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Accurate and efficient prediction of melting points for complex molecules is still a challenging task
for molecular simulation, although many methods have been developed. Four melting point com-
putational methods, including one free energy-based method (the pseudo-supercritical path (PSCP)
method) and three direct methods (two interface-based methods and the voids method) were applied
to argon and a widely studied ionic liquid 1-n-butyl-3-methylimidazolium chloride ([BMIM][Cl]).
The performance of each method was compared systematically. All the methods under study repro-
duce the argon experimental melting point with reasonable accuracy. For [BMIM][Cl], the melting
point was computed to be 320 K using a revised PSCP procedure, which agrees with the experimen-
tal value 337–339 K very well. However, large errors were observed in the computed results using
the direct methods, suggesting that these methods are inappropriate for large molecules with sluggish
dynamics. The strengths and weaknesses of each method are discussed. © 2012 American Institute
of Physics. [http://dx.doi.org/10.1063/1.3702587]

I. INTRODUCTION AND BACKGROUND

Melting point Tm is one of the most fundamental yet im-
portant properties for a compound.1–6 Many methods have
been developed for the computation of melting points. These
methods can be categorized into two groups. The first group,
which will be referred to as “direct” methods, include the hys-
teresis method,3, 4, 7, 8 the voids method,9–15 and solid-liquid
interface-based methods.16–22 These approaches all involve
the direct simulation of the melting process in a dynamical
manner. They are relatively easy to apply but their accuracy
can be limited. The second category of methods will be re-
ferred to as free energy methods, which are in principle more
rigorous than direct methods but are generally more compli-
cated to apply. This group of methods include Hoover and
Ree’s single-occupancy cell method,23, 24 Frenkel and Ladd’s
Einstein crystal method,25 and the λ-integration method de-
veloped by Grochola and co-workers.26, 27 This latter method
was extended by our group28, 29 and will be referred to as the
pseudo-supercritical path (PSCP) method.

Probably the most straightforward way to calculate the
melting point is to carry out molecular dynamics simulations
of a perfect lattice at increasing temperatures. The temper-
ature at which the lattice breaks down corresponds to the
melting point. However, the existence of superheating, or the
so-called hysteresis phenomenon, results in a significant over-
estimation of the melting points even for simple monatomic
molecules.13 Similarly, when a liquid is cooled down, the
phase change temperature is underestimated due to the ex-
istence of supercooling. Based on the homogeneous nucle-
ation melting theory, the hysteresis method was developed,
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in which the thermodynamic melting point is related to
superheating and supercooling behavior as Tm = T + + T −

− √
T +T − where T+ and T− are the observed phase change

temperatures when heating up a crystal and cooling down a
liquid in a simulation, respectively.3, 4, 7 It is usually easy to
get T+ from a molecular dynamics simulation, but except for
simple monatomic molecules, T− is extremely hard to obtain
because crystal nucleation is a rare event. T− can be approxi-
mated by the corresponding glass transition temperature8 Tg,
but the application of the hysteresis method is still limited due
to its relatively low accuracy.

Defects always exist in crystals and are found to lower
the observed melting point.9, 10, 30–33 Based on this observa-
tion, the voids method was developed. This method has been
well summarized in a recent review paper.34 Briefly, defects,
or voids, are created in a perfect crystal. Constant pressure
simulations are then carried out with the temperature grad-
ually increased in one trajectory or alternatively, a series of
constant pressure simulations are carried out with each trajec-
tory having a different but fixed temperature. In each simu-
lation, the melting point is estimated to be the temperature
at which a discontinuity in system properties such as den-
sity, potential energy, or atomic root mean squared displace-
ment (RMSD) occurs. The observed melting points decrease
with increasing void density. As the void density increases
further, it is often observed that the apparent melting point
becomes independent of the void density. The temperature
at which this occurs is taken as the thermodynamic melting
point.

The physical reason for the reduction in apparent melt-
ing point with increasing void density is due to the fact that
this (and all direct methods) require the nucleation of a liquid
region within the crystal phase. The voids serve to lower the
nucleation free energy barrier, thereby enabling melting to be
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observed on the time- and length-scales accessible to molec-
ular dynamics simulation.

An alternative way of lowering the nucleation free energy
barrier is to simulate a solid-liquid interface.16, 17 At least two
procedures based on this concept have been developed.19 One
procedure involves the generation of a collection of constant
pressure and constant temperature (NPT) ensemble trajecto-
ries, with each trajectory at the same pressure but a differ-
ent temperature. The melting point is taken as the tempera-
ture at which a discontinuity in the system properties (such
as density) occurs. This interface/NPT method is therefore
very similar to the hysteresis and voids methods, but relies on
the solid-liquid heterogeneous interface to lower the nucle-
ation barrier. The other procedure utilizes a series of constant
volume and constant energy (NVE) simulations. In this inter-
face/NVE procedure, a solid and liquid interface is created
and equilibrated at a given temperature and volume (NVT)
followed by production simulations in the NVE ensemble.
Once the system reaches equilibrium in the NVE ensemble,
a density perturbation is applied by changing the simulation
box size. In response, the total system energy will either in-
crease or decrease. A new NVE simulation is then carried out
on the perturbed system, and part of the solid will melt or part
of the liquid will crystallize, causing a redistribution of the
potential energy and kinetic energy until a new equilibrium is
reached. If the perturbation is small, the liquid-solid interface
remains. The average temperature and pressure of the system
are recorded, thereby giving one point on the solid-liquid co-
existence curve. Additional perturbations are applied until a
set of equilibrium pressure/temperature points are obtained.
The temperature on the curve for a given pressure corresponds
to the melting point of the compound at that pressure.

The formal thermodynamic definition of the melting
point is the temperature at which the crystal phase and liq-
uid phase of a compound share the same free energy. As the
name implies, free energy-based methods involve the explicit
computation of free energy and so generally avoid nucleation
phenomena. Similar to direct methods, avoiding errors caused
by hysteresis phenomena associated with the first-order phase
transition between the liquid and crystal phases is one of the
main concerns in the development of these approaches. Ther-
modynamic integration is typically used to compute the free
energy change along a carefully designed path.

In the single-occupancy cell method of Hoover and
Ree,23, 24 the real system under study is connected to a low
density lattice in which each particle occupies an individ-
ual cell and the free energy is analytically known. At high
enough density, the interaction between the particles and the
cell walls are negligible and the real system is restored. The
solid-liquid phase change is completely avoided or controlled
to occur at low density so that hysteresis does not occur. In
a similar spirit, Frenkel and Ladd’s Einstein crystal method25

couples the solid phase to an Einstein crystal, for which the
free energy is known analytically. The liquid is coupled in the
same manner to an ideal gas or some other reference state with
known free energy. Once the free energy differences between
the actual solid and liquid and the reference states are known,
the free energy difference between the solid and liquid can be
computed indirectly. For the PSCP method,26, 28 the solid and

liquid states are connected directly by intermediate states, so
no analytical reference states are required. The intermolecular
interactions are scaled down in the intermediate states and the
phase change is controlled to occur in a reversible way so that
the error caused by superheating is minimized. This method
has been applied to a number of molecular systems of varying
complexity.29, 35

The PSCP method is an example of an “inter-phase”
approach where the two coexisting phases of interest are
linked directly. Another example of this is the “phase switch”
method.36 This method works by transforming between the
liquid and solid phases via “gateway” states.37 The free en-
ergy difference between the two phases is computed as a
ratio of probabilities of the frequency of visits made to the
two states. The method has been applied successfully to sim-
ple systems, but it is unclear how to apply it to complex
multi-atom molecular systems. A similar approach based on
an extension to the single-occupancy cell method has been
proposed recently by Orkoulas and co-workers.38–40

In addition to the above mentioned molecular simula-
tion methods, other simulation41–45 or quantitative structure-
property relationship (QSPR) models46–52 have been devel-
oped for the prediction or correlation of melting points.
The QSPR models have been applied to systems including
ionic liquids. Relative to the molecular simulation based ap-
proaches, the QSPR methods are simple to apply. However,
the accuracy of these methods is usually limited and highly
depends on the availability of training sets of experimental
data to parameterize the model. The parameters are generally
valid only for compounds similar to those in the training set,
which makes these models less useful when new compounds
are being developed.

Despite all the activity in this area, predicting melting
points using computational methods remains an extremely
challenging problem. Most of the atomistic simulation meth-
ods have been validated for relatively simple systems such
as the Lennard-Jones fluid. It is important to understand how
these different approaches perform when applied to more
complex molecules.

Recently, several direct methods for melting point com-
putation were compared by Zhou and co-workers.53 The voids
method and the interface/NVE method were suggested to
be favorable approaches. However, these two methods were
likely improperly applied in the study. For the voids method,
only one simulation with 16 voids was carried out. Previ-
ous studies54–56 have shown that a series of simulations at
different void densities should be used. Since the apparent
melting point depends on void density, the use of a single
arbitrary void density is not justified. In the interface/NVE
simulation, Zhou and co-workers reported that they started
from a configuration equilibrated under NPT conditions, but
then only ran a single NVE trajectory following the pertur-
bation. The final temperature they observed was taken as the
melting point. Since pressure and temperature are coupled in
the NVE ensemble,18, 57 the equilibrium “melting point” tem-
perature observed from the NVE simulation is at whatever the
average pressure was during the simulation. The final pres-
sure from the simulation was not reported by Zhou and co-
workers. Given the perturbation to the system, however, it is
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reasonable to believe that the final pressure is not equal to one
atmosphere, the value set during the NPT equilibration. The
conclusions drawn by Zhou et al. must therefore be consid-
ered premature.

The objective of the present work is to perform a rigor-
ous comparison of three of the popular “direct” approaches
with the PSCP method for a simple Lennard-Jones model
of argon and a complex atomistic model of the ionic liquid,
1-n-butyl-3-methylimidazolium chloride [BMIM][Cl]. It has
previously been shown26, 28 that the PSCP method gives re-
sults for the Lennard-Jones fluid and a model for a simple
molten salt that are consistent with the Frenkel-Ladd method,
and so it is assumed that this method provides the correct
baseline results consistent with free energy-based techniques.
Systematic comparisons are made between the different meth-
ods and the performance of each method is discussed. In ad-
dition, a revised procedure is suggested for the PSCP method,
which provides a more robust way of calculating the melting
point of complex molecules.

II. SIMULATION PROCEDURE AND DETAILS

The force field for argon was taken from Ref. 58. The
all-atom force field from our previous study59 was used for
the cation [BMIM] with the anion [Cl] parameters taken from
Jensen and Jorgensen.60 This combination has been shown to
yield reliable results for both the crystal and liquid phases
of [BMIM][Cl].35 All the molecular dynamics simulations
were carried out using the LAMMPS package61 with periodic
boundary conditions. A time step of 1 fs was used. Long range
electrostatic interactions were calculated using the Ewald/n
method62 with real space cutoff shifted between 10.5 Å and
12 Å. The Nosé-Hoover thermostat and barostat method63

was applied to control the temperature and pressure. The pres-
sure was fixed to be one atmosphere in all constant pressure
simulations with isotropic volume fluctuations for the liquid
phase and anisotropic cell for the solid/lattice phase.

A. The pseudo-supercritical path (PSCP) method

The PSCP procedure consists of two steps. Details of the
procedure can be found elsewhere.29, 35 Briefly, in the first
step, the free energy of pure liquid and pure solid phases as
a function of temperature are calculated from a series of con-
stant pressure and constant temperature (NPT) simulations us-
ing the Gibbs-Helmholtz equation

G

RT
−

(
G

RT

)
ref

=
∫ T

Tref

− H

RT 2
dT , (1)

where Tref is an arbitrary reference temperature.
The absolute free energy difference between the liquid

(L) and crystal (C) phases at a reference temperature is then
determined in the second step using the thermodynamic in-
tegration method along a PSCP. As shown in Figure 1, along
the PSCP, the liquid and crystal phases are connected by three
intermediate states: the weakly interacting liquid (WL), the
dense weak fluid (DWF), and the weakly interacting crystal
(WC).

FIG. 1. A schematic of the pseudo-supercritical path for melting point
calculations.

The WL state is realized by scaling the intermolecular
potential energy based on the following equation:

U (λ) = [1 + λ(η − 1)]mUvdW + [1 + λ(η − 1)]nUelec,

(2)
where UvdW and Uelec are van der Waals and electrostatic
components of the potential energy, respectively, η is a scal-
ing parameter having value of 0 < η < 1, m and n are positive
integer exponents, and λ is a coupling parameter that ranges
from 0 to 1. The Helmholtz free energy change associated
with this step is computed as

�A =
∫ 1

0

〈
∂U

∂λ

〉
λ

dλ. (3)

In the second step along the path, the weak liquid is con-
verted to a dense weak fluid. The box volume is changed
from the average liquid phase volume VL to the average crys-
tal phase volume VC at the reference temperature. The corre-
sponding free energy change is given by

�A =
∫ V C

V L

−〈P 〉dV . (4)

In the third step, the dense weak fluid is converted to a
weak crystal by turning on an external tethering potential, the
role of which is to help the molecules find their sites corre-
sponding to the crystal configuration. The tethering potential
has the form

Utether = −λ
∑

i

∑
j

aij exp
(−bij r

2
ij

)
. (5)

The positions of these Gaussian wells are based on the aver-
age atomic coordinates in the crystal phase. The well depth
and width are controlled by parameters aij and bij so that the
atoms under the tethering potential experience the same ther-
mal fluctuations as in the crystal phase. In the last step, the
weak crystal is converted to the crystal phase by turning off
the tethering potential and turning back on the full intermolec-
ular interactions. The total potential energy for this step is

U (λ) = [η + λ(1 − η)]mUvdW + [η + λ(1 − η)]nUelec

− (1 − λ)
∑

i

∑
j

aij exp
(−bij r

2
ij

) + UNS, (6)
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where UNS denotes all potential energy terms that are not
scaled or affected along the PSCP path. The free energy
changes associated with the third and fourth steps are calcu-
lated with thermodynamic integration via Eq. (3).

A 2048 atom system was used in the simulations of argon
and 108 ion pairs were used for [BMIM][Cl]. The free energy
curves for the single phase systems were generated from NPT
ensemble simulations between 65 K and 95 K for argon and
between 300 K and 400 K for [BMIM][Cl] under one atmo-
sphere. A 2 ns trajectory was generated at each temperature
and the last 1ns was used for analysis. In each step along
the PSCP path, in order to compute the free energy change
using the thermodynamic integration method, 〈 ∂U

∂λ
〉λ or 〈P〉

was calculated with nine λ values or box volumes in addition
to initial and final states. A 2 ns NVT ensemble simulation
at a reference temperature of 90 K for argon and 380 K for
[BMIM][Cl] was carried out at each λ or V value and the last
1ns was used for analysis. Parameters m, n, and η were chosen
as 1, 2, and 0.1, respectively.35

B. Interface methods

The solid-liquid co-existing interface simulation system
for argon was prepared by putting a perfect fcc lattice contain-
ing 2048 atoms and a pre-equilibrated liquid box in contact
along the Z-direction.18 The liquid box contained 2048 atoms
and had a cubic shape during the equilibration. The cubic box
was deformed before placing it in contact with the solid box
so that its X and Y lengths matched those of the crystal
box. An energy minimization was then carried out to remove
high energy contacts between the two phases.

The preparation of the [BMIM][Cl] solid-liquid interface
system followed a previous procedure.19 A 3 × 3 × 8 su-
percell, containing 288 ion pairs and a total of 7488 atoms,
was generated from its experimental crystal structure.64 A
1 ns NPT ensemble simulation was carried out on the whole
system at a temperature much higher than the experimental
melting point (1000 K was used in the current work). Dur-
ing this stage, molecules located in the center part of the box
were fixed to their initial positions, while molecules on both
ends of the box were allowed to melt. This system was then
minimized with the atoms in the central part of the box fixed.
Another energy minimization followed with all atoms free to
move. This resulted in a simulation box with two solid-liquid
interfaces.

As mentioned in the Introduction, there are two proce-
dures to determine the melting point with solid-liquid in-
terface simulations. In the NPT ensemble procedure (inter-
face/NPT), trajectories were generated for each temperature
between 65 K and 95 K with 5 K intervals for the argon sys-
tem. Simulations with 1 K intervals were added near the ex-
pected melting point. For [BMIM][Cl], simulations were car-
ried out between 300 K and 700 K with 50 K intervals. Each
trajectory was 5 ns in length and the system volume (inverse
of density) was averaged for the last 3 ns.

In the interface/NVE procedure, the argon system was
equilibrated for 200 ps in the NVT ensemble at four differ-
ent temperatures, 80 K, 83 K, 85 K, and 88 K, respectively,

to prepare four different initial configurations. Simulations
started from each of these configurations were carried out
in the NVE ensemble. Trajectories of 1 ns length were gen-
erated followed by a perturbation to the box by increasing
the Z-dimension length by a 0.2 Å. The last 600 ps of each
trajectory was used to calculate the average temperature and
pressure.

For [BMIM][Cl], three initial configurations were pre-
pared at 300 K, 320 K, and 340 K, respectively. Each NVE
trajectory was 5 ns long and the last 3 ns was used for analysis.
The simulation box was increased by 0.1 Å in the Z-direction
as a perturbation.

C. Voids method

The simulation for argon was started with a perfect fcc
lattice containing 2048 atoms. Voids were created by the re-
moval of a number of atoms, 50, 100, 200, 300, and 400,
respectively, from one corner of the simulation box. Pre-
vious work has shown that the way the voids are created
does not affect the calculated melting point.13 Constant pres-
sure simulations were carried out for each system with the
temperature linearly increased from 65 K to 100 K dur-
ing a 2 ns trajectory by rescaling atomic velocities every
100 steps. System properties such as density, per molecule
energy, and other well defined quantities can be used to mon-
itor the evolution of the system. It has been shown that melt-
ing points determined using any of these quantities are con-
sistent with each other.54, 55 The system density was used in
the current study. The temperature at which a sudden density
decrease occurred was considered the melting point in that
trajectory.

For [BMIM][Cl], the simulation system was built up by
reproducing its orthorhombic experimental crystal structure64

unit cell by 4, 4, and 5 in the X, Y, and Z directions, respec-
tively. The initial simulation box contained 320 [BMIM][Cl]
pairs for a total of 8320 atoms. Up to 40 ion pairs were then
randomly removed.54 To allow enough time for the system to
equilibrate, a 1 ns NPT ensemble trajectory was generated at
each temperature between 250 K and 600 K with 50 K in-
tervals. Longer trajectories were generated in some cases to
assure the convergence of the simulation. The system density
was calculated based on the last 500 ps of each trajectory to
monitor the melting of the crystal.

III. RESULTS AND DISCUSSIONS

A. Computed Tm for argon

Using the PSCP method, the enthalpy as a function of
temperature was obtained from NPT simulations on pure solid
and pure liquid phases. The corresponding free energies were
computed using Eq. (1) and are shown in Figure 2. The
free energy difference between solid and liquid phases was
then calculated at 90 K via the pseudo-supercritical path. The
thermodynamic integration curve for each step is shown in
Figure 3. The total free energy difference at 90 K was found to
be 0.0233 Kcal/mol. The free energy curves of the liquid and
solid phases were shifted accordingly and the melting point
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FIG. 2. The calculated enthalpy (top panel) and free energy (middle panel)
against temperature for pure argon liquid and solid phases. The free en-
ergy difference between solid and liquid phases �G was computed to be
0.0233 Kcal/mol at 90 K and the shifted free energy curves are shown in the
bottom panel. The melting point was determined to be 82.8 K.

was computed to be 82.8 K (see Figure 2 bottom panel). This
agrees with experimental melting point65 of 83.81 K almost
perfectly.

The accuracy of the PSCP method depends on the as-
sumption that the PSCP path is reversible. To test the validity
of this assumption, the free energy difference �Gref between
the crystal phase and liquid phase of argon was also computed
by reversing the PSCP path (starting from the solid phase and
ending in the liquid phase). The corresponding simulation re-
sults are shown in Figure 4. It is clear by comparing Figure 4

to Figure 3 that the thermodynamic integration curves agree
with each other very well (except for the opposite sign) for
each of the corresponding steps. The free energy change
for each step is summarized in Figure 5. The contribution
from each step to �Gref was found to be the same when
computed in either direction. As expected, the same melting
point of 82.8 K was determined when the direction of the path
was reversed, thereby confirming the reversibility of the PSCP
path for argon.

For the NPT interface based method, the average equi-
librium volumes obtained from the simulations are shown in
Figure 6. The solid-liquid interfacial system was allowed to
evolve during the NPT simulation. Because the introduction
of the crystal-liquid interface decreases the free energy bar-
rier of the melting of crystal or freezing of liquid, at a given
temperature the simulation cell converted to either a complete
crystal or a complete liquid during the simulation. As a result,
a sharp volume increase (or density decrease) was observed
between 82 K and 83 K, which corresponds to the melt-
ing temperature, consistent with the PSCP melting point of
82.8 K.

The calculation results using the interface/NVE method
are shown in Figure 7. In contrast to the interface/NPT
method, the crystal-liquid interface was maintained during
these simulations so that the equilibrium pressure and tem-
perature from each simulation corresponds to a point on the
crystal-liquid coexistence curve. When the NVE simulation
started from configurations prepared using NVT simulations
at 83 K or 85 K, the equilibrium P-T curves crossed the P = 1
atm line at T = 82.5 K and T = 82.9 K, respectively, ending
up with the average melting point of 82.7 K. When the initial
configuration was prepared at a temperature far from the ex-
perimental melting point, the equilibrium P-T points from the
NVE simulations do not directly cross with the P = 1 atm line.
However, as shown in the lower panel in Figure 7, P-T points
from all four initial configurations can be fit by a single line,
which yields a melting point of T = 82.8 K at P = 1 atm, con-
sistent with the average value computed using the two curves
that do cross with P = 1 atm line, and exactly matches the
PSCP result.

The apparent melting point as a function of the number of
voids in the simulation box is shown in Figure 8. When a per-
fect crystal (with zero voids) is heated, the apparent melting
point was 99.6 K, 19% higher than the experimental value65

of 83.81 K due to superheating. The apparent melting point
decreases with increasing number of voids and reaches a flat
region when around 100 voids are present. An average value
of 89.4 K, determined from the flat region of Figure 8 was
taken as the predicted melting point for argon using the void
method. This is about 7 K higher than the experimental value
and the values calculated using other methods but is consis-
tent with previous results using the same method.13

As summarized in Table I, for this simple system, the
computed melting points using all four methods agree very
well with each other and with the experimental value65 of
83.81 K with the largest error observed in the voids method.
It can therefore conclude that any of these methods are appro-
priate to use for a simple system such as the Lennard-Jones
fluid.
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FIG. 3. The thermodynamic integrations for each step along the PSCP path calculated for argon at 90 K. The sum of all integration terms gives the free energy
difference between solid and liquid phases at the reference temperature.

B. Computed Tm for [BMIM][Cl] using
the PSCP procedure

The applicability of the four methods for computing the
melting point of the ionic liquid [BMIM][Cl] was then exam-
ined. Following the conventional PSCP procedure described
earlier, the melting point of [BMIM][Cl] was found to be
158 K, much lower than the experimental value of 337–339 K
(Ref. 64 and 66) and at odds with an earlier calculation from
our group.35 Upon further investigation, it was found that the
WC state at the end of the third step of the cycle was not
achieved. Instead of the ordered crystalline state, the actual
state at the end of this step was somewhat disordered. As a
consequence, the final step (WC → C) did not result in the
formation of the desired crystalline state. Because of this,
the free energy computed during the cycle was not between
the crystal and the liquid, but rather was between a disordered
“glassy” state and the liquid. The free energies for each step
in this path are shown in blue in Figure 9. Consequently, the
apparent melting point of 158 K is not the true melting point.

For multi-atomic molecules, due to the huge number of
intra- and inter-molecular degrees of freedom, the disorder-
order transition is a rare event even with the application
of tethering potentials as in the current work. The de-
gree to which the path from the dense weak fluid (DWF)
to the weak crystal (WC) actually reaches the WC state
depends on the length of the trajectory. For this system,
which has extremely slow dynamics, it is most likely that

a glassy state will result. Previous results35 achieved esti-
mates of the melting point of [BMIM][Cl] using the PSCP
method that were close to the experimental value, presum-
ably because the WC and C configurations were close to
the actual crystalline state. There is no way of assuring
this, however, and so the path shown by the blue arrows in
Figure 1 is not recommended. As an alternative, the free en-
ergy difference �Gref was computed in the reverse order (C
→ L), as shown in red arrows in Figure 1. The transition from
the crystal phase to the liquid phase is driven by entropy and
it is easier to achieve in a simulation.

Using the revised procedure (starting from crystal phase),
the melting point of [BMIM][Cl] was computed to be
320 K, which agrees well with the experimental value of 337–
339 K.64, 66 The free energy change computed for each step
is shown in Figure 9 together with results calculated using
the original procedure (starting from liquid phase). The free
energy changes for steps L-WL and WL-DWF are the same
regardless of the direction of the thermodynamic integration.
The potential energy of the state at the end of the C → L path
was the same as the potential energy of the liquid at the be-
ginning of the L → C path, confirming that the equilibrium
liquid was reached. For the DWF-WC step, however, the free
energy change was found to be larger (in its absolute value)
when integrated from WC to DWF than from DWF to WC
(see Figure 9). This is consistent with the observation that
the ordered WC state was actually not reached at the end of
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FIG. 4. The thermodynamic integrations for each step along the PSCP path for argon at 90 K computed by starting the simulation from the solid state. The
computed results for each step agree with the corresponding step shown in Figure 3 where the simulation was started from liquid phase (note the difference in
sign). Essentially, the same free energy difference �G was obtained from both calculations, confirming the reversibility of the PSCP path.

the DWF to WC path. Similar behavior was observed for the
C-WC step. These “incomplete” paths are shown with dotted
lines in Figure 9.

It has been observed previously that the strength of the
tethering potential affects the accuracy and efficiency of the

FIG. 5. The free energy difference (in Kcal/mol) between states along the
PSCP path computed for argon at 90 K by starting the simulations from the
liquid phase (blue) or the solid phase (red). The two numbers for the C-WC
step are for contributions associated with scaling down the intermolecular in-
teraction and the turning on/off of the tethering potential, respectively. The
computed free energy change for each step along the path is independent of
direction that the thermodynamic integration was carried out, demonstrating
the reversibility of the method. The same melting point of 82.8 K was pre-
dicted, regardless of the integration direction.

PSCP calculation.35 The impact different tethering potentials
have when using the C → L integration path was tested
by carrying out simulations with different tethering potential
strengths. In addition to full strength (scaled by 1.0), the teth-
ering potential strength was scaled by 0.7, 0.5, 0.3, 0.1, and
0.0 (no tethering potential). The results for each step and the
estimated melting points are summarized in Table II. For the
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is indicated by a dashed line.
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TABLE I. Summary of calculated melting points (in K) for argon and
[BMIM][Cl] using various simulation methods.

Method Argon [BMIM][Cl]

PSCP 82.8 320
Interface/NPT 82∼83 450∼500
Interface/NVE 82.8 -
Voids 89.4 -
Experiment 83.81a 337–339b

aExperimental melting point taken from Ref. 65.
bExperimental melting point taken from Refs. 64 and 66.

first step in the revised procedure (from C to WC), there are
two contributions to the free energy difference, one associated
with scaling down the intermolecular interaction and the other
with the turning on of the tethering potential. The two num-
bers are listed separately in Table II. As shown in the table,
when the scale factor ranges from 1.0 to 0.1, the computed
melting points are almost the same although the free energy
contribution from the first two steps vary. This suggests that
when the integration is started in the crystal phase the melting
point is insensitive to the strength of the tethering potential.

When the scaling factor was set to zero, however, which
means the path goes from C to DWF directly without the
WC intermediate state, the melting point was computed to be
487 K. The large error was caused by the fact that a first order
phase change occurs during this step with a portion of the
path having a significant interaction potential. In essence,
the erroneous free energy computed in this way suffers from
the same superheating phenomenon mentioned in the Intro-
duction. When the weak crystal state is removed from the
PSCP path, the crystal and the dense weak liquid states are
connected directly and the phase change occurs at a stage
with partial intermolecular interactions. The melting point

FIG. 9. The free energy difference (in Kcal/mol) between states along the
PSCP path computed for [BMIM][Cl] at 380 K by starting the simulations
from the liquid phase (blue) or the solid phase (red). The two numbers for the
C-WC step are for contributions associated with scaling down the intermolec-
ular interaction and the turning on/off of the tethering potential, respectively.
The computed free energy change for L-WL and WL-DWF steps are the same
(absolute values) no matter which direction the integration was carried out.
For the other two steps, however, the free energy change was found to be
larger if the integration was carried out from C to WC or from WC to DWF,
respectively. This is consistent with the observation that when the simulation
was carried out in the other direction, the ordered state was not reached so
that the simulations ended up at some intermediate states (indicated by short
dotted lines) and corresponding to smaller free energy change.
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TABLE II. Individual contributions to the solid-liquid free energy difference (in Kcal/mol) for [BMIM][Cl] at 380 K and 1 atm using the revised PSCP
method with scaled tethering potential strength. For the C → WC step, the first column refers to the intermolecular potential and the second column refers to
the tethering potential (see text for detail).

Scale factor C → WC WC → DWF DWF → WL WL → L �G Tm(K)

1.0 94.0244 − 146.6393 135.1312 −2.3352 −81.1675 − 0.9864 320
0.7 93.4807 − 101.3602 90.4415 −2.3388 −81.2332 − 1.0100 319
0.5 92.9539 − 71.3701 60.9256 −2.3370 −81.2007 − 1.0283 318
0.3 92.1254 − 41.7483 32.2596 −2.3419 −81.1259 − 0.8312 328
0.1 90.2969 − 12.9334 5.2307 −2.3402 −81.2014 − 0.9475 322
0.0 85.1129a −2.3432 −81.1652 1.6046 487

aC → DWF.

obtained in this case is in error due to an intermediate free en-
ergy barrier. This is confirmed by the fact that the computed
melting point of 487 K is higher than the true value of 320 K
but lower than ∼650 K estimate one obtains by heating up the
perfect [BMIM][Cl] crystal (see below).

The simplified two intermediate states procedure (going
directly from the crystal to a dense weak fluid without an in-
termediate weak crystal phase) was further tested on argon.
The thermodynamic integration results computed in both di-
rections were summarized in Figure 10. Even with the simple
argon case, the free energy change computed going from C
to DWF differs from that when going from DWF to C. More-
over, when the path goes from DWF to C, the crystal state C
was actually not reached, but instead a disordered state was
reached. This is reflected in the free energy changes shown
in blue in Figure 10. When using the C to DWF step in the
PSCP cycle, the computed melting point was 89.1 K, signif-
icantly higher than the true value. Like in the [BMIM][Cl]
case, the computed melting point from the simplified PSCP
path is higher than that from three intermediate states pro-
cedure (82.8 K) but lower than the value observed when a
perfect crystal is heated (99.6 K). These results show the im-
portance of including the weak crystal state in the PSCP path
to ensure reversibility. It is not surprising that the intermedi-
ate WC state is needed to compute the free energy between

FIG. 10. The thermodynamic integration results (in Kcal/mol) computed
along a two intermediate states PSCP path for argon at 90 K. Removing the
weak crystal state from the path, the free energy change connecting the crys-
tal and dense weak fluid states is different when the integration is computed
in different directions. The crystal phase was actually not reached at the end
of the simulation started from dense weak fluid state (indicated by short dot-
ted line), indicating the importance of the weak crystal phase enforced by the
tethering potential in ensuring the PSCP path to be reversible.

the C and DWF states, as the “overlap” between the C and
DWF states is small, and the use of additional intermediate
states has been shown to be an effective means of overcoming
this.67, 68

C. Computed Tm for [BMIM][Cl] using the interface
and voids methods

The interface/NPT method results for [BMIM][Cl] are
shown in Figure 11. A sharp volume increase (or density de-
crease) of the simulation box was observed between 450 K
and 500 K, suggesting that the melting point is in this range.
Relative to the 650 K melting point estimate obtained from
heating up a perfect crystal (see below), the introduction of
the solid-liquid interface into the simulation system signif-
icantly decreased the superheating as well as the observed
melting point. However, the melting point was still more than
100 K higher than the experimental value or the PSCP result,
suggesting that the interface/NPT procedure is inaccurate for
complex molecules with sluggish dynamics.

The interface/NVE simulations were carried out with
three initial configurations prepared from NVT simulations
at 300 K, 320 K, and 340 K, respectively. As shown in
Figure 12, all the equilibrium P-T curves from the three sim-
ulations managed to cross with P = 1 atm line. Note that in
each case, the pressure and energy of the systems reached a
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Three sets of P-T points crossed with P = 1 atm line at different temperatures
varying by ∼50 K, indicating strong dependence of the observed melting
point on the initial simulation setup.

steady state value after the perturbation. The pressures and
temperatures recorded in Figure 12 are averaged over 3 ns.
However, there was a strong dependence of the predicted
melting point on the initial simulation setup condition. The
simulations started from a 300 K NVT configuration pre-
dicted the lowest melting point of 309 K, and the melting
point obtained from the 340 K NVT initial configuration had
the highest value of 358 K. When the NVE simulation was
started from an initial configuration prepared at 320 K, the
observed melting point was 339 K, in excellent agreement
with the experimental value of 337–339 K.64, 66 However, the
strong initial configuration dependence puts the reliability of
the results under doubt. The melting point obtained from the
320 K initial configuration is more fortuitous than anything;
without pre-knowledge of the approximate melting point, the
interface/NVE method also does not appear to be reliable for
complex molecules.

As mentioned above, the creation of solid-liquid co-
existing interface in the simulation system significantly de-
creases the free energy barrier that causes superheating. As
a result, the location of the solid-liquid interface in the ar-
gon simulation was able to move by crystallizing part of the
liquid or melting part of the crystal at the interface on the
time scale of the MD simulations. In [BMIM][Cl], however,
as the melting process includes the rearrangement of both
intra- and inter-molecular degrees of freedom and the inter-
action between [BMIM][Cl] ions are much stronger than the
simple Lennard-Jones interactions between argon atoms, the
melting and crystallization process is much slower. In other
words, the interface is unable to move on the time scale of
MD, thereby invalidating these interface methods. The tem-
perature and pressure evolution observed in the simulations
are mainly caused by the small rearrangement of molecules
in each phase as the system box size changed. Extremely long
trajectories on larger simulation systems are needed to ob-
serve interfacial motion for molecules such as [BMIM][Cl],
which can easily reach the limit of available computational re-
sources. Moreover, the anisotropy of molecular crystal makes
such calculations even more complicated.
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FIG. 13. The calculated melting point for orthorhombic [BMIM][Cl] using
the voids method. The computed system density as a function of temper-
ature is shown in the upper panel with the experimental melting point of
338 K indicated by a vertical line. The liquid phase density is included as
solid black line. The observed melting point as a function of number of voids
is shown in the lower panel. The dashed line indicates the experimental melt-
ing point. Unlike argon case, no clear flat region was observed before the
crystal structure collapsed with more than 36 voids.

Finally, the voids method was applied to estimate the
melting point of [BMIM][Cl]. The system density with var-
ious number of voids included in the box is shown in the
upper panel in Figure 13. Similar to argon, significant su-
perheating was observed for the perfect crystal (with zero
voids) and the melting point was overestimated by more than
300 K.64, 66 With increasing void density, the crystal was ob-
served to melt at decreasing temperature. When 36 or more
voids were included in the crystal, the system density almost
overlapped with that of the liquid phase over the entire tem-
perature range, indicating that the crystal is unstable with this
number of voids. With 28 or 32 voids, the system density is
very close to that of liquid phase, especially at low temper-
ature. An extra trajectory at 375 K was generated for these
two cases. As shown in Figure 13, a phase change seems
to appear between 350 K and 375 K, which is very close to
the experimental melting point of 337–339 K for orthorhom-
bic [BMIM][Cl].64, 66 If one knew that the melting point was
338 K, then one could simply “stop” adding additional voids
when the density transition appeared at around the actual
melting point. If, however, one uses the criterion that the ac-
tual melting point is the temperature at which the transition
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becomes independent of the number of voids, then the pic-
ture is less clear. As shown in the lower panel of Figure 13,
there are at least three “plateau” temperatures for this system
(∼500 K, ∼450 K, and ∼350 K), unlike argon where a sin-
gle transition was evident. Which one is the “correct” melting
point? Given the fact that there is no clear cut transition tem-
perature plateau for this system, it is concluded that the voids
method is unable to reliably estimate the melting point for
[BMIM][Cl]. We note that in order to ensure the convergence
of the simulation, at least a 500 ps stable trajectory (no signifi-
cant density change observed) was obtained before the density
was computed; otherwise, longer trajectories were generated.
As the dynamics tend to be slow for large molecules, how-
ever, it is likely that the observed melting points depend on the
simulation length, which makes the application of the voids
method complicated and the determination of melting point
difficult.

The computed melting points for [BMIM][Cl] using all
the different methods are summarized in Table I. The voids
method and the interface based methods tested in this work
failed to predict accurate results for [BMIM][Cl], despite
working well for argon. The PSCP method, revised such that
the integration path goes from the crystal phase to the liquid
phase with the use of a weak crystal intermediate, performed
well and gave a melting point of 320 K, in good agreement
with the experimental value of 337–339 K.64, 66

IV. SUMMARY AND CONCLUSIONS

Four different melting point computational methods were
tested in the present work: the voids method, the inter-
face/NPT method, the interface/NVE method, and the free
energy based PSCP method. All employed molecular dy-
namics simulations and a systematic comparison was made
on a neutral monatomic molecule (argon) and a multi-
atomic ionic liquids (1-n-butyl-3-methylimidazolium chlo-
ride or [BMIM][Cl]). For argon, the melting point was com-
puted to be 89.4 K, 82 ∼ 83 K, 82.8 K, and 82.8 K from each
method, respectively. All results agree well with the experi-
mental melting point of 83.81 K.65 On the other hand, there
was a high degree of variability among the methods for the
more complex ionic liquid.

For the PSCP method, a large error was found when
the thermodynamic cycle was run in the liquid to crystal
direction. This was caused by a failure to establish the or-
dered weak crystal state from the dense weakly interacting
fluid within the limited length of the simulation. To overcome
this, the thermodynamic integration cycle was carried out
in the opposite direction (from crystal to liquid). This ex-
ploited the fact that the PSCP path is reversible in princi-
ple and on the time scale of a MD simulation it is easier to
achieve a liquid phase from a crystal than a crystal from a liq-
uid. Using the revised PSCP procedure, the melting point of
[BMIM][Cl] was computed to be 320 K, in excellent agree-
ment with the experimental value of 337–339 K.64, 66

The reliability of the revised PSCP procedure was fur-
ther tested with different tethering potential strengths. With
the strength scaled by 1.0 through 0.1, the computed melt-
ing points were found to be nearly identical. These results in-

dicate that the revised PSCP procedure is a robust approach
for the computation of melting points even for complex
molecules such as ionic liquids. When no tethering potential
was applied (the tethering potential turned off), however, the
melting point was predicted to be 487 K for [BMIM][Cl],
∼150 K higher than the experimental value. This suggests
the importance of including the weak crystal state in the
PSCP path and confirmed that the superheating was mini-
mized along the PSCP path in which the crystal and liquid
states are connected by three intermediate states. None of
the other methods (voids, interface/NPT or interface/NVE)
gave a reliable melting point for the ionic liquid. These re-
sults strongly suggest that the PSCP method yields accurate
melting points for both simple and complex systems. While
the agreement between the computed and experimental melt-
ing point for [BMIM][Cl] is not a guarantee of the accuracy
of the method, the fact that it was shown to give perfect re-
sults for the simple argon system, coupled with the fact that
each step in the PSCP cycle is consistent with a reversible
path shows that this approach is superior to “direct” methods.
This suggests that methods that are “dynamic” should not be
used to estimate melting points for the complex systems with
slow dynamics. Instead, free energy-based methods are rec-
ommended.

In summary, for simple systems such as argon, all meth-
ods tested in the current work predicted the melting point
reasonably well. When the molecules become complex, how-
ever, the more rigorous free energy based pseudo-supercritical
path method is necessary. The revised PSCP procedure was
shown to be reliable and robust. The widely studied ionic liq-
uid [BMIM][Cl] has served as a test case in the current work,
but the procedure can be readily applied to other neutral and
ionic molecules as well.
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