
www.actamat-journals.com

Scripta Materialia 51 (2004) 801–806
Hall–Petch relation and boundary strengthening

Niels Hansen *

Center for Fundamental Research: Metal Structures in Four Dimensions, Materials Research Department, Risø National Laboratory,

Frederiksborgvej 399, 4000 Roskilde, Denmark

Accepted 2 June 2004
Abstract

The Hall–Petch relation is discussed separately for the yield stress of undeformed polycrystalline metals and for the flow stress of

deformed metals. Key structural parameters are the boundary spacing, between grain boundaries in the former case and between

dislocation boundaries and high angle boundaries in the latter. An analysis of experimental data supports the Hall–Petch relation

for undeformed metals over a grain size range from about 20 nm to hundreds of micrometers. For deformed metals, boundary

strengthening is not a constant and the Hall–Petch relation must be modified.

� 2004 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Originally proposed at the beginning of the 50s for

grain boundary strengthening in polycrystalline metals,

the Hall–Petch relation [1,2] has later been expanded

to cover also the strengthening effect of various types

of boundaries introduced by plastic deformation [3].

Also the structural scale has been expanded from the

micrometer scale to nanometer dimensions [4]. This very
broad application of the Hall–Petch relation has raised

questions, not only about its predictive capability, but

also about the physical basis for the relation. These

questions are briefly discussed in the present paper in

connection with experimental findings.
2. Hall–Petch relation

In its first formulation the Hall–Petch relation ex-

pressed the dependency of the lower yield point or the
1359-6462/$ - see front matter � 2004 Acta Materialia Inc. Published by El

doi:10.1016/j.scriptamat.2004.06.002

* Tel.: +45 5677 5769; fax: +45 5677 5758.

E-mail address: niels.hansen@risoe.dk
fracture stress of iron on the grain size. It was later also
suggested for the effect of the grain size on other

mechanical properties of polycrystalline metals and

alloys [5]. In the following the Hall–Petch relation will

be discussed separately for the yield stress and for the

flow stress. In both cases the influence of the grain size

DGB will be introduced by the parameter D
�1=2
GB . Other

values for the exponent have been discussed [3] but will

not be considered here.
The yield stress ry is related to the grain size by the

equation [1,2]:

ry ¼ r0 þ k1D
�1=2
GB ð1Þ

where r0 and k1 are constants. r0 is a friction stress,
which includes contributions from solutes and particles
but not from dislocations, i.e. r0 is the flow stress of

an undeformed single crystal oriented for multiple slip

or approximately the yield stress of a very coarse-

grained, untextured polycrystal.

The flow stress at a particular strain r(e) is related to
the grain size by the equation [6]:

rðeÞ ¼ r0ðeÞ þ k1ðeÞD�1=2
GB ð2Þ
sevier Ltd. All rights reserved.
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where r0(e) and k1(e) are constants at a given strain.
With different constants Eq. (2) has also been applied

to describe the effect of grain size on other strength

parameters especially the hardness. As in the case of

Eq. (1), single crystals or coarse-grained polycrystals

are required to obtain r0(e).
In Eqs. (1) and (2) the stress is divided into two parts:

one which is independent of the grain size and one which

is grain-size dependent. For example in Eq. (2) r0(e) is
the flow stress of the grain interior and k1(e) DGB

�1/2

can be considered as a strength contribution due the

additional resistance to dislocation motion caused by

the presence of grain boundaries.

The contribution of the grain interior, r0(e) is related
to the density of dislocations accumulated in dislocation

boundaries. Neglecting the contribution from redundant

dislocations, which decrease significantly with increasing

strain, the dislocation density for a mixed tilt/twist

boundary can be approximated by 1.5 SVh/b, where SV
is the area of boundaries per unit volume, h is the mis-
orientation angle and b is the Burgers vector. Disloca-

tions are also present between the dislocation
boundaries, but as only pure metals with medium to

high stacking fault energy are considered the contribu-

tion from such unassociated dislocations is neglected.

Eq. (2) can then be written:

rðeÞ ¼ r0 þMaG
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:5bSVh

p
þ k1ðeÞD�1=2

GB ð3Þ
where r0 is the frictional stress (as in Eq. (1)), M is the
Taylor factor, a is a number and G is the shear modulus.

At large strains, many of the dislocation boundaries

or low angle boundaries LAB�s (h<15�) evolve into high
angle boundaries HAB�s (h>15�), which are indistin-
guishable from the original grain boundaries. Based on

an assumption of an identical strengthening effect of

the two types of boundaries DGB is replaced by DHAB
and the flow stress rf can be expressed:

rf ¼ r0 þMaG
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:5b SVhð ÞLAB

q
þ k1ðeÞD�1=2

HAB ð4Þ

As an alternative to Eq. (4) the flow stress of deformed

metals has simply been related to the boundary spacing

without taking into account if the boundaries are low

angle dislocation boundaries or high angle boundaries

[3]. In this case the relation between the flow stress

and the average boundary spacing DB is:

rf ¼ r0 þ k2D
�1=2
B ð5Þ

where k2 is a constant. In this formulation as in Eq. (1)

the boundary resistance is considered to be constant

independent of the character of the boundary, for exam-

ple Eq. (5) has been used to relate the flow stress of hot

deformed metals to the subgrain size [3]. However, for
such structures it has also been suggested [7] that k2 is

a variable, which for low angle boundaries increases

with their angle.
3. Strength increase by structural refinement

The empirical validity of Eq. (1) has led to extensive

research and development to increase the yield stress of

polycrystalline metals and alloys by refining their grain

size, which in today�s industrial materials can be 5–10
lm or even smaller. However, if Eq. (1) is valid there

is still a large potential for yield strength improvement

by reducing the grain size to the submicrometer range.

In accordance with Eqs. (1) and (4), a structural refine-

ment by plastic deformation should also be a promising

route to increase the flow stress. Structural refinement

by different processing routes has therefore been an

active research area in the last 10–20 years. As a result
nanocrystalline metals and alloys with a grain size as

small as 10–20 nm can now be produced for example

by inert gas condensation [8] or electrodeposition [4,9].

Such fine scale structures can also be obtained by plastic

deformation to ultra high strains for example by friction

or mechanical attrition [10]. It has been common prac-

tice to name such fine scale materials either nanocrystal-

line, nanostructured or ultrafine grained metals without
taking structural differences into account. However, this

will be done in the following: materials, where grain

boundaries separate grains with little or no dislocation

structure, are referred to as nanocrystalline, while mate-

rials with many low angle boundaries or a mixture of

low and high angle boundaries are called nanostruc-

tured. It follows that nanocrystalline materials may be

polycrystalline metals produced by deformation fol-
lowed by recrystallization and by processes such as inert

gas condensation or electrodeposition. Nanostructured

metals are typically processed by plastic deformation.

In both categories boundary spacings may reach from

below 10 nm to hundreds of micrometers. In the follow-

ing the yield stress of the former group and the flow

stress of the latter will be discussed. In both cases the

stress is determined at 0.2% offset.
4. Yield stress––polycrystalline metals

The relation between the yield stress and the grain

size has been investigated for a number of metals and

alloys and good agreement with Eq. (1) has been found

[5,6]. The range of grain sizes is typically from about 10
lm to several hundred micrometers in samples, which

have been recrystallized after deformation. In a few

experiments on Cu [11] and Ni [12] it has been shown

that the validity of Eq. (1) can be extended down to a

recrystallized grain size of about 3–4 lm. Also fairly
consistent values for the Hall–Petch slope k1, have been

found when taking into account especially the effect

of solutes and of crystallographic texture [6,11].
The validity of Eq. (1) with an exponent of �1/2 in

the micrometer range is the basis for examining whether



N. Hansen / Scripta Materialia 51 (2004) 801–806 803
Eq. (1) also describes the behaviour of nanocrystal-

line metals. However, a validation of the exponent is

not possible at present because of a lack of data cover-

ing a range of grain sizes in high quality samples. In-

stead the predictive capability of Eq. (1) is tested

for nanocrystalline metals, when applying values for
r0 and k1, obtained for recrystallized samples with

grain sizes in the micrometer range. Such values have

been obtained with good accuracy and nominal values

for Al [13,14], Ni [15] and Cu [16,17] are given in

Table 1. Note in this table that the strengthening

effect of boundaries, k1/Gb, increases with decreasing

stacking fault energy being the highest in Al and the

lowest in Cu.
The nanocrystalline metals chosen for the test have

been produced by inert gas condensation of Al, Ni

and Cu [8]. These samples have a density of 97–99%

of the theoretical density and to reach this density vari-

ous compression and annealing processes have been

applied. The Ni powders were compacted at room tem-

perature and the Al and Cu powders were compacted at

100 and 150 �C, respectively. After compacting the Ni
discs were annealed for 100 min at 300 �C (0.33 Tm)

and the Cu discs for 240 min at 150 �C (0.33 Tm). The
grain sizes were obtained by X-ray analysis for Cu and

Ni and by transmission electron microscopy for Al, see

Table 2. This table also contains values for the yield

stress obtained by testing of miniature samples at room

temperature [8]. A comparison between the experimen-

tal data and values calculated on the basis of the num-
bers in Tables 1 and 2 shows no systematic difference.

For example lower experimental values, which could

indicate a decrease in the magnitude of the grain bound-

ary strengthening or higher experimental values, which
Table 1

Materials parameters

Material G (MPa) b (nm) k1 (MPa m
1/2) k1

Gb m
�1/2·103

Aluminium 26,000 0.286 0.04 5.4

Nickel 79,000 0.249 0.16 8.1

Copper 45,000 0.256 0.14 12.2

r0 is approximately 20 MPa for all three metals.

Table 2

Yield stress of nanocrystalline metals

Metal Grain size (nm) Yield stress (MPa)

Experimentala Calculated

Ufg.b-Al 250 135 100

nc-Ni 28 1.150 976

nc-Cu 26 535 888

a 0.2% offset.
b Ultrafine-grained.
c Nanocrystalline.
could reflect a certain degree of plastic deformation dur-

ing processing. Therefore the relatively good agreement

between the experimental and calculated yield stress of

Ni shows the good predictive capability of Eq. (1). Also

the differences observed between the experimental and

the calculated yield stress, can to a certain extent, be
rationalized. For example in Cu it was observed [8] that

highly twinned 1–5 lm grains were embedded in a struc-

ture of nanocrystalline grains, whereas the structure in

Al and Ni is uniform. The number density of the large

grains in Cu is relatively small but they may cause weak-

ening. For Al where the experimental yield stress is sig-

nificantly higher than that calculated a tentative

suggestion is that powders might have been slightly
oxidized during processing and that the high yield stress

includes a contribution due to oxide dispersion strength-

ening.

As an alternative process to inert gas condensation

nanocrystalline metals and alloys can be manufactured

by electrodeposition. It is however, difficult by this proc-

ess to control the chemical composition as impurities are

introduced during processing and also the grain struc-
ture may be non-uniform [4,9,18]. It has however, been

suggested [4,19] for nanocrystalline Ni that the yield

stress–grain size relation agrees with Eq. (1). With good

accuracy this agreement covers specimens with grain

sizes down to about 20 nm [4,19]. For r0 and k were

found values 7 MPa and 0.18 MPa m1/2 [4], respectively

in good agreement with the numbers in Table 1 for poly-

crystalline Ni. However, this comparison as well as the
former must be taken with a certain caution not only be-

cause the number of samples is very limited, but also be-

cause structural and chemical effects unaccounted for,

may affect the yield stress. A summary of the data

[4,8,15,19] is given in Fig. 1.
Fig. 1. The yield stress–grain size relationship at room temperature

for: (a) polycrystalline Ni [15] (b) electrodeposited Ni [4,19], (c) inert

gas condensed Ni [8]. The full drawn lines summarize experimental

data.



Fig. 2. The flow stress–boundary spacing relationship at room

temperature for polycrystalline Ni [15], and for cold-rolled Ni [22].

The boundary spacing is the grain size for polycrystalline Ni and the

boundary spacing along random lines for cold-rolled Ni (see text).
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5. Flow stress––deformed metals

At low and medium strains the effect on grain size or

the flow stress at a particular strain is described satisfac-

torily by Eq. (2). This has been shown empirically for a

number of polycrystalline metals and alloys tested in
tension at room temperature [5,6]. It has also been

found that Eq. (2) covers a grain size range down to

the smallest grain sizes examined about 3–4 lm [11].

For nanocrystalline metals it is consistently found that

the strain hardening stage is so limited that a test Eq.

(2) is not meaningful.

At large plastic strains Eq. (4) has been used in flow

stress structural analysis of metals deformed monoti-
cally by rolling or tension [20]. In such an analysis the

boundaries subdividing the microstructure have been

separated into incidental dislocation boundaries (IDB�s)
and geometrically necessary boundaries (GNB�s). The
IDB�s are suggested to be formed by mutual trapping
of glide dislocations and the GNB�s are boundaries,
whose angular misorientations are controlled by the dif-

ference in glide-induced lattice rotations in the adjoining
volumes. These suggestions have led to flow stress–

structural relations similar to Eq. (4) by assuming that

IDB�s and GNB�s cause dislocation strengthening and
high angle boundary strengthening, respectively.

(SVh)LAB and DHAB are therefore replaced by (SVh)IDB
and DGNB, respectively [19]. Based on these changes

Eq. (4) has been evaluated for Al [21] and for Ni [22]

cold-rolled to large strains. A lamellar structure is
formed and DGNB and DIDB are taken as the distance

between the lamellar boundaries and the interconnecting

(bamboo) boundaries, respectively, assuming the flow to

take place in the regions between the lamellar bounda-

ries. Based on quantitative characterisation of structural

parameters, good agreement between calculated and

experimental behaviour is observed both as regards the

absolute flow stress values and hardening rates [21,22]
Similar good agreement has been obtained for the struc-

tural–flow stress relation in aluminium deformed to

ultrahigh strains by cumulative roll bonding [23]. The

structural scale in the different experiments is in the

range 100 nm to 1 lm. Finer scale structures in the range
10–100 nm have been obtained by deformation proc-

esses such as high pressure torsion, mechanical attrition

and friction. It is a general observation that the flow
stress increases as the microstructure is refined but quan-

titative structural data are not yet available to test flow

stress–structural relations, as for example Eq. (4).

The deformation microstructures obtained by mono-

tonic deformation to large strains are lamellar struc-

tures, where an investigation by transmission electron

microscopy allows a distinction between IDB�s and
GNB�s. However, after strain path changes e.g. in cyclic
deformation the structure may become more equiaxed

and subdivided by a mixture of low and high angle
boundaries. Introducing the density of high angle

boundaries as f, Eq. (4) can be rewritten:

rf ¼ r0 þMaG
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:5bSVhLABð1� f Þ

p
þ k1

ffiffiffiffiffiffiffiffiffi
SV
2
f

r
ð6Þ

where SV is the total boundary area per unit volume and

hLAB is the average angle of low angle boundaries. Based
on a structural characterization by electron back scat-

tered diffraction analysis Eq. (5) has satisfactorily ex-

plained the observed flow stress–structure relationship
in an Al–0.13 Mg alloy [24] deformed by equal channel

angular extrusion to a von Mises strain of 10 and an-

nealed at temperatures in the range 100–400 �C after

deformation.

The analysis above illustrates the importance of both

dislocation strengthening and high angle boundary

strengthening. However, frequently the flow stress struc-

tural analysis of deformed metals is based on one struc-
tural parameter, the boundary spacing DB and Eq. (5) is

applied. Good agreement with experimental data can be

observed, however, with values for k2 in Eq. (5) much

higher than found for k1 in Eq. (1) and also in many

cases with a negative value for r0 [3,25]. The high k2 val-

ues can be rationalized by taking SV equal to 2/DB where

DB is the boundary spacing measured along random

lines. Eq. (5) is then:

rf ¼ r0 þ MaG
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3bhLABð1� f Þ

p
þ k1

ffiffiffi
f

ph i
D�1=2
B

¼ r0 þ k2D
�1=2
B ð7Þ

This equation gives a very high value for the slope for

example for hypothetical values f = 0.5 and h = 5�, k2
for aluminium is approximately 0.14 MPam1/2 to be

compared with k1=0.04 MPam
1/2 for recrystallized alu-

minium (Table 1). According to Eq. (7) a gradual de-

crease in boundary spacing may be followed by a
gradual increase in k2. Therefore a plot of experimental
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data, where r0 and k2 are taken to be constants may be

considered to be a relatively coarse approximation, not

reflecting the change in boundary characteristics as DB
decreases with increasing plastic strain. An example of

a plot according to Eq. (5) is given in Fig. 2 for Ni,

cold-rolled over a large strain range [22]. Illustrating
that a high slope and a negative volume of r0 is ob-
tained. For comparison in Fig. 2 the stress–grain size

relation for polycrystalline Ni [15] shows a much smaller

slope and a positive value for r0.
6. Discussion

The analysis above suggests that the mathematical

formulation in Eq. (1) of boundary strengthening as a

function of boundary spacing is apparently independent

of the mode, by which the polycrystalline metal is synthe-

sized: by deformation followed by recrystallization, by

inert gas condensation or by electrodeposition. This find-

ing leads to considerations of mechanisms, which can

lead to the Hall–Petch relation. Such mechanisms have
been discussed since the Hall–Petch relation was first

proposed [3,5,6,26]. An example is the original sugges-

tion [1,2] that the stress can be enhanced at grain bound-

aries due to the formation of dislocation pile-ups and

that yielding takes place when the stress is large enough

to cause the slip to propagate from one grain to the next.

Another example is the suggestion by Li [27] that yielding

takes place, when the stress is high enough to move dis-
locations in a forest formed by all the dislocations, which

can be generated from sources at or near grain bounda-

ries. Evidence of the operation of such a mechanism has

been obtained experimentally in polycrystalline metals

but no mechanism has been quantified to an extent that

it has verified the Hall–Petch relation, which therefore

still must be considered as empirical. The present obser-

vation that the Hall–Petch relation also describes the
yield stress of nanocrystalline metals has lead to consid-

eration of a mechanism, which can be operative at struc-

tural scales, where there may be no space for the pile-ups

or for the operation of Frank–Read sources. It appears,

however that there is clear experimental evidence of dis-

location activity in nanocrystalline samples with a grain

size of 33 nm [28] and in layers between dislocation

boundaries with spacings as fine as 5 nm [29] in surface
regions subjected to intense friction.

The application of the Hall–Petch relation in an anal-

ysis of the flow stress of deformed materials is complex

as the structure is subdivided by boundaries of different

characteristics, which might show different resistances to

slip. For example is there for dislocation boundaries a

critical angle, as suggested by Li [27], below which the

boundaries resistance increases with an increase in mis-
orientation angle, and above which a dislocation bound-

ary and a high angle boundary show the same
resistance? Also the strengthening effect of grain bound-

aries and deformation-induced high angle boundaries

embedded in a deformation microstructure has at pre-

sent not been quantified. To do so will require testing

of specimens with well-characterized structural parame-

ters and in parallel detailed characterization preferably
by high resolution electron microscopy of boundary

structures [29]. Such studies are important not only to

analyse strengthening mechanisms but also to give

guidelines for future optimisation of structural and

mechanical properties by changing processing condi-

tions and by changing the response of materials to plas-

tic deformation for example by alloying [30].

A final point to be addressed is the stress–structural
relationship based only on one parameter, the grain size

in Eq. (1) and the boundary spacing in Eq. (5). As k2>k1
an extrapolation of the flow stress obtained for de-

formed structures, where DB typically is larger than

100 nm to nanocrystalline metals with DGB smaller than

about 100 nm will indicate a decrease in boundary

strengthening. Such a decrease is suggested as a general

phenomenon [31] but it may simply reflect that bound-
ary strengthening depends on the boundary characteris-

tics, which again depends on the method of synthesis.
7. Conclusions

The predictive capability of the Hall–Petch relation

Eq. (1) for the yield stress of recrystallized metals with
grain sizes in the micrometer range has been demon-

strated for nanocrystalline metals produced by inert

gas condensation and electrodeposition with grain sizes

in the range 20–100 nm.

Physically based models are still in demand to under-

pin the Hall–Petch relation (Eq. (1)). The mechanisms

underlying these models may change with the structural

scale, but observations show that dislocation-based
mechanisms are operative at all length scales.

The Hall–Petch relation for the flow stress of de-

formed metals is applicable if the strength contribution

form boundaries is introduced as a variable parameter

and not as a constant as in Eq. (1). By adding strength

contributions linearly from dislocation boundaries and

high angle boundaries (Eq. (4)) good agreement is ob-

tained between structural-based models and experiments
for deformed metals with boundary spacings above

100 nm.
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