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Abstract—This paper presents a new direct discrete-time self-
tuning minimum variance control scheme for not necessarily
minimum-phase SISO systems that are operating in a stochastic
environment. It is assumed that the open-loop system is asymp-
totically stable, or can be stabilized by a fixed controller, and
that the noise model satisfies the standard SPR properties. No
assumptions are made regarding the zero polynomial of the
controlled plant. The proposed direct self-tuning scheme con-
sists of two-parameter adaptation algorithms (PAA) running
simultaneously. The first PAA is an adaptive whitening filter.
The adaptive whitening filter error residual is fed into an adap-
tive finite impulse response (FIR) filter, which generates the
control signal. The second PAA estimates the parameters of the
optimal Wiener FIR filter which minimizes the variance of
the system output. A complete stability analysis and a discussion
of the convergence and self-tuning properties of the proposed
self-tuning scheme is included. ( 1998 Elsevier Science Ltd.
All rights reserved.

1. INTRODUCTION

The original idea of the self-tuning regulator (STR)
can be dated back to Kalman (1958). However, it is
the pioneering work of As ström and Wittenmark
(1973) which established the current approach to
adaptive control and presented the first complete
minimum variance self-tuning regulator (MVSTR)
design. The As ström and Wittenmark MVSTR de-
sign was later extended to apply to both tracking
and regulation problems in stochastic environ-
ments (Goodwin et al., 1980; Ren and Kumar,
1991). Other important early works on minimum

variance regulation are those of (Peterka, 1972;
Newton et al., 1957). Self-tuning regulators have
gained wide application in industry, since they are
easy to implement with the use of microprocessors
(As ström et al., 1977).

The As ström and Wittenmark MVSTR is a direct
adaptive control scheme in which the controller
parameters are directly updated by a recursive
parameter adaptation algorithm (PAA), without
the need of additional computations. Unfortunate-
ly, to implement the As ström and Wittenmark
MVSTR, it is necessary that the plant’s zero poly-
nomial be Hurwitz. These plants are generally re-
ferred to in adaptive control literature as min-
imum-phase plants, while those with unstable zeros
as non-minimum phase-plants. We will follow this
convention in this paper. It is possible to regulate
non-minimum-phase plants using the generalized
minimum variance self-tuning regulator design,
first introduced by Clarke and Gawthrop (1975).
However, the selection of a proper input weighting
in this controller design, which is necessary to
achieve a performance close to the minimum vari-
ance control and simultaneously stabilize the plant,
requires significant a priori knowledge of the plant
and noise models.

As pointed out by As ström and Wittenmark
(1989), a sampled-data system may have unstable
zeros if the sampling period is small enough and/or
the relative degree of the continuous-time system is
larger than 2. Therefore, the necessity that the con-
trolled plant be minimum phase restricts the ap-
plication of direct self-tuning adaptive control
schemes, particularly in applications that require
extremely small sampling times. The algorithm that
will be introduced in this paper was originally de-
signed to be used in the track-following control of
disk file systems (Horowitz and Li, 1996). In these
devices, the positioning servo must minimize the
head’s tracking position error variance. This must
be accomplished in the presence of stochastic dis-
turbances which are unknown and may vary, parti-
cularly when the drive is used in a portable comput-
ing device. Moreover, variations in some of the
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drive’s parameters, such as the dependence on tem-
perature of the so-called voice-coil force constant,
also take place. Thus, this is an ideal problem for
using minimum variance self-tuning regulators.
However, the servo’s bandwidth must approach the
kHz range, and the sampled data plant may not be
necessarily minimum phase.

Theorem 12.3 in As ström and Wittenmark (1989)
presents the derivation of a unique optimal regula-
tor for non-minimum-phase plants which minim-
izes the output variance, among all regulators that
do not cancel the plant’s unstable zeros. We will
call this regulator the stable minimum variance
regulator for non-minimum-phase plants. Unfortu-
nately, this regulator cannot be implemented as
a direct adaptive control scheme. This is due to
the fact that the control design methodology pre-
sented in As ström and Wittenmark (1989) requires
the determination of the plant’s stable and un-
stable zero polynomials and the solution of a
diophantine equation which involves these two
polynomials.

This paper presents a new direct minimum vari-
ance self-tuning regulator that, in contrast to the
minimum variance and the generalized minimum
variance self-tuning regulators that are currently in
the literature, can be used on both minimum-phase
and non-minimum-phase plants, without requiring
any a priori knowledge on the part of the designer
of the plant or noise models. Most other frequently
used optimal stochastic adaptive controllers, such
as the adaptive feedback LQG controllers and the
generalized predictive controllers, are indirect
adaptive control schemes that require a significant
amount of additional computations in addition to
the PAA, to update the controller parameters
(As ström and Wittenmark, 1984). Moreover, re-
cently Nassiri-Toussi and Ren (1995) and Nassiri-
Toussi (1996) have shown using convergence analy-
sis techniques similar to the ones presented in this
paper, that the minimum variance and generalized
minimum variance regulators and the adaptive
pole placement algorithms are the only adaptive
control schemes that are truly self-tuning in the
stochastic environment without the use of addi-
tional persistently exciting exogenous signals.

It is assumed in this paper that the controlled
plant is stable or can be stabilized by a fixed com-
pensator, but is not necessarily minimum phase.
This is generally the case in mechatronic applica-
tions, such as the disk file track-following control
problem described above, and in many industrial
processes. The proposed direct self-tuning scheme
consists of two-parameter adaptation algorithms
(PAA) running simultaneously. The first PAA is an
adaptive whitening filter. The adaptive whitening
filter error residual is fed into an adaptive finite
impulse response (FIR) filter, which generates the

control signal. The second PAA estimates the para-
meters of the optimal Wiener FIR filter which min-
imizes the variance of the system output. It is
shown in both the analysis and simulation results
presented in this paper that, as the order of the
optimal Wiener FIR filter increases, the proposed
self-tuning scheme approximates the response of
the As ström and Wittenmark MVST when the plant
is minimum phase, and that of the stable minimum
variance regulator in Theorem 12.3 in As ström and
Wittenmark (1989), when the plant is non-min-
imum phase.

The parameter convergence and self-tuning
properties of the proposed scheme are analyzed
using the ODE approach (Ljung and Soderstrom,
1983). It is shown under a fairly weak condition
which can be verified using only the plant and
Wiener filter parameter estimates, that the closed-
loop system is identifiable and self-tuning, without
the need of an exogenous excitation signal. This
result is exemplified in our simulation study. More-
over, it is also shown that the optimal Wiener filter
minimum variance regulator is always a locally
stable equilibrium point of the closed-loop adap-
tive system, without the need of an exogenous exci-
tation signal and the adaptive system is always self-
tuning if a persistently exciting exogenous signal is
used. Thus, it is therefore possible to use the dimin-
ishing excitation technique presented in Chen and
Guo (1991) to guarantee that the proposed adap-
tive system is always self-tuning.

The direct adaptive control scheme presented in
this paper was inspired by the ideas presented in
Tay and Moore (1991) and Tay et al. (1989). Tay
and Moore (1991) introduced a direct adaptive
disturbance estimate feedback (DEF) controller
which feeds back a disturbance estimate via an
adaptive add-on FIR compensator, using the
Youla—Kucera parameterization (Youla et al.,
1976; Kucera, 1979). However, the add-on Youla
parameter in the case of the DEF controller only
parameterizes the set of stabilizing controllers for
the nominal plant, rather than for the actual plant.
The problem of using an adaptive add-on control-
ler Youla parameter for the actual plant was first
addressed in Tay et al. (1989), where the idea of
estimating a plant Youla parameter was introduc-
ed. This idea was exploited in Tay et al. (1989) and
Horowitz and McCormick (1991) in the formula-
tion of indirect adaptive control schemes where the
plant Youla parameter is identified and the control-
ler Youla parameter is subsequently synthesized.
Direct adaptive schemes which simultaneously esti-
mate both the add-on controller Youla parameter
and the plant Youla parameter were presented in
McCormick and Horowitz (1993) and Horowitz et
al. (1993). The adaptive scheme presented in this
paper is a simplified SISO version of the schemes
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presented in McCormick and Horowitz (1993) and
Horowitz et al. (1993). This paper contains the first
complete and rigorous stability and convergence
analysis for an adaptive scheme which has two-
parameter adaptation algorithms running simulta-
neously in a stochastic environment.

This paper is organized as follows. The problem
statement, and notation used in this paper are,
respectively presented and defined in Section 2. In
Section 3, the overall adaptive control scheme
which consists of two recursive PAA’s running si-
multaneously is presented. The stability and con-
vergence properties of the overall adaptive system
are analyzed in Section 4 using some of the results
which were obtained by Goodwin and Sin (1984)
using the the Martingale approach, and the ODE
method introduced by Ljung (Ljung, 1977a; Ljung
and Soderstrom, 1983). The self-tuning property
of the adaptive system with the utilization of an
exogenous input is also analyzed. A brief simula-
tion study is presented in Section 5 which illustrates
the convergence properties of the control system.
An extensive simulation and experimental study of
this control scheme applied to the track-following
control of disk file system is presented in Horowitz
and Li (1996). Conclusions are given in Section 6.

2. PRELIMINARIES AND PROBLEM STATEMENT

In this paper, SISO discrete-time stochastic sys-
tems are considered. Signals and filters in the dis-
crete-time domain will be expressed as arguments
of k, the sampling time index and/or the delay
operator, q~1. In many occasions, in order to avoid
clutter, the q~1 and/or k arguments will be dropped
from linear operators. Thus, for example, the input/
output relation A(q~1)y(k)"B (q~1) u (k) will be at
times expressed as y(k)"(B/A)u (k) or y"(B/A)u.
The z argument will be generally included when
using z-domain variables. R

p
is defined as the set of

all real rational and proper transfer functions and
F

n
as the set of all real proper and stable finite

impulse response (FIR) filters of order n.
Consider the ARMAX system

A(q~1)y(k)"B (q~1)u (k)#C(q~1)u(k), (1)

where y(k) is the system’s output, u(k) is the control
input, u(k) is a white noise random input with finite
moments and A(q~1), B(q~1) and C(q~1) are poly-
nomials of order n

A
, n

B
and n

C
, respectively, with

A(q~1) and C(q~1) being monic. The zero delay
term in B (q~1), b0, is assumed to be known (it is
generally zero). Both A*(q)"qnAA(q~1) and
C*(q)"qnCC(q~1) are Hurwitz and the transfer
function 1/C (z)!12 is strictly positive real (SPR).
Notice that no assumption is placed on B (q~1).
However, the class of plants that will be controlled

is restricted to those which are initially asymp-
totically stable or can be stabilized with a fixed,
non-adaptive controller. This assumption is gener-
ally not restrictive in many applications.

In order to motivate the control structure that
will be proposed in this paper, assume for a mo-
ment that the random white noise input, u(k), is
available and that the control input is generated by
a finite impulse response (FIR) filter:

u (k)"Q(q~1)u(k). (2)

The polynomial Q(q~1) is given by

Q(q~1)"Q(H;q~1)"h0#2#h
nQ
q~nQ, (3)

where the controller parameter vector is
H"(h

0
h
1
2 h

nQ
)T.

In the z domain, Eq. (2) can be written as
u"Qu, where Q3F

nQ
. Then the control objective

consists in finding the optimal FIR filter Q0 which
minimizes the following cost functional

Q0"argGmin
Q3F

nQ

EMDyD2NH
"argGmin

Q3F
nQ
KK
C(z)#B (z)Q(z)

A(z) KK
2
H , (4)

where

EMDyD2N"EMDy (k) D2N" lim
N?=

1

N

N
+
k/0

Dy (k) D2 (5)

is the variance of the output signal and DDG(z) DD
2

denotes the H2 norm of the transfer function G(z).
The solution of equation (4) can be obtained

from the classical Wiener filtering theory (cf
Haykin, 1991) when the plant and noise model
parameters are known. Commute the filters B (q~1)
and Q(q~1) and define the noise signal g(k), the
signal x (k) and the regressor vector X(k)3RnQ,
respectively, by

A(q~1)g (k)"C(q~1)u (k), (6)

A(q~1)x (k)"!B (q~1)u(k), (7)

X(k)"[x(k)x (k!1)2x(k!n
Q
)]T. (8)

Assuming the control law (2), the output signal is
given by

y(k)"g(k)!Q (q~1)x(k)"g (k)!XT(k)H. (9)

From equation (9) and the orthogonality principle,
the optimal FIR parameter vector Ho is the solu-
tion of

EMX(k)g(k)N!EMX(k)XT(k)NHo"0. (10)

The optimal parameter vector H0 can be estimated
using linear FIR adaptive filters such as the least
mean squares (LMS) or the recursive least-squares
(RLS) algorithms (cf. Haykin, 1991).
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Fig. 1. Overall adaptive scheme.

3. WIENER FILTER BASED ADAPTIVE CONTROL

In this section, the Wiener-filter-based minimum
variance control scheme proposed in the previous
section will be extended as a direct adaptive min-
imum variance self-tuning regulator. The controller
consists of two-parameter adaptation algorithms
(PAA) running simultaneously. The first PAA is an
adaptive whitening filter that identifies the poly-
nomials A(q~1), B (q~1) and C(q~1) and produces
an estimate of the innovation signal u (k). The sec-
ond PAA is an adaptive Wiener filtering algorithm
that identifies the optimal FIR filter Q0 which is the
solution of equation (4). These two PAA’s are de-
tailed below. The overall adaptive system is shown
in Fig. 1.

3.1. Adaptive whitening filter PAA
In this section we formulate an adaptive whiten-

ing filter using standard pseudo-linear-regression
(PLR) algorithms (cf. Goodwin and Sin, 1984) to
asymptotically obtain estimates of the polynomials
A(q~1), B (q~1) and C(q~1) in equation (1), as well
as the innovation signal u(k). Equation (1) can be
rewritten as follows

y(k)"b
0
u(k)#t(k!1)Th#u (k), (11)

where

h"[a
12

a
nA

b
12

b
nB

c
12

c
nC

]T, (12)

t(k)"[!y(k)2!y(k!n
A
#1) u(k)2u(k!n

B
#1)

u(k)2u (k!n
C
#1)]T. (13)

Let us define the parameter estimate and regressor
vectors of the adaptive whitening filter

hª (k)"

[aL
1
(k)

2
aL nL

A
(k) bK

1
(k)

2
bK nL

B
(k) cL

1
(k)

2
cL nL

C
(k)]T,

(14)

/(k)"[!y(k)
2

!y(k!nL
A
#1) u(k)

2
u(k!nL

B
#1)

eh(k)
2

eh (k!nL
C
#1)]T. (15)

Define the predicted output

y' (k)"b
0
u (k)#/ (k!1)Thª (k!1). (16)

Then the a priori estimation error of the adaptive
whitening filter is defined by

eh(k)"y (k)!y' (k)

"y (k)!b
0
u (k)!/ (k!1)Thª (k!1). (17)

The parameter vector hª (k) may be updated by
a stochastic gradient (SG) or a recursive least-
squares (RLS) PAA algorithm (cf. Goodwin and
Sin, 1984). Following is the description of the RLS
algorithm:









hª (k)"hK (k!1)#Fh(k)/ (k!1) eh(k),

Fh (k)"Fh(k!1)

!

Fh(k!1)/(k!1)/T(k!1)Fh(k!1)

1#/T(k!1)Fh(k!1)/ (k!1)

(18)

The a priori error, eh(k) in equation (17) will be used
as an estimate of the innovations signal u(k) in the
overall adaptive scheme.

3.2. FIR filter PAA
Notice from Fig. 1 that, instead of utilizing equa-

tion (2), the a priori error of the adaptive whitening
filter is used as an unbiased estimate of the innova-
tion signal in the auxiliary control law:

u(k)"Q] (k, q~1)eh (k), (19)

where the FIR filter Q] (k, q~1) is given by

Q] (k, q~1)"Q] (H] (k); q~1)

"hª
0
(k)q~1#2#hª

nQ
(k)q~nQ . (20)

The FIR filter parameter vector

H] (k)"[hª
0
(k) hª

1
(k) 2 hª

nQ
(k)]T (21)

is updated by a RLS PAA which is detailed sub-
sequently.

Recall that the optimal Wiener filter Q0(z) satis-
fies equation (4), where the signals g(k) and x (k) are
given by equation (6). In order to estimate Q0(z), it is
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necessary to generate estimates of the signals g (k),
x(k) and X (k) utilizing the a priori error signal eh(k)
as well as the polynomial estimates Aª (k, q~1),
B] (k, q~1) and C] (k, q~1), which are defined by

A] (k, q~1)"Aª (hª (k);q~1), B] (k, q~1)

"B] (hª (k);q~1), C] (k, q~1)"C] (hª (k);q~1),

where

Aª (hª (k); q~1)"1#a'
1
(k)q~1#2#a'

nˆ A
(k)q~nˆ A ,

Bª (hª (k); q~1)"b
0
#bª

1
(k)q~1#2#bª

nˆ B
(k)q~nˆ B ,

CK (hª (k); q~1)"1#c'
1
(k)q~1#2#c'

nˆ A
(k)q~nˆ A ,

There are two algorithms for generating estimates
of the signals g (k), x(k) and X (k):

Series–Parallel Algorithm
From equations (14), (15) and (17), we can write

y(k)"(1!AK (k, q~1))y(k)#B] (k, q~1) u(k)

#C] (k, q~1)eh(k). (23)

By equations (19)— (21), and utilizing a discrete-time
version of the swapping lemma (Sastry and Bodson,
1989), equation (23) can be rearranged as

y (k)"[ĝ (k)!XK (k)TH] (k)]#dq(k), (24)

where

ĝ(k)"(1!AK (k, q~1))y(k)#C] (k, q~1)eh(k),

x' (k)"!BK (k, q~1)eh (k),

XK (k)"[x' (k)x' (k!1)2x' (k!n
Q
)]T, (25)

and the term dq(k) in equation (24) satisfies

lim
k?=

H] (k)"H1 N lim
k?=

Ddq(k)D"0. (26)

Parallel Algorithm
In this algorithm, the polynomials in equation (6)

are replaced by their estimates and the innovation
signal u(k) is replaced by the a priori estimation
error eh(k). Thus, the estimates ĝ (k), xL (k) and XK (k)
are generated by

AK (k, q~1) gL (k)"C] (k, q~1) eh (k),

AK (k, q~1)x' (k)"!BK (k, q~1)eh(k),

XK (k)"[x' (k)x' (k!1)2x' (k!n
Q
)]T . (27)

Remark. In the series—parallel algorithm, it is not
necessary for the AK (k, q~1) polynomial to be stable.
This is the advantage of this algorithm over the
parallel algorithm. However, the parallel algorithm
is better suited in cases where an estimate of the
colored stochastic disturbance must be generated.

The reader is referred to Horowitz and Li (1996) for
details. A projection algorithm can be used in
the adaptive whitening filter to guarantee that
AK (k, q~1) remains Hurwitz. We further discuss this
topic in the remarks below.

The parameters of the FIR filter can be estimated
after obtaining the estimates of signals g (k), x (k)
and X(k) by using either of the two algorithms. The
criteria for the formulation of the adaptation
algorithm for FIR parameter vector H] (k) is the
minimization of

EMDy' (k) D2N"EMDe
Q
(k) D2N, (28)

where the error signal e
Q
(k) is generated by

e
Q
(k)"ĝ (k)!XK (k)TH] (k!1), (29)

and the parameters of the FIR filter are estimated
by using the following RLS PAA:

H] (k)"H] (k!1)#F
Q
(k)XK (k)e

Q
(k),

F
Q
(k)"

1

j
Q
(k)

]GFQ(k!1)!
F
Q
(k!1)XK (k)XK T(k)F

Q
(k!1)

j
Q
(k)#XK T(k)F

Q
(k!1)XK (k) H

(0(j
Q
41) (30)

The forgetting factor j
Q

must satisfy kj
Q
(k)Pk as

kPR in order for the controller parameter vector
to converge, i.e. lim

k?=
H] (k)"HM and Q (k, q~1)P

QM (q~1). In the sequel we assume that j
Q
"1.

Remark. (1) Notice that the estimates ĝ (k) and
XK (k) which are used in equations (29) and (30) can
either be generated in a series—parallel fashion by
equation (25) or in a parallel fashion by equation
(27). A series—parallel scheme similar to equation
(25) was used in the adaptive control scheme pre-
sented in Tay and Moore (1991). However, in Tay
and Moore (1991) the plant polynomials A(q~1)
and B(q~1) are assumed known.

(2) In the next section the ODE approach will be
used to study the convergence properties of the
adaptive scheme presented in this section. The
ODE approach for the analysis of the asymptotic
behavior of the discrete-time stochastic system re-
quires that all signals to be bounded. When the
series—parallel algorithm given by equation (25) is
used, it is relatively straightforward to show that all
signals used in the ARMAX PAA and FIR filter
PAA remain bounded if an upper bound is used in
the FIR filter PAA given by equation (30) so that
the FIR filter parameter vector H] (k) satisfies
DDH] (k) DD

=
(R. When the parallel algorithm given

by equation (27) is used, a projection in the
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ARMAX PAA may be necessary to make the
polynomial AK *(k, q)"qnˆ A (k, q~1) remain Hurwitz
for all k and such that signals x' (k) and ĝ(k) in
equation (27) remain bounded. Notice however
that these signals are only used in the PAA given by
equations (14)— (18) and are not used to generate
the control sequence u (k). Other schemes like initial
condition resetting could be used to guarantee the
boundness of the signals ĝ (k) and x' (k). We have
observed in numerous simulation and experimental
studies that AK *(k, q) quickly converges to a Hurwitz
polynomial, even when its initial condition, AK *(0, q)
is not Hurwitz and when the plant and noise mod-
els are overparametrized. Thus, it has not been
necessary to use either of these two projections.
These simulation and experimental results are sup-
ported by the ODE analysis in the next section. The
analysis reveals that the parameter vector H] (k) re-
mains bounded and, by the Spectral Factorization
Theorem, the polynomial AK *(k, q) must converge to
a Hurwitz polynomial.

(3) One of the conditions required in the the-
orems that will be presented in the next section is
that the condition numbers for the least-squares
gain matrices, Fh in equation (18) and F

Q
in equa-

tion (30) remain bounded. As will be shown in the
next section, in most instances, when the order of
the polynomial orders n

A
, n

C
and n

C
are known,

there is sufficient persistence of excitation so that
this condition is satisfied. However, for complete-
ness, a regularization procedure can be added in
the gain matrix update laws in equations (18) and
(30) to guarantee that the condition number of
matrices Fh and F

Q
remain bounded, even when

persistence of excitation does not take place. The
reader is referred to Section 6.5 of Ljung and Soder-
strom (1983) for details of several of these regulariz-
ation procedures.

4. STABILITY AND CONVERGENCE ANALYSIS

We will now analyze the stability of the overall
adaptive system using stochastic Lyapunov func-
tions and the martingale convergence theorem as in
Goodwin and Sin (1984). The convergence and self-
optimizing properties of the algorithm will be ana-
lyzed using the ODE approach (Ljung and Soder-
strom, 1983).

¹heorem 1. Consider the ARMAX representation
of the regulated variable closed-loop dynamics
given by equation (1), with the auxiliary control
action given by equations (19)— (21). Under the as-
sumptions: (a) u(k) is a zero mean innovation signal
with bounded covariance and (b) the transfer func-
tion 1/C (z)!1

2
is SPR; (c) n'

A
5n

A
, n'

B
5n

B
and

n'
C
5n

C
; (d) the FIR filter parameter vector H] (k)

satisfies DH] (k) D4h
max

(R; (e) the condition num-
ber of the adaptation gain matrix Fh remains
bounded; the pseudo linear regression (PLR) algo-
rithm given by equations (14)— (18) has the follow-
ing properties:

lim
N?=

1

N

N
+
k/1

[eh(k)!u (k)]2"0,

lim
N8 =

N
+
k/1

DhK (k)!hK (k!m)D2(R

lim
N?=

hK T(N)F~1h (N)hK (N)

N
(R, (31)

lim
N?=

1

N
o(N!1)4Ra.s.

o(k)"o(k!1)#/T(k)/(k).

Loosely speaking, the above result indicates that
the PLR algorithm asymptotically converges to
a whitening filter (i.e. ehPu). Moreover, the signals
y(k), u(k) and eh(k) are mean square bounded and
the parameter estimate difference converges.

Proof. The conditions in Theorem 1 are the same
of those in Theorem 8.5.2 in Goodwin and Sin
(1984). As shown in Li (1995), when the control law
(19) is utilized and condition (d) applies, the key
stochastic Lemma 8.5.3 in Goodwin and Sin (1984)
is satisfied, and the results in Theorem 1 follow. K

Notice that, when the FIR filter parameter vector
H] (k) satisfies DH] (k)D4h

.!9
(R, it is straightfor-

ward to show that the key stochastic Lemma 8.5.3
in Goodwin and Sin (1984) is satisfied, without
the requirement that the numerator polynomial
B*(q)"qnB(q~1) be Hurwitz. This condition is re-
quired in most other direct adaptive minimum vari-
ance schemes.

¹heorem 2. Consider the closed-loop adaptive
system described in Theorem 1 when the PAA
algorithm given by equations (29)— (30) is utilized
and the signals ĝ(k) and x' (k) are generated by either
the series—parallel scheme in equation (25) or the
parallel scheme in equation (27). Under the addi-
tional conditions: (a) the condition number of the
gain matrix F

Q
remains bounded and (b) a projec-

tion algorithm is utilized so that the polynomial
AK *(k, q) is always Hurwitz if and only if the parallel
scheme (27) is used, then

(1) The parameter vector [hK (k) H] (k)] of the adap-
tive control algorithm converges with probabil-
ity 1 to an equilibrium point [h1 HM ].

(2) If hK PMhM : BM /AM "B/AN, then H] PHM "H0,
where H0 is the optimal Wiener filter parameter
vector.
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(3) If [hK H] ]P[hM HM ] such that CM (q~1)#BM (q~1)QM
(q~1) and AM (q~1) are co-prime, and n

Q
5n'

A
,

then [hM HM ]"[h H0].
(4) If C(q~1)#B(q~1)Q0(q~1) and A(q~1) are

co-prime, then the parameter vectors [hM HM ],
where BM /AM "B/A, HM "H0, AM is stable and
A(z)/C(z)AM (z) is SPR are locally stable equilib-
rium points of the closed-loop adaptive system.
In particular, [h H0] is a locally stable equilib-
rium point of the closed-loop adaptive system.

(5) If hK PMhK : B1 ~"B~N, then lim
nQ?=

Q1 "Q0,
where B1 ~ and B~, respectively contain all the
roots of B1 and B which are outside the unit
circle.

(6) B1 "0 and Q1 "0 is always an unstable equilib-
rium point of the closed-loop adaptive system.

Proof. See the appendix.

Remark. Although the above theorem shows that
the optimal minimum variance regulator is always
an equilibrium point of the closed-loop adaptive
system, we have not been able to show that it is the
only equilibrium point. Fortunately, the third re-
sult in the theorem provides a method to verify that
the adaptive system has indeed converged to the
true minimum variance regulator and the plant
parameter estimates have converged to the true
parameters.

4.1. ºtilization of an exogenous input
In this section the self-tuning properties of the

adaptive control scheme are assured with the intro-
duction of an additional exogenous input. Instead
of using u (k)"Q] (k, q~1)eh(k), the control input will
now be given by

u(k)"Q] (k, q~1)eh(k)#v (k), (32)

where v(k) is an exogenous input which satisfies the
properties outlined in the following theorem.

¹heorem 3. Consider the closed-loop adaptive sys-
tem described in Theorem 2, with the control input
given by equation (32) instead of equation (19). If
the exogenous input v(k) satisfies the following
properties: (a) v (k) is an ergodic stochastic process
with finite moments and is independent of u(k) and
(b) v (k) is persistently exciting of order greater than
n
B
#1, then the closed-loop adaptive system is

always self-tuning. Moreover, the stationary poly-
nomials AM (q~1), B1 (q~1) and QM (q~1) calculated from
the stable equilibrium vector [hM ,HM ] satisfy

(1) BM /AM "B/A.
(2) QM "Q0.
(3) Furthermore, if n'

A
"n

A
, n'

B
"n

B
and n'

C
"n

C
,

then h1 "h.

Proof. See the appendix.

Remark. (1) The diminishing excitation technique
presented in Chen and Guo (1991) is a good selec-
tion for the exogenous input v (k). For the RLS
algorithm presented in Section 3.1, v (k) can be
chosen as

v (k)"
e(k)

kd@2
,

where Me(k)N is a random sequence independent of
Mu(k)N, and with zero mean and unit variance, and

t"max(n
A
, n

B
, n

C
)#n

A
!1,

d3C0,
1

2(t#1)B .

Then v (k) satisfies the conditions in Theorem 3 and,
therefore, it can be used as an excitation signal to
guarantee consistency of the parameter estimation.
Notice however that this signal asymptotically con-
verges to zero and, as a consequence, it has no effect
on the asymptotic performance of the closed-loop
system. We have proved in Theorem 2 that the
exact plant parameter and optimal Wiener filter
parameter is a locally stable equilibrium point of
the two PAAs, without any exogenous excitation
signal. Therefore, once the adaptive system con-
verges to its true parameters, due to the use of the
exogenous excitation signal v(k), it will never escape
from this equilibrium point, even after the excita-
tion signal disappears.

(2) In our simulations and implementations we
used an alternate strategy to guarantee that the
closed-loop adaptive system is self-tuning. We first
start the adaptive whitening PAA given by equa-
tions (14)—(18) using a white noise input u

w
(k). This

initial ‘‘pre-identification’’ step allows the para-
meter estimate vector to quickly converge to the
true parameter h. In both the simulation studies
and the actual implementations conducted in
Horowitz and Li (1996) we noticed that, if the
magnitude of the signal u

w
(k) is large enough, the

plant polynomial estimates AK and B] converge much
faster to the true polynomials than the noise para-
meter polynomial C] . Since this is enough for the
FIR filter to converge to the optimal Wiener filter,
after a short period of time, the control law (19) is
turned on and the two PAA’s are allowed to run
simultaneously. Thus, in this case, the control law is
modified as

u (k)"Q] (k, q~1)eh(k)#u
w
(k),

where u
w
(k) is an auxiliary input excitation signal

such that u
w
(N)"0 for N large enough. The reader

is referred to Horowitz and Li (1996) for a complete
discussion of the use of this method to the control
of track-following servos.
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Fig. 2. Convergence of the whitening filter PAA, minimum-phase system.

Table 1. Variances for the minimum-phase system

Open loop MV W-F-2 A-C-2

E MDyD2N 1.12 1.0 1.0 1.0

W-F-2, Wiener Filter Solution with n
Q
"2; MV, minimum

variance control; A-C-2, adaptive control with n
Q
"2.

5. SIMULATION RESULTS

In this section simulation results for both min-
imum-phase and non-minimum phase systems are
presented. In all cases the initial condition for the
plant and noise model parameter estimate and FIR
parameter vector was hª (0)"0, H] (0)"0. Both
PAA RLS algorithms were run simultaneously,
without using an additional excitation signal. The
results obtained using the adaptation scheme pro-
posed in this paper are compared with those ob-
tained by using the control given by equations (2)
and (4), i.e. the exact Wiener filter solution, and
results obtained by using the As stro~ m and Witten-
mark minimum variance regulator, when the plant
is minimum phase and the stable minimum vari-
ance regulator presented in Theorem 12.3 of
As stro~ m and Wittenmark (1989) when the plant is
non-minimum phase. The controlled plant and
noise model are given by equation (1). The control
objective is to minimize the variance of the output
signal y(k).

Consider the following minimum-phase plant:

A(q~1)"1#0.5q~1,

B (q~1)"q~1(1#0.3q~1), (33)

C(q~1)"1#0.8q~1.

¹he output variance for this system is calculated by
setting u (k)"0 and its value is shown in Table 1.

The parameters for the exact minimum variance
regulator are obtained by solving the associated
Diophantine equation. By setting u(k)"Q(q~1)u(k)
and n

Q
"2, the closed-form solution of Wiener

filter problem obtained by solving equation (4) is

Q0(q~1)"!0.3002#0.0906q~1!0.0289q~2.

The resulting output variance is also shown in
Table 1.

The results obtained by using the adaptive con-
trol schemes described in Section 3 are also shown
in Table 1.

Figure 2 shows the parameters convergence of
whitening filter for both the series—parallel and the
parallel schemes, while Fig. 3 shows the conver-
gence of the FIR filter parameters. Since, both the
series—parallel and the parallel adaptation schemes
converge to essentially the same equilibrium point,
the resulting output variances for both schemes are
very close and we only list the results for the
series—parallel case.

It can be verified that in this example that the
polynomials C(q~1)#B(q~1)Q0(q~1) and A(q~1)
are not co-prime, in fact (C(q~1)#B (q~1)
Q0(q~1))/ A(q~1)+1. Thus, the conditions in part
(4) of Theorem 2 are violated and the plant para-
meters do not converge to the true values. How-
ever, both BM (q~1) and B (q~1) are Hurwitz. Hence,
as proven in part (5) of Theorem 2, Q] (q~1) still
converges to the optimal Wiener filter Q0(q~1) and
the adaptive system is self-tuning.

Consider a non-minimum-phase system

A(q~1)"1#0.5q~1,

B (q~1)"q~1(1#1.2q~1), (34)

C(q~1)"1#0.8q~1.

The stable minimum variance regulator for this
system was designed following the procedure
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Fig. 3. Convergence of the FIR filter PAA, minimum-phase system.

Table 2. Variances for the non-minimum phase system

Open loop MV W-F-2 W-F-6 A-C-2 A-C-6

1.26 1.081 1.091 1.083 1.097 1.088

A-W’s SMV, Stable minimum variance regulator; W-F-2,
Wiener filter solution with n

Q
"2; W-F-6, Wiener filter solution

with n
Q
"6; A-C-2, adaptive control with n

Q
"2; A-C-6, adap-

tive control with n
Q
"6.

presented in Theorem 12.3 of As stro~ m and Witten-
mark (1989). The resulting variance of the closed-
loop system is listed in the second column of
Table 2.

When n
Q
"2, the optimal Wiener filter solution

is

Q0(q~1)"!0.1236#0.0895q~1!0.0583q~2.

Utilizing the control u(k)"Qo(q~1)u(k) the output
variance shown in the third column of Table 2 is
obtained. When n

Q
"6, the optimal Wiener filter

solution is

Q0(q~1)"!0.1388#0.1128q~1!0.0905q~2

#0.0713q~3!0.0545q~4

#0.0394q~5!0.0257q~6 (35)

and the resulting variance is given by the fourth
column of Table 2.

Also shown in Table 2 are the resulting variances
when the adaptive control algorithm in Section 3 is
used and the adaptation algorithm is frozen after
1200 iterations, for n

Q
"2 and n

Q
"6. In both

cases, the polynomials, CM (q~1)#BM (q~1)QM (q~1) and
AM (q~1) are strongly co-prime. Thus, as proven in
part (3) of Theorem 2, the plant and noise model
parameter estimate have converged to their true
values and the FIR filter has converged to the
optimal Wiener filter. The evolution of the plant,
noise model and FIR parameter estimates when
n
Q
"2 is shown in Figs 4 and 5, for both the

parallel and series—parallel schemes.
The effect of over parameterization was also

studied in our simulation study. In all instances,
when the plant and noise model parameter esti-
mates were overparametrized, the adaptive FIR
filter still converged to the optimal Wiener filter

and the output variance of the adaptive controller
was minimum. We also performed simulations in
which the initial estimate, AK *(hK (0), q), was unstable
and the parallel adaptive scheme was used. In
all simulations, AK *(hK ),q) quickly converged to a
Hurwitz polynomial, without the need of a
projection.

6. CONCLUSIONS

A new direct minimum variance self-tuning regu-
lator for not necessarily minimum-phase systems
has been formulated and a comprehensive stability
and convergence analysis of this algorithm was
presented. It is shown that the two PAAs are surely
convergent to an equilibrium point. The self-tuning
properties of the adaptive control scheme were in-
vestigated and several conditions for the adaptive
system to be self-tuning were derived. It was found
using the ODE approach that the true plant and
optimal Wiener filter parameters are a locally
stable equilibrium point of the parameter estimates
if a co-prime condition regarding the plant and
noise model polynomials and the Wiener filter
is satisfied. A co-prime condition involving the
plant and FIR polynomial estimates was obtained.
This condition, which can be verified when the
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Fig. 4. Convergence of the whitening filter PAA, non-minimum-phase system.

Fig. 5. Convergence of the FIR filter PAA, non-minimum-phase system.

parameters have converged, ensures that the
closed-loop adaptive system has self-tuned and
the plant parameter estimates have converged to the
true parameters. It was also proved that the adap-
tive system is always self-tuning with the utilization
of an exogenous input signal of sufficient order of
persistent excitation. The adaptive controller was
simulated in this paper and has been implemented
using a DSP board and tested on an actual com-
puter disk file system (Horowitz and Li, 1995).
Simulation and experimental results are in close
agreement and confirm the self-tuning and
convergence properties of the proposed adaptive
algorithm.
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APPENDIX

Proof of ¹heorem 2. The proof is based on the Ljung’s ordinary
differential equation (ODE) approach which is detailed in Ljung
(1977a; b) and Ljung and Soderstrom (1983). For completeness,
we assume that a regularization algorithm is used in the update
laws (18) and (30) so that the condition numbers of the matrices
Fh and F

Q
remain bounded. We present the proof assuming that

the parallel scheme in equation (27) is used to update the signals
ĝ(k) and x' (k). The proof for the case when the series—parallel
scheme in equation (25) is used proceeds in an almost identical
fashion.

Define the overall parameter vector

#K "[hK H] ]T3RnT, nL
T
"n'

A
#n'

B
#n'

C
#n

Q
. (A1)

Using the notation in Ljung (1977a, b) and Ljung and Soder-
strom (1983), the regularized versions of the PAA’s in equations
(14)—(18) and (30) can be re-written as follows

hK (k)"hK (k!1)#c(k)R~1h (k)/(k!1)eh(k),

R
rh(k)"R

rh(k!1)#c(k)

][/(k!1)/ (k!1)T!R
rh(k!1)#dIh], (A2)

H] (k)"H] (k!1)#c(k)R~1
Q

(k)X] (k)e
Q
(k),

R
rQ

(k)"R
rQ

(k!1)#c(k)

][X] (k)X] (k)T!R
rQ

(k!1)#dI
Q
], (A3)

where c(k)"1/k, and e
Q
(k)"ĝ(k)!X] (k)TH] (k!1) and d is

a small number and Ih and I
Q

are identity matrices. The terms
dIh and dI

Q
are regularization terms which are used to guarantee

that the matrices R
rh and R

rQ
remain positive definite. The

reader is referred to Section 6.5 of Ljung and Soderstrom (1983)
for details on computationally efficient recursive techniques for
computing these algorithms.

In order to use the ODE approach, it is necessary that the
system satisfy a set of regularity and boundness conditions [e.g.
conditions (B.1)—(B.11) in Ljung (1977a)]. Following an analysis
similar to Ljung (1977a), under the assumptions in the theorem
and utilizing the results of Theorem 1, it can be verified that
conditions (B.1)—(B11) in Ljung (1977a) are satisfied when
D

R
"M#K DR

rh'0, R
rQ
'0N. Under the use of the gain matrix

regularization algorithms, D
R
"R

nˆ T
.

The ODEs associated with equations (A2) and (A3) are

d

dq
hK (q)"R~1

rh (q) fh (#K (q)), R
rh(q)"dIh#Rh(q),

(A4)
d

dq
Rh(q)"Gh(#K (q))!Rh(q) ,

d

dq
H] (q)"R~1

rQ
(q) f

Q
(#K (q)), R

rQ
(q)"dI

Q
#R

Q
(q),

(A5)
d

dq
R

Q
(q)"G

Q
(#K (q))!R

Q
(q),

where dIh and dI
Q
, d'0, result from the regularization process,

fh(#K )"E#ª M/(k!1, #K )eh(k, #K )N,
(A6)

Gh(#K )"E#ª M/(k, #K )/T(k, #K )N

f
Q
(#K )"E#K MX] (k, #K )e

Q
(k, #K )N,

(A7)
G

Q
(#K )"E#K MX] (k, #K )X] T(k, #K )N,

and, for example, E#K M/(k!1, #K ) eh(k, #K )N denotes

E#K M/(k!1, #K )eh(k, #K )N

" lim
N?=

1

N

N
+
k/1

EM/(k!1, #K )eh (k, #K )N (A8)

(i.e. the parameter #K is kept constant in the calculation of the
expectation).

Proof of part 1. We will now determine the invariant set and
domain of attraction of the ODE in equation (A4). Define the
parameter error vectors and positive-definite function

hI (q)"hK (q)!h,
(A9)

V(hI (q), R
rh (q))"hI T(q)R

rh(q)hI (q)5dDh3 (q) D2 .

In what follows we will denote fQ h(q),(d/dq) fh (q). Firstly, using
the result on p. 210 in Ljung and Soderstrom (1983), we have

eh(k)"!

1

C (q~1)
/ThI #u (k) . (A10)

Substitute this result into equation (A6), we obtain

h30 "!R~1
rh (q) fh(q)"!R~1

rh (q)Ghf(q)h3 (q), (A11)
where

Ghf (#K (q))"E#K M/ (k, #K )/T
f
(k, #K )N,

(A12)

/
f
"

1

C (q~1)
/ .

Since it is assumed that 1/C(z)!1
2

is SPR, as proved in Ljung
(1977b), Ghf (q)#GThf(q)!Gh(q)50, and note R0 h(q)"R0

rh(q).
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Then,

»Q (hI (q), R
rh(q))"!hI T(q)[Ghf(q)#GThf(q)!Gh(q)#Rh(q)]hI (q)

4!»(hI (q), Rh(q))

"!hI T(q) Rh(q)hI (q)40. (A13)

From equation (A13), we have

P
t

0

»(hI (q),Rh(q)) dq4!P
t

0

»Q (hI (q), R
rh(q)) dq

"» (hI (0), R
rh(0))!» (hI (t), R

rh(t))

4»(hI (0),R
rh(0))!dDhI (q) D2(R.

This implies that » (hI , Rh), »Q (hI , Rrh)3¸
1
. Since an integrable

function is bounded almost everywhere, we can conclude that
»(hI , Rh),»Q (hI , Rrh)3¸

1
W¸

=
. Thus, the domain of attraction of

equation (39) is D
R

and »Q (hI , Rh). Moreover, also from equation
(A13), »® (hI , R

rh)3¸
=
. Thus, by Barbalat’s lemma, the invariant

set of the parameter estimate error hI is (cf. Ljung, 1977a)

D
Ih3 "MhI D»Q (hI (q), R

rh(q))"0N,

"MhI D fh(#K )"0N,

where fh (#K ) is defined in equation (A6). This in turn implies

hK (q)PMhM DGhf(q) (h!hM )"0N, (A14)

hIR (q)P0. (A15)

Using the above facts about »Q (hI (q), R
rh(q), as well as equations

(A13), (A14) and the boundness assumptions, we can conclude
that hI (q)3¸

2
W¸

=
and hIQ (q)"hKQ 3¸

2
W¸

=
.

We will now determine the invariant set and domain of
attraction of the ODE in equation (A5). Define the vector H*(q)
which satisfies

p(q)!G
Q
(q)H*(q)"0 (i.e. H*(q)"Gd

Q
(q)p (q)), (A16)

where G
Q
(q) is defined in equation (A7), Gd

Q
denotes the pseudo-

inverse of G
Q

and

p (#K (q))"E#K MX] (k, #K )gL (k,#K )N. (A17)

Take the derivative for equation (A16), we have

pR (q)!GQ
Q
(q)H*(q)!G

Q
(q)HQ *(q)"0. (A18)

Notice that, by the definition of G
Q
(q) in equation (A7) and p(q)

in equation (A17) and utilizing the condition in the theorem that
AK (q*) is Hurwitz, H*(q)3¸

=
.

From the definitions of X] (k) and ĝ(k) in equation (27), we can
obtain

p(q)PpN "EMXM (k1 )g6 (k)N,

G
Q
(q)PGM

Q
"EMXM (k)XM T(k)N, (A19)

H*(q)PMHM DGM
Q
HM "pN N,

where

xN (k)"!

BM (q~1)

AM (q~1)
e6 h(k),

g6 (k)"
CM (q~1)

AM (q~1)
e6 h(k), (A20)

XM (k)"[xN (k)xN (k!1)
2

xN (k!n
Q
)]T,

and using equation (A10), we have

EMDe6 h(k)!u (k) D2N"E GK
1

C (q~1)
/T(k)h3 K

2

H"0. (A21)

From equation (A19), we know HQ *(q)3¸
=
. Since G

Q
(q) is sym-

metric, and from equations (A16) and (A18) we can conclude
that H*(q) and HQ *(q) are always in the range space of G

Q
(q).

Moreover, as shown in Li (1995), since pR (q) and GQ
Q
(q) are linear

functions of #0 (q) which are multiplied by ¸
=

functions,
HQ *(q)3¸

2
W¸

=
.

Define the parameter estimation error vector

HI (q)"H] (q)!H*(q).

Then we have

ĝ (k)"X] (k)TH] #e
Q
(k)

(A22)
gL (k)"X] (k)TH*#m (k).

Since H* is in fact the Wiener filter solution (see equation (A16),
E#K [X] (k)m(k)]"E#K ,H*[X] (k)m(k)]"0. (Notice that all expec-
tations E#K are calculated keeping both #K and H* constant.)
Thus, from equation (A22), we can obtain

e
Q
(k)"!X] (k)THI #m(k).

Then,

f
Q
"E#K [X] (k)e

Q
(k)]"E#K MX] (k)[!X] (k)THI #m (k)]N

"!E#K [X] (k)X] (k)T]HI "!G
Q
HI .

Therefore, from equation (A5),

HKQ (q)"R~1
rQ

(q) f
Q
(q)"!R~1

rQ
(q)G

Q
(q)HI (q),

(A23)
HIQ (q)"!R~1

rQ
(q)G

Q
(q)HI (q)!HQ *(q).

Define the positive-definite function

» (HI (q), R
rQ

(q))"HI T(q)R
rQ

(q)HI (q)5dDHI (q) D2. (A24)

Since H] (q) remains bounded by assumption (d) in Theorem 1,
and from the boundness of H*(q), we immediately have HI 3¸

=
.

Taking the time derivative of »(HI (q), R
rQ

(q)) and utilizing equa-
tion (A23), we obtain

»Q (HI (q),R
rQ

(q))"!HI T(q)[G
Q
(q)#R

Q
(q)]HI (q)

!2HI T(q) R
rQ

(q)HQ *(q). (A25a)

Since HQ *(q) is always in the range space of G
Q
(q), there exists m (q)

such that

G
Q
(q)m (q)"HQ *(q). (A25b)

Obviously, m(q) is also in the range space of G
Q
(q) and

m(q)3¸
2
W¸

=
.

From equation (A25a), we obtain

»Q (HI , R
rQ

)"!1
2

HI T[G
Q
#R

Q
]HI

!C
1

J2
HI #J2dmD

T
G
QC

1

J2
HI #J2dmD

!C
1

J2
HI #J2HQ *D

T
R

QC
1

J2
HI #J2HQ *D

#2HQ *TR
Q
HQ *#2d2mTHQ * . (A26)

Since m(q), HQ *3¸
2
W¸

=
and G

Q
, R

Q
3¸

=
, from equation (A26)

and Schwartz inequality

P D fgD4E f E
2
EgE

2
,

we can conclude that HI 3¸
2
W¸

=
, and HIQ 3¸

=
according to

equation (A22). By Barbalat’s lemma, this in turn implies that
HI (q)P0. Thus, we can conclude that the domain of attraction of
the ODE (A5) is D

R
and

H] (q)PMHM DGM
Q
HM "pN N, (A27)

where GM
Q

and pN were defined in (A19). This establishes the first
result of the theorem. Also, it can be concluded from equation
(A27) that HM is equal to the Wiener filter solution which minim-
izes DDCM (z)#BM (z)QM (z)/AM (z)E

2
. K

The proof of the remaining results in this theorem is based on
Theorem 2 of Ljung (1977a) which essentially states that the
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adaptive algorithm can only converge to the stable equilibrium
points of the ODEs (A4)—(A7). We will now determine the
conditions under which these equilibrium points are stable.

Proof of part 2. Denote the vector and the matrices

#1 "[h1 HM ]T,
(A28)

RM h"Gh (#1 ), RM
Q
"G

Q
(#1 ),

to be an equilibrium point of the ODEs in equations (A4)—(A7)
and define and the stationary polynomials

AM (q~1)"AK (h1 , q~1), BM (q~1)"B] (h1 , q~1),
(A29)

CM (q~1)"Cª (h1 , q~1), Q1 (q~1)"Q] (HM , q~1).

Consider now the stationarity conditions

fh (#1 )"E#1 M/(k!1, #1 )eh (k, #1 )N

"EM/1 (k!1)e6 h(k)N"0, (A30)

f
Q
(#1 )"E#1 MX] (k, #1 )e

Q
(k, #1 )N

"EMXM (k)e
Q
(k)N"0, (A31)

where

xN "!

B1
AM

e6 h ,

e
Q
"C

CM #BM QM
AM D h1 h

XM (k)"[xN (k)xN (k!1)2xN (k!n
Q
)]T,

/M (k)"[!y(k)2!y (k!n
A
#1)u(k)

2u (k!n
B
#1), e6 h(k)2e6 h (k!n

C
#1)]T (A32)

and

C
A!BQM

AM !(CM #BM )Q1 D C
yN
eN hD"C

Cu
0 D . (A33)

By equation (A33),

eN h"
AM C
DM

u, (A34)

yN "C
CM #BM QM

D1 DCu"

C

A
u#

B

A
QM eN h (A35)

where

DM "(CM #BM QM )A!BQM AM . (A36)

From equation (31) in Theorem 1, or alternatively equations
(A14) and (A21) and by equations (A30) and (A32) we can
conclude that eN h(k)"u (k) (i.e. e6 h(k) must be an innovations).
Thus, by equation (A34), the following equality must be satisfied:

AM C
D1

"1. (A37)

Since C*(q) is Hurwitz, and by the projection assumption in the
theorem, AM *(q) is also Hurwitz, D1 *(q) must be Hurwitz. More-
over, even if a projection algorithm is not used to guarantee that
AK *(k, q) remains Hurwitz for all k, equation (A37) and the
Spectral Factorization Theorem (cf. Kumar and Varaiya, 1986)
imply that the transfer function AM (z)C(z)/D1 (z) must be a min-
imum-phase transfer function. Otherwise the signal eN h cannot be
mean-squared bounded.

Utilizing equations (A35) and (A37), the following equality is
also satisfied:

CM #BM QM
AM

"

C#BQM
A

. (A38)

Then the second result follows immediately by using this equa-
tion and the fact that QM minimizes DD(CM (z)#BM (z)QM (z))/AM (z)DD

2
.

If hK PMh1 : BM /AM "B/AN, then, according to the Principle of
Orthogonality we have

0"EGC
B1
AM

) (k)D C
CM
AM

u(k)#
B1
AM

)T(k)HM DH
"EGC

B

A
) (k)D C

C

A
u(k)#

B

A
)T(k)HM DH,

where )T(k)"[u (k), u (k!1),2 ,u (k!n
Q
)].

Again from the Principle of Orthogonality, we can conclude
that QM "Q0. K

Proof of part 3. In order to establish sufficient conditions for the
true parameter vector h to be the only equilibrium point of the
ODEs, consider the case when n

A
"n

B
"n

C
"n'

A
"n'

B
"n'

C
"n

and define

hI "h!hM ,
(A39)

A3 "A!AM , BI "B!BM , CI "C!CM .

Equation (A38) can be rewritten as follows:

(CM #BM QM )AI !AM QM BI !AM CI "0. (A40)

We can in turn express equation (A40) as MM h3 "0, where MM is
a Sylvester-type matrix (see Li, 1995 for details). MM will be of
rank 3n iff the polynomials CM (q~1)#BM (q~1)QM (q~1) and AM (q~1)
are co-prime and n

Q
5n. The second condition is required

because MM is actually a (2n#n
Q
)]3n matrix. if n

Q
(n, then

MM has the number of rows which is less than 3n and its rank will
certainly be less than 3n. Thus, if CM (q~1)#BM (q~1)QM (q~1) and
AM (q~1) are co-prime and n

Q
5n, then h3 "0. Therefore, QM "Q0,

according to part (2) of the theorem. This establishes the third
result of the theorem. Note that if CM (q~1)#BM (q~1)QM (q~1) and
AM (q~1) are not co-prime, hK may not be able to converge to its
true value, h. K

Proof of part 4. In order to show that the equilibrium point
formed by the vector #1 "[h1 HM ]T matrices, Gh(#1 ) and G

Q
(#1 ) is

a locally stable equilibrium state of the ODEs in (A4) and (A5), it
is necessary and sufficient to show that the matrix

F(#1 )"
G~1h (#K )

Lfh(#K )
L#K

G~1
Q

(#K )
Lf

Q
(#ª )

L#K #/#

(A41)

has all its eigenvalues on the left half plane (cf. Theorem 2 in
Ljung, 1977b; As ström and Wittenmark, 1984, pp. 270).

Straightforward but tedious calculations, which are given in
Li (1995), reveal that F(#1 ) in equation (A4) is given by

F(#1 )"C
!G~1h (#1 )EM/M /M T

f
N !G~1h (#1 )EM/M (XM

f
!X

f
)TN

F
21

(#1 ) !I#F{
22

(#1 ) D ,

(A42)
where

/M
f
"

A

CAM
/M , (A43)

XM
f
"

A

C
XM , X

f
"

A

C
X, (A44)

Gh(#1 ) "EM/M /M N, G
Q
(#1 )"EMXM XM TN. (A45)

/M and XM are defined in equation (A32), X is defined in equation
(8),

F{
22

(#1 )"G~1
Q

(#1 )CE GXM C
C#BQM

A
(XM

f
!X

f
)TDH

#EGA
BM
AM
!

B

AB [XM
f
]A

C#BQM
A

uBHD,
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where

[XM
f
]"[XM

f
(k)XM

f
(k!1)2XM T

f
(k!n

Q
)]T,

and the matrix F
21

(#1 ) will be of no consequence in our
analysis.

Consider now the equilibrium state #1 *"[hM * HM *]T, where
hM *3MhM : BM /AM "B/AN. In this case, as shown in Part (2), HM *"Ho.
Moreover, XM "X, and equation (A42) simplifies to

F(#1 *)"C
!E M/M /M N~1EM/M /M T

f
0

F
21

(#1 *) !ID . (A46)

In Li (1995) it is proven that the eigenvalues of the matrix
!EM/1 /1 N~1EM/M /M T

f
N are all in the left hand plane if

C(q~1)#B(q~1)Q0(q~1) and A(q~1) are co-prime and the
transfer function A(z)/C(z)AM (z) is SPR. Since the adaptive system
can only converge to the stable equilibrium points of ODEs in
equations (A4)—(A7), F(#1 *) must be a stable matrix and
therefore, AM must be stable and A(z)/C(z)AM (z) must be SPR,
according to Lemma 4.4 in Ljung and Soderstrom (1983).
In particular, notice that [h1 , HM ]"[h, H0] is a stable equi-
librium state since the above analysis applies in this case
and moreover, A(z)/C(z)AM (z)"1/C(z), which is SPR by
assumption.

Proof of part 5. Let us first factorize the zero polynomial as
follows:

B(q~1)"q~dB{(q~1) and B{(q~1)"B~(q~1)B{`(q~1), (A47)

where B` and B~, respectively, contain all the roots of B which
are strictly inside and outside of the unit circle. Define

z(k)"
B~*

B~
y(k),

where 1/B~(q~1) can be interpreted as a bounded non-
causal operator, and B~*(q~1) is Hurwitz and satisfies
DB~(e+u)/B~*(e+u)D"1. Using equation (1) and the Diophantine
equation,

B~*(q~1)C(q~1)"A(q~1)S(q~1)

#q~dB~(q~1)R(q~1), (A48)

we obtain

z(k)"
S

B~
w(k)#q~d

R#B~*B@`Q1
A

w(k) . (A49)

Similarly, defining

zN (k)"
BM ~*

BM ~
yN (k), (A50)

and replacing the polynomials in equation (A48) with their
estimates, we also obtain

zN (k)"
SM

BM ~
w(k)#q~d

R1 #BM ~*BM {`QM
AM

w(k).

Take the expectation for zN (k). Since BM ~*"qnBN ~B1 ~(q~1) is
a unstable polynomial while AM *"qnANAM (q~1) is stable, we
have

E[DzN (k) D2]"EC K
SM

B1 ~
u(k) K

2

D#EC K
R1 #BM ~*B1 #QM

AM
u(k) D2D .

From this we know that if we do not restrict QM to be an FIR
filter, there exists a causal, stable transfer function QM 0

t
which

minimizes E[DzN (k) D2] and Q1 0
t
is such that

R1 #BM ~*BM {`QM 0
t

AM
"0. (A51)

This results in zN (k)"(SM /BM ~)w(k). From equation (A50), we know
that QM 0

t
also minimizes E[Dy(k) D2]"E[D[(CM #BM QM )/AM ]u (k) D2],

since the variance of zN (k) is the same as that of y(k). Now, back to
the assumption that QM is an FIR filter, in the proof of Theorem 2,
we have shown that the FIR filter QM minimizes
DD(CM (z)#BM (z)QM (z))/AM (z) DD

2
. Therefore, if n

Q
is large enough, then

QM PQM 0
t
, since QM 0

t
is a causal, stable transfer function. It follows

from equation (A51)

R1 (q~1)#BM ~*(q~1)BM {`(q~1)QM (q~1)

AM (q~1)
+0. (A52)

Moreover, since BM ~"B~, then z(k)"zN (k), and therefore,

C
S

B~
!

SM
BM ~ D#q~d

R#B~*B{`QM
A

+0.

Take the norm for this equation and note that both
BM *~(q)"qnB~BM ~(q~1) and BM *~(q)"qnB~BM ~(q~1) are unstable
polynomials, whereas A*(q)"qnAA(q~1) is stable. Thus, we
have

KK
S

B~
!

SM
BM ~ KK

2

2

#KK
R#B~*B{`QM

A KK
2

2

+0.

It follows that

S

B~
!

SM
BM ~

+0,

R#B~*B@`QM
A

+0.

(A53)

Comparing equations (A53) and (A52), we conclude that QM also
minimizes DD(C (z)#B(z)QM (z))/A(z) DD

2
, i.e. QM "Q0. K

Remark. If the controlled plant is minimum phase and
BM (q~1) is Hurwitz, then B~"B1 ~"1 and it is easy to verify
that QM "Q0.

Proof of part 6. Consider again the linearized matrix F(#1 )
of the ODEs in equations (A2) and (A3), which is given by
equation (A42). Denote N"n

A
#n

B
#n

C
and N

Q
"n

Q
#1. As

shown in Li (1995), when BM "0 and QM "0, F(#1 ) takes the
following form

F(#1 )"

[F
11

]
nA]nA

0
nA]nB

[F
13

]
nA]nC

[F
14

]
nA]N

Q

0
nB]nA

0
nB]nB

0
nB]nC

0
nB]NQ

[F
31

]
nC]nA

0
nC]nA

[F
33

]
nC]nC

[F
34

]
nC]N

Q

0
NQ

]nA
[F

42
]
NQ

]nB
0
NQ

]nC
0
NQ

]NQ (N#N
Q
)](N#N

Q
)

.

It follows that

DjI!F(#1 ) D"jnB`NQP(#1 ,j),

where P(#1 , j) is a polynomial of j. We can see from the last
equation that

j
k
[F (#1 )]"0 (k"1,2 , n

B
#N

Q
),

i.e., F(#1 ) has multiple zero eigenvalues. This implies that F(#1 ) is
an unstable matrix, and therefore, BM "0 and QM "0 is an unsta-
ble equilibrium point of the adaptive system. K

Proof of ¹heorem 3. The proof of this theorem uses the tech-
niques presented in (Nassiri-Toussi and Ren, to appear). From
Theorem 4.6 in Ljung and Soderstrom (1983), as well as the facts
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Ay(k)!Bu(k)!Cu(k)"0 and eN h(k)"u(k), we have

0"E[/T(h!hM )]2

"E[(A!AM )y(k)!(B!BM )u (k)!(C!CM )u (k)]2

"ECAM
B

A
u (k)#AM

C

A
u (k)!BM u (k)!CM u (k)D

2

"EGCAM
B

A
QM #AM

C

A
!BM QM !CM Du(k)#CAM

B

A
!BM Dv(k)H

2
.

Utilizing assumption (a) in the theorem we conclude that

ECAAM
B

A
QM #AM

C

A
!BM QM !CM Bu (k)D

2
"0,

ECAAM
B

A
!BM Bv (k)D

2
"0.

The results in the theorem follow the fact that u (k) is an
innovation signal, assumption (b) in the theorem and the results
contained in Theorem 2. K
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