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Abstract— This paper presents an online adaptive controller
to compensate damping and stiffness frequency mismatches
in vibratory gyroscopes. This adaptive controller is running
together with the method of averaging. The adaptive controller
first estimates the effective damping and stiffness frequency
mismatches using least square method and then compensates
these estimated mismatches in an online fashion. Simulation
results show that the proposed adaptive mismatch compensation
controller can eliminate the effects of damping and stiffness
frequency mismatches on quadrature oscillation, precession angle
oscillation and precession angle drift very effectively.

I. INTRODUCTION

An effective and well-known method for controlling vibra-

tory gyroscopes, originally proposed by Lynch ([1], [2] ), is

based on the method of averaging and utilizes PI feedback

controllers to respectively decrease the quadrature error and

maintain a constant energy of oscillation level. To maintain

sufficient controller robustness, it is generally necessary to set

the PI controller gains to low values, resulting in relatively

small error rejection bandwidths. As a result, the effect of

damping and stiffness frequency mismatches on the gyros

angular precession cannot be adequately attenuated.
Although damping and stiffness frequency mismatches can

in principle be eliminated to levels that may not significantly

affect gyro performance during the manufacturing process,

such sophisticated processes are yet not feasible in a standard

product line. It is also possible to compensate for these

mismatches via electrostatic spring softening and trimming

during a calibration phase. However, these forms of calibration

are time consuming, require human involvement and cannot

be performed while the gyro is in operation. A third option,

is to use a control algorithm to compensate for the mis-

matches. For this purpose, several adaptive control schemes

have been proposed in last ten years. In [3] and [4], Lyapunov

based method adaptive controllers were proposed and derived.

Simulation results were supplied to show its efficiency on

continuous time gyroscope models. However, if the controller

is implemented on systems with relative low sampling rate,

its performance will be degraded dramatically. Furthermore,

in the method of averaging each variable has a direct physical

realization and it is more physically intuitive than the Lya-

punov methods based controller. Hence the Lyapunov methods

based controllers is not been used in real gyroscope systems.

In [5], an adaptive damping and stiffness frequency mismatch

compensation algorithm runs together with a Lynch feedback

controller. Simulation and experimental results presented in
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Fig. 1. (a) The ideal two-dimensional oscillator, (b) The preceesion of
principal oscillation axis

[5] show that adaptive compensation is somewhat effective,

but is not capable of achieving high compensation precision

partly due to the heuristic nature of the adaptation algorithm

and low controller bandwidth.

In this paper, we propose a novel adaptive compensator

runs as an add-on to the method of averaging in order to

compensate the effect of damping and stiffness frequency

mismatches. By utilizing the fact that mismatches disturb

the energy, quadrature, and precession angle dynamics as

sinusoidal functions of the precession angle, our proposed

adaptive compensator uses a least square algorithm to estimate

the effective mismatches parameters.

The estimated mismatches are then used to generate feedfor-

ward compensation input terms in an online fashion to cancel

the effects of mismatches. It is shown that, under certain per-

sistence of excitation conditions, the least squares adaptation

algorithm converges to the correct effective mismatches.

II. GYROSCOPE MODELS

A vibratory gyroscope is usually modeled as a two dimen-

sional oscillator ([1]). For an ideal two dimensional oscillator

shown in Fig.1(a), the governing equations are:

ẍ− 2κΩẏ − κΩ̇y + (ω2 − κ2Ω2)x = fx
m

ÿ + 2κΩẋ+ κΩ̇x+ (ω2 − κ2Ω2)y =
fy
m

(1)

where κ is the angular gain factor, Ω is the input rate, ω is the

resonance frequency, m is the mass of the oscillator, fx, fy are

the control forces along readout axises x and y respectively.
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The free response solution of (1) is therefore:

x = a cos θ cos (ωt+ φ0)− q sin θ sin (ωt+ φ0)
y = a sin θ cos (ωt+ φ0) + q cos θ sin (ωt+ φ0)

(2)

where θ = θ0 − k
∫ t

t0
Ω(τ)dτ is the precession angle of the

principal oscillation axis, as shown in Fig.1(b)

From (2), it is seen that the precession angle θ is propor-

tional to the external rotation angle
∫ t

t0
Ω(τ)dτ by a factor −κ

when initial conditions are zeros. As a result, by demodulating

the sensed x, y signals, we can measure θ, thus measuring the

external rotation angle.

However, due to fabrication imperfections, a practical gyro-

scope resonator has damping, damping mismatch and stiffness

frequency mismatch. Governing equations of such a gyroscope

are the so-called the equations of motion of generic vibratory

gyro in [2]

III. PERFORMANCE ANALYSIS IN THE METHOD OF

AVERAGING

A. Goal of Controllers in Vibratory Gyroscopes

Damping and mismatches cause the gyroscope’s energy to

decay. As a consequence, the gyro resonator will fail to precess

like in the ideal case given by (2).

The design goal is to control the gyro resonator to precess at

a rate proportional to external input rate Ω, with a desired en-

ergy level and minimal quadrature. Fig.2 the desired trajectory

of a gyroscope resonator.

a

Fig. 2. The desired gyroscope trajectory of oscillation

B. Effect of Mismatches on the Method of Averaging

Derivations from [2] show that in the method of averaging,

the mismatches affect the energy E, quadrature Q, and angular

precession θ shown in the equations below:

Ė ≈ − [
2
τ +Δ

(
1
τ

)
cos 2(θ − θτ )

]
E −

√
E
ω fas

Q̇ ≈ − 2
τQ − Δω sin 2(θ − θω)E +

√
E
ω fqc

θ̇ ≈ −kΩ+ 1
2Δ

(
1
τ

)
sin 2(θ − θτ ) · · ·

+ 1
2Δω cos 2(θ − θω)

Q
E − fqs

2ω
√
E

(3)

where fas and fqc are computed by two PI feedback con-

trollers based on measured E and Q respectively. When set

in the whole angle mode fqs = 0 ([2]). To maintain enough

robustness, gains of PI controllers are usually set to be low

values, resulting in a relative low error rejection gain at

frequency κΩ.

Since the mismatch term Δ
(
1
τ

)
cos 2(θ− θτ ) in the energy

equation acts like damping, it only varies the transient response

time of the energy. Regardless of the transient response time,

the energy will always converge to the desired energy level

due to the I-action of the PI controller in the energy loop.

In the quadrature equation, the mismatch term Δω sin 2(θ−
θω)E affects the quadrature as an external disturbance at

frequency κΩ. The PI controller is not able to adequately

attenuate the disturbance at this frequency due to its low gains.

As a result, this disturbance will go through the quadrature’s

dynamics and cause the quadrature to oscillate.

In the angular precession equation, there is no control

action when operate in the whole angle mode. Therefore, the

mismatch term, 1
2Δ

(
1
τ

)
sin 2(θ−θτ ), will directly disturb the

precession angle, causing the estimated precession angle to

oscillate at frequency κΩ. Furthermore, since both θ and Q are

oscillating at frequency κΩ, the mismatch term, 1
2Δω cos 2(θ−

θω)
Q
E , breaks into a DC term. This DC term causes a ramp

drift in the precession angle. It is important to note, θ can stuck

at some equilibrium point due to its nonlinearity, causing the

gyro fail to precess. For example, if input rate Ω is small,

θ can stuck at 2mπ + θτ + 1
2 sin

−1 2κΩ

Δ( 1
τ )

,m = 1, 2, · · · by

assuming Q = 0. This puts a lower bound on the bandwidth

of the gyroscope.

In summary, the mismatches affect both quadrature and

angular precession in the gyroscope, causing its performance

to degrade. To achieve higher performance, it is necessary to

compensate these mismatches.

IV. ADAPTIVE MISMATCH COMPENSATOR DESIGN

The PI feedback controllers in the method of averaging can

maintain system energy and attenuate the quadrature within an

oscillatory level. This controller provides a good baseline to

control the gyroscope. In order to further eliminate the effect

of mismatches, the designed adaptive mismatch compensator

runs two independent add-on feed-forward compensators on

the quadrature loop and the angular precession loop respec-

tively. Each compensator consists of an estimator, which is

estimating the effective mismatches, and a compensator, which

is correcting the mismatches.

A. Compensation Scheme Design for Quadrature Loop

Fig.3 shows the block diagram of the quadrature control

loop where the mismatch term is modeled as an external

disturbance. Output of the closed loop system is therefore:

Q = G(s) [dQ − uQC ] (4)

where G(s) = s
s2+(KP+ 2

τ )s+KI
is the closed loop transfer

function. It has relative degree of one, which means it is a

strictly causal system.

Since the controller is usually running in a digital device

like a DSP, the resulting discretized output is

Q(k) = G(z) [dQ(k)− uQC(k)] (5)
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Fig. 3. Block diagram of quadrature loop. fQ is the control action from the
PI controller in the method of averaging; dQ = Δω sin 2(θ − θω)E is the
mismatch term; uQC is the proposed feed-forward compensation actuation.

where k is the sample index, G(z) is the discretized closed

loop transfer function and, z is the z-transform variable. G(z)
has the same relative degree of one as its continuous time

version G(s).
To design the feed-forward compensator, we project the

disturbance dQ onto cos 2θ and sin 2θ by simple sine ma-

nipulation.

dQ(k) = aQ · cos 2θ(k) + bQ · sin 2θ(k) (6)

where aQ = −Δω sin 2θω and, bQ = Δω cos 2θω are mis-

matches to be estimated.

We can rewrite the above disturbance in a regressor form

dQ(k) = ΘTΦ(k) (7)

where Θ = [aQ, bQ]
T

and Φ(k) = [cos 2θ(k), sin 2θ(k)]
T

Assume at current step k, the estimated mismatches are

Θ̂(k). One way of compensating the mismatches is

uQC(k) = Θ̂(k)TΦ(k) (8)

The above compensation scheme results in the quadrature

Q(k) = G(z)
[
Θ̃(k)TΦ(k)

]
(9)

where Θ̃(k) = Θ− Θ̃(k) is the parameter estimation error at

step k.

To design the parameter estimator, we define

eo(k) = Q(k)− Θ̂(k − 1)T G(z) [Φ(k)]︸ ︷︷ ︸
Ψ(k)

+ G(z)
[
Θ̂(k)TΦ(k)

]
(10)

Remark: eo(k) is physically computable since (1) Q(k) can
be computed from the demodulation parameters; (2) Φ(k) is
pre-known, thus Ψ(k) = G(z) [Φ(k)] is computable; (3) since
G(z) has relative degree one, computing G(z)

[
Θ̂(k)TΦ(k)

]
only requires to know Θ̂(j), j = k − 1, k − 2, · · · , 0, which
were updated in last steps.

Substituting (9) into (10), we get

eo(k) = Θ̃(k − 1)TΨ(k) (11)

which follows the same form as the A-priori error in the recur-

sive least square estimation problem ([6]). As a consequence,

parameters can be updated by calling the standard recursive

least square estimator routine, where the regressor is Ψ(k),

the parameters to estimate is Θ and the A-priori error is eo(k)
computed by (10).

In a recursive least square algorithm, if the dimension

of parameters being estimated is smaller than or equal to

the persistence of excitation, then the estimated parameters

converge to real values ([6]). Persistence excitation is defined

as:

PE = rank

(
lim

T→∞

∑T
k=0 φ(k)φ(k)

T

T

)
(12)

where φ(k) is the regressor in the recursive least square

algorithm.

In the quadrature loop, the persistence of excitation is

PE = 2, which is the same as the dimension of the unknown

parameters Θ. Therefore, Θ̂(k) will be guaranteed to converge

to the real parameters Θ, at the rate of κΩ. As a consequence,

the feed-forward compensation actuation uQC will cancel the

disturbance perfectly.

B. Compensation Scheme Design for Angular Precession

Due to the feed-forward compensator in the quadrature loop,

the quadrature can be controlled to be close to zero. The

angular precession dynamics can therefore be simplified as

θ̇ = −κΩ+
1

2
Δ

(
1

τ

)
sin 2(θ − θτ )− fqs

2ω
√
E

(13)

The discretized dynamics are

θ(k+1) = θ(k)−κΩts+aθ cos 2θ(k)+bθ sin 2θ(k)+fθ (14)

where ts is the sampling time, aθ = − 1
2Δ

(
1
τ

)
ts sin 2θτ , bθ =

1
2Δ

(
1
τ

)
ts cos 2θτ are the damping mismatches to be esti-

mated. The feed-forward compensation action to be designed

is fqs = −2ω
√
Efθ.

Assume at current step k, the estimated input rate is

Ω̂(k) and estimated damping mismatches parameters are

âθ(k), b̂θ(k). One way of choosing the compensation actuation

to cancel the disturbance is:

fθ = −âθ(k) cos 2θ(k)− b̂θ(k) sin 2θ(k) (15)

To design the parameter estimator, we predict the precession

angle θ̂(k + 1) by

θ̂(k + 1) = θ(k)− κΩ̂(k)ts (16)

Then define

eo(k) := θ(k)− θ̂(k) (17)

Subtracting (16) from (14) and shifting the index by one,

we get

eo(k) = Γ̃(k − 1)TΥ(k) (18)

where Γ̃(k) := Γ − Γ̂(k) is the parameter estimation error at

step k; Γ = [κΩts, aθ, bθ]
T

is the unknown parameters to esti-

mate; Γ̂ =
[
κΩ̂(k)ts, aθ(k), bθ(k)

]T
is the estimated parame-

ters at step k; Υ(k) := [−1, cos 2θ(k − 1), sin 2θ(k − 1)]
T

is

the known regressor.
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Fig. 4. (a) Simulated energy response in the method of averaging, (b)
Simulated quadrature response in the method of averaging, with adaptive
compensator on (red) and off (blue).

Again, (18) follows the same form as the A-priori error

in the recursive least square estimation problem. We update

the parameters by calling the standard least square estimation

routine where the unknown parameters are Γ, the regressor is

Υ(k) and the A-priori error is eo(k) computed by (17).

From (12), the persistence of excitation in this case is PE =
3, and is the same as the dimension of the unknown parameters

Γ. As a result, Γ̂ will converge to Γ at the rate of κΩ.

V. SIMULATION RESULTS

The proposed adaptive compensation scheme was tested on

the simulated gyroscope model with resonance frequency ω =
10, 000Hz, gain factor κ = 1, sampling rate Fs = 96, 000Hz,

unknown stiffness frequency mismatch Δω = 5Hz, unknown

damping mismatch Δ
(
1
τ

)
= 0.001 sec−1 and decay time τ =

2 sec. The simulated input rate was constant Ω = 1Hz.

As shown in Fig.4(a), the method of averaging can maintain

the system’s energy at the desired energy level under the effect

of mismatches.

Fig.4(b) shows the effectiveness of our adaptive compen-

sator on the quadrature loop. As discussed in section III.B,

the PI feedback controller in the method of averaging does not

adequately attenuate the disturbances which is due to the mis-

matches. As a consequence, the quadrature oscillates around

zero at a frequency about κΩ. With our adaptive compensator,

the oscillation in the quadrature can be attenuated dramatically.

Fig.5(a) shows the effectiveness of our adaptive compen-

sator on gyro’s angular precession. Without any compensation,

as discussed in section III.B, mismatches will cause both ramp

drift and oscillatory error on the rotation angle estimation.

This is shown by the blue line in Fig.5(a). Alternatively,

the proposed adaptive compensator, as shown by the red

line in Fig.5(a), can compensate both the ramp drift and the

oscillatory error. Since the adaptive compensator takes some

time to converge to the real parameters, the transient response

causes a DC bias on the rotation angle measurement.

Fig.5(b) shows the precession of the gyroscope after the

adaptive compensator converges. We can clearly see that

the gyroscope precesses at a rate of 1Hz with almost zero

quadrature.
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Fig. 5. (a) Simulated precession angle in the method of averaging, with
adaptive compensator on (red), compensator off (blue) and true external
rotation angle (black), (b) The precession of gyroscope after the adaptive
compensator converges.

VI. CONCLUSION

In this paper, we have introduced two adaptive compensators

which compensate for the effects of mismatches on quadrature

and angular precession. The proposed adaptive compensators

run together with the PI feedback controllers in the method of

averaging, computing feed-forward action to compensate the

mismatches. Each compensator consists of an estimator, which

is running a recursive least square to estimate mismatches

parameters, and a compensator, which takes the estimated mis-

matches and compute the compensation action. The adaptive

compensator design is more straightforward in comparison

with Lyapunov based controller design. In addition, it can be

proved to converge in theory. Simulation results show that the

proposed adaptive compensation scheme can compensate the

quadrature loop and gyro’s angular precession very effectively.
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