthe full Booleansubtrac-
tion/additionalgorithm (both the greatestand leastsavings are
for a corvex polygon— the greatessavings for anouteroffset,
the leastsavings for aninner offset). Thus, our new algorithm
takeslesstime andlessspacewith resultsequivalentto the full
Booleanalgorithm.

(a) Inner OffsetPolygon

(b) OuterOffsetPolygon

Figure 15. ReducingheBooleansubtmaction/additionalgorithm
to our windingnumberalgorithm

5 Implementation, Analysis and Results

Our programusesGLU 1.3 implementedby SGI, a free
extensionto OpenGL.The GLU tessellatortakes as input the
vertices of each contour de ning the input polygon. Af-
ter the GLU_TESSWINDING _POSITIVE winding rule and
the plane normal are set, it tessellateghe polygon and cal-
culatesthe winding numbersof eachconnectedregion. We
set the GLU_BOUNDARY _ONLY property to GL_TRUE in
order to extract the contoursthat separatethe interior and
the exterior of the resulting output polygon. The call-
backfunctionsGLU_TESSCOMBINE, GLU_TESSVERTEX,
GLU_TESSBEGIN and GLU_TESSEND are prede nedand
called during the tessellation. The GLU_.TESSCOMBINE
callback creates new vertices at self-intersections. The
GLU_TESSVERTEX callbackallows usto extractthe ordered
verticesfrom the outputpolygons(the offsets). Whenthe tes-
sellator begins or endsa loop in their contour outlines, the
GLU_TESSBEGIN and GLU_TESSEND callback functions
arecalled, telling us whento starta new loop or endan exist-
ing onein our datastructurefor the offsetpolygon.

To assurerobustnesswe preprocesshe input to cleanup
ary overlappingand/or self-intersectingpolygonsby running
thewinding numbercalculationonceusingthe positive winding
rule (seeFigure 8). This cleanup stepis necessaryith ma-
chinegeneratednput because¢heroundoff errorsthatarisedue
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to limited numericalprecisionoften generatemicroscopicself-
intersections.

5.1 Space Comple xity and Time Comple xity

Therearetwo mainstepsin our algorithm: the construction
of theraw offsetcurve andthe calculationof the winding num-
bers. Sinceeachvertex in the raw offsetcurve is insertedonly
once,the rst parttakesO(n) time andO(n) spacewheren is
the numberof line sgmentsandarc segmentsin the raw offset
curve. Thesecondoartdependonthe GLU tessellatar

The GLU tessellatoonly takes polygonswith straightline
edgesasinput. Therefore we mustapproximatesacharcin the
raw offsetcurve with shortline sgmentsjncreasinghe number
of verticespassedo the GLU tessellatoto somenumberN > n.
We setthe approximatiorerror (the maximumdistancebetween
ary approximatingine segmentandthe original arc) to be 1%
of the offsetdistancefor theresultsreportedhere. Sincethe dif-
ferenceis boundedby the constantapproximationpercentage,
O(N) 2 O(n), andtheasymptoticcomplexity, in termsof N or n,
is thesame.ln our analysiswe will usen, thatis, the numberof
verticesin theraw offsetcurve,insteadof N.

Thesourcecodefor the GLU tessellatofrom the SGI Sam-
ple Implementatior{26] revealsthatthey usea sweepline algo-
rithm to subdiiidethepolygoninto monotoneaegionsatintersec-
tion pointsandclassifyeachregion asinside or outsideaccord-
ing to thewindingrule used.A sweedine intersectioralgorithm
thatstoresintersectionfiasO((n+ k) logn) time compleity and
O(n+ k) spacecompleity, wheren is the numberof verticesin
theinput, theraw offsetcurvein thisinstanceandk is thenum-
berof self-intersectionghuswe assuméehatthe GLU tessellator
we areusingalsorunsin O((n+ k) logn) time andusesO(n+ k)
space.

We have experimently conrmed our implementatiors
spaceandtime compleity for several examples,shavn in Fig-
ure 16. Their curved surfaceswereapproximatedo several dif-
ferentlevels of precisionfor comparison.We ranthe testson a
dual-bootPCwith an AMD Athlon(tm) XP 2500+1.8GHzpro-
cessomunderLinux usingsingleusermodefor repeatability

We experimentlycon rmed the spacecompleity by plot-
ting the memory usageof the programversusn+ k (seeFig-
urel17). We canseethatthespaceusagss linearin n+ k, which
is consistentwith the spacecomplexity of the sweepline algo-
rithm usedin the GLU tessellatar

Runningtimes,takenasthe averageof 100runs,areplotted
versus(n+ k) lognin Figure18. Theseplotsareconsistentvith
thetheoreticalasymptoticime complexity of O((n+ k) logn).

5.2 Comparison with ACIS

5.2.1 Running Time We comparedthe runningtime
of our offsettingalgorithmto the runningtime of the offsetrou-
tine providedin the ACIS kernel,the geometrickernelusedby

(@ Fish (b) BigS (c) BigQ
(272 186 (117 134 (116 130
boundingbox) boundingbox) boundingbox)

Figure 16. Exampleswith theoriginal polygonsn (darker) blue
andtheoffsetpolygonsn (lighter) red; thedimension®ftheaxis
alignedboundingbox for eadh exampleare indicatedin paren-
theses.

Figure 17. SpaceusaeVvs.(n+ k)

mary commercialCAD packagesuchasAutoCAD, 3D Studio,
Autodeskinventor IronCAD, andCADkey. We ranthe testson
the samedual-boot1.8GHzPC underWindows 2000 (seeFig-
ure 19). Our algorithmis 30 to 150timesfasterthanthe ACIS
offsettingpackageon theseexamples.

5.2.2 Robustness Oneof our motivationsfor starting
thiswork wasanobsenredlack of robustnesén the ACISroutine
for inputpolygonswith featuresf sizeexactly equalto twice the
inneroffsetdistance Thereforewe alsocomparedherobustness
of the ACIS offsettingroutine and our algorithm. While ACIS
givesqualitatively incorrectresultsin somecasespur algorithm
alwaysgave correctresultsfor the hundredsof casesve tested.
A typical exampleis shavn in Figure 20, in which the offset
polygonshouldconsistof two contoursthattoucheachotherat
a point on the symmetriccenterline. ACIS gives only one of
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Figure 18. Runningtimevs. (n+ k) logn

Figure 19. Runningtimecomparisons

thesecontours while the othercontouris missingentirely. Our
algorithmgivesboth contourscorrectly

We alsofound out thatthe ACIS offsettingroutinegivesin-
consistentesultscorrespondingo differentmathematicatle -
nitions of the offset polygon, dependingon the input. The is-
sueariseswhen two offset segmentscoincidewith eachother
(an exampleis shawvn in Figure21). ACIS givestwo different,
mathematicallyinconsistentesultsfor the offsetsof thesetwo
polygons,onecontainingthe coincidentoffsetsegmentsandthe
otheromitting them. Our algorithmdoesnot displaythe coinci-
dentoffsetsggmentsatary time, consistentvith ourde nition of
offsetastheboundaryof aregularizedset(r-set)[25]. Having an
offsetalgorithmthatimplementsa consistentmathematicatle -
nition of offsettingis essentialf we areto useit asa subroutine
for well-de ned, provably correctgeometricalgorithms.

(@) ACISresult (b) Ourresult

Figure 20. Rolustnesscomparison: ACIS inner offsetand our
algorithm'sinner offset

(a) Polygon 1
by ACIS

(b) Polygon2 by ACIS

(c) Polygon
1 by our
algorithm

(d) Polygon2 by our algorithm

Figure 21. Consistencyf thede nition of the offsetpolygon

6 Conclusion

Ouralgorithmfor calculatingoffsetpolygonsusingwinding
numberds fast,accurateandextremelyeasyto implement.The
simple-to-constructaw offset curve is processedy the built-
in winding numbercapabilitiesof the robust, widely available
andfree GLU tessellatar The algorithm's scalability is excel-
lent, with spacecompleity of O(n+ k) and running time of
O((n+ K)logn), wheren is the numberof input verticesandk
is the numberof self-intersectionsn the raw offsetcurve. The
algorithmgivesmathematicallyvell-de ned andinternally con-
sistentresults,evenfor inputthatcontainsmultiple, overlapping
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and/orself-intersectingolygonswith arbitraryholes.
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