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Learning Coverage Control of Mobile Sensing Agents in

One-Dimensional Stochastic Environments

Jongeun Choi and Roberto Horowitz

Abstract

This paper presents learning coverage control of mobile sensing agents without a priori statistical

information regarding random signal locations in a one-dimensional space. In particular, the proposed

algorithm controls the usage probability of each agent in a network while simultaneously satisfying

an overall network formation topology. The distributed learning coordination algorithm is rather direct,

not involving any identi�cation of an unknown probability density function associated to random signal

locations. The control algorithm will be synthesized basedon diffeomorphic function learning with

kernels. The almost sure convergence properties of the proposed coordination algorithm are analyzed

using the ODE approach. Numerical simulations for different scenarios demonstrate the effectiveness of

the proposed algorithm.

I. INTRODUCTION

Coordination of mobile autonomous agents and distributed mobile sensor networks have increasingly

drawn the attention of engineers and scientists [1], [2], [3], [4], [5], [6], [7]. Mobile sensing agents

form an ad-hoc wireless communication network in which eachagent operates usually under a short

communication range, a limited memory storage, and limitedcomputational power. Sensing agents are

often spatially distributed in an uncertain surveillance environment, can sense, communicate, and take

control actions locally. To perform various tasks such as exploration, surveillance, and environmental

monitoring, a group of mobile sensing agents require distributed coordination to adapt to unknown and

non-stationary environments for a global goal. Cortes and Bullo [2] designed and analyzed a collection

of such distributed control laws for mobile sensors whose closed-loop systems are nonsmooth gradient
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systems. One of the challenging problems in the coordination of sensing agents is to allocate coverage

regions to agents optimally, which will be referred to as thecoverage control problem. In [3], [4], a

distributed coordination algorithm for sensing agents wasderived and analyzed based on the classic

Lloyd algorithm [8], which requires the knowledge of the probability density function associated to

random signal locations. However, in practice, the exact knowledge of a statistical distribution of signal

locations including its support may not be available a priori. This coverage control strategy is extended

by [9] using a deterministic adaptive control approach assuming that the true density related to the

cost function can be measured by sensing agents. Dynamic vehicle routing problems were studied in

[6], [7], in which mobile agents in a �xed known convex regionmust visit event points generated by

an (unknown) spatial-temporal Poisson point process. Arsie and Frazzoli [7] introduced strategies to

minimize the expected time between the appearance of a target point and the time it is visited by one of

the agents. The policy was similar to the MacQueen's [10] learning vector quantization algorithm thus,

it does not rely on the knowledge of the underlying stochastic process.

Due to recent advances in micro-electro-mechanical systems (MEMS) technology [11], each agent can

afford a particular set of sensors among different types such as acoustic, vibration, acceleration, infrared,

magnetic, temperature, and biochemical sensors. Sensing agents in a sensor network are able to locally

carry out simple computations to fuse collected measurements for the goal of the sensor network [11].

Measurements from heterogeneous sensors in different locations will provide statistically rich information

in the sense of redundancy and complementarity [12], [13]. Such collective measurements along with

multisensor fusion algorithms [14] will improve the performance of the sensor network signi�cantly

regarding estimation, prediction and tracking of a processof interest. A process with higher dimensional

features can only be detected by using complimentary multiple sensors in different locations, rather than

using a single sensor [11], [12]. Equipping every robot withevery sensor for possible signals and every

localization capability may be too expensive. In [15], heterogeneous robots with different con�gurations

use their special capabilities collaboratively to accomplish localization and mapping tasks.

Motivated by aforementioned research trends, we propose a class of self-organizing sensing agents

with the following properties. First, a network of sensing agents should perform the coverage control

without the statistical knowledge of random signal locations. Second, frequencies of random events or

signal occurrences covered by agents are to be controlled according to each agent's limited capability

and resources. To this end, we introduce a concept of the usage frequency of an agent, which will be

referred to asthe usage probabilityof the agent. Finally, the formation topology of the sensor network

should be controlled so that each sensing agent can select speci�c neighbors equipped with functionally
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agent1 agent2 agent3 agentN� � �

Fig. 1. Mobile agents with heterogenous sensors are distributed on a one-dimensional stochastic environment. Agent2 measures

a signal (denoted by a red arrow) in its coverage region whileneighboring agents (agents1 and3) are supporting agent2 and/or

transmitting complimentary measurements of the same signal to agent2.

complementary sensor con�guration to its own con�guration.

Hence, this paper tackles the learning coverage control problem for agents to achieve adesired usage

probability in one-dimensional stochastic environments without a priori statistical information regarding

random signal locations. In particular, we present a new learning algorithm that controls the usage

probability of each agent in a network while simultaneouslysatisfying an overall network formation

order with respect to the signal locational space. The distributed coordination algorithm is rather direct,

not involving any identi�cation of an unknown probability density function associated to random signal

locations. The proposed approach stems from the unsupervised kernel learning algorithm developed by

authors [16]. Based on this new approach, surprisingly, thelearning coordination problem can be turned

into a problem of designing a recursive diffeomorphic function learning algorithm using kernels. In this

paper, as illustrated in Section V, we have modi�ed the learning algorithm developed in [16] such that

the agent'susage probability estimatesare not necessary for the coordination algorithm making thenew

algorithm distributed and more ef�cient.

Our approach can be illustrated by the following scenario. Anetwork of mobile sensing agents with

a limited communication range observes signals or events occurring at stationary random points on the

one-dimensional space. The one-dimensional stochastic environment is illustrated by the solid line in

Fig. 1. The probability density function that generates random signal locations isnot knowna priori.

A sensing agent observes a signal if the signal's location isclose to it as compared to neighboring

agents. As more and more signals are observed, the mobile agents need to locally and iteratively adjust

their relative positions over time so that asymptotically,each sensing agent ends up observing a desired

fraction of the signals and therefore, dealing with a desired fraction of necessary tasks for the observed

signals. In addition, the formation topology of the networkwill be organized in order for agents to utilize
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heterogeneous sensors. For instance, as depicted in Fig. 1,agent2 measures a signal (denoted by a red

arrow) in its coverage region while neighboring agents (agents 1 and 3) are supporting agent2 and/or

relaying complimentary measurements of the same signal (from complimentary sensors) to agent2.

This paper is organized as follows. We start with motivatingexamples in Section II. Here we explain

how our approach was initiated. In Section III, we formulatea learning coverage control problem that

achieves the desired usage probability of each sensing agent without a priori statistical knowledge of

random signal locations. Section IV explains our scheme in which the adaptive network converges to a

reference diffeomorphism which can be parameterized usinglocal kernels. Section V describes learning

coverage control for sensing agents. The main result for convergence analysis is presented in Section VI.

In Section VII, we apply the new algorithm to different scenarios to demonstrate the usefulness of the

proposed scheme.

Standard notation is used throughout the paper. LetR; R� 0; R> 0; Z; Z � 0; andZ> 0 denote, respectively,

the set of real, non-negative real, positive real, integer,non-negative integer, and positive integer numbers.

The positive de�niteness (respectively, semi-de�niteness) of a matrixA is denoted byA � 0 (respectively,

A � 0). The relative complement of a setA in a setB is denoted byB nA := B \ Ac, whereAc is the

complement ofA. The derivative of a column vectory 2 Rm with respect to a column vectorx 2 Rn is

de�ned by the matrix@y
@x 2 Rn� m whose(i; j )-th entry is given by@yi

@xj
. Other notation will be explained

in due course.

II. M OTIVATING EXAMPLES

We introduce algorithms for the following scenario. As shown in Fig. 2, a group of unmanned aerial

vehicles (UAVs) with a unit speed is scanning a two-dimensional space for possible events or targets of

interest. In each iteration, an event occurs at a stochasticlocation with some probability density function

(pdf). The set of identities of agents is denoted byI = f 1; � � � ; N g. Let q
 (t) be the location of agent


at time t . The collection of agent's locations is denoted by

q(t) = [ q1(t) � � � qN (t)]T 2 RN : (1)

Each sensing agent will detect signals and the corresponding locationu(t) 2 U at time indext over the

surveillance region in charge. We assume that the agent
 takes charge of measuring signals and getting

necessary tasks done in itscoverage regionR
 determined by the nearest neighbor rule [3], [4]. The

coverage regionR
 is given by the Voronoi cell [17] of agent


R
 := f u 2 U j ju � q
 j � j u � qi j; 8i 6= 
 g ; (2)
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Fig. 2. A group of UAVs with a unit speed is scanning an environment for possible events. Kohonen's self-organizing map

(SOM) algorithm in Eqs. (3) and (4) is used for this adaptive coverage control. Trajectories of agents are plotted in bluelines.

Red crosses denote locations of events. The initial positions of agents are given byq(0) = [1 4 7 10]T .
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Fig. 3. A learning vector quantization (LVQ) algorithm in Eqs. (3) and (5) is used for this adaptive coverage control.

Trajectories of agents are plotted in blue lines. Red crosses denote locations of events. The initial positions of agents are given

by q(0) = [1 4 7 10]T .

wherej � j is the Euclidean norm, andu is the location of the signal. For the given con�gurationq(t) and

the signal locationu(t), the winning indexw(�; �) : RN � U ! I is de�ned by

w(q(t); u(t)) := arg
�

min
i 2I

ju(t) � qi (t)j
�

: (3)

When there are multiple minimizers in Eq. (3), the function will select the smallest index. Throughout

the paper, the winning index in Eq. (3) will be often written as w(u(t)) , or w(t) for notational simplicity

in different contexts. Each of UAVs should detect events occurring in its coverage region for optimizing
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their limited resources.

This adaptive coverage problem may be addressed using unsupervised competitive learning algorithms

[10], [18], [19], [20]. Using Kohonen's self-organizing map (SOM) algorithm [20], [21] directly, positions

of agents can be updated by

qi (t + 1) = qi (t) + � (t)K(i; w (t))( u(t) � qi (t)) ; 8i 2 I ; (4)

whereK(�; �) is a kernel function (e.g., a radial basis function) and it returns a smaller value as indexi

moves further away from the winning indexw(t). � (t) > 0 is a monotonically decreasing sequence

such that� (t) ! 0 as t ! 1 . As can be seen in Fig. 2, the formation order1 is preserved during the

operation. Moreover, agents cover the support of the locational pdf, which tends to manage the limited

resources ef�ciently. The almost sure convergence of one-dimensional Kohonen's algorithm with a class

of nonuniform stimuli distributions was proved by Sadeghi [22] using the stability results on cooperative

dynamical systems developed by Hirsch [23]. However, it is not clear what is actually optimized during

the operation of this algorithm. A cost function (e.g., quantization error variance) to be minimized can

be identi�ed [18], [19] when we replace the kernel functionK(�; �) in Eq. (4) with the Kronecker delta

function:

� ij =

8
<

:
1; if i = j ;

0; if i 6= j .

In this case, the following learning vector quantization (LVQ) algorithm can be obtained:

qi (t + 1) = qi (t) + � (t)� i;w (t) (u(t) � qi (t)) ; 8i 2 I : (5)

However, it is also well known that this LVQ algorithm suffers from local minima and so called unused

“dead” agents [18], [19]. Fig. 3 shows trajectories of agents under this LVQ algorithm. As shown in

Fig. 3, two agents (agents3 and 4) that started initially away from the support of the pdf ([0; 5]), are

not attracted to the support of the pdf at all. Hence, two agents will not be utilized for all future time. A

way to avoid these “dead” agents is to change the problem by assuming the complete knowledge of the

support, which however defeats the purpose of this paper. Inthe next section, we cope with this dilemma

by introducing a concept of the usage probability of an agent.

III. PROBLEM STATEMENT

We refer to the environment in which events or signals of interest occur, as the signal locational space

given by U = ( umin ; umax ) � R. Suppose that agent
 can collect time samples of signal locations in

1Kohonen's algorithm guarantees either an orientation preserving or a reversing feature map [20].
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R
 , generated by the stationary random processu : Z> 0 ! U with an associated pdff U : U ! R> 0. The

sequencew(t) in Eq. (3) is then a random sequence with a discrete probability distribution that is induced

by the pdff U . A vectorp = [ p1 � � � pN ]T 2 RN
� 0 is referred to as theusage probability distributionwhose

elements are de�ned by theusage probabilitiesof agents:

p
 :=
Z

u2 R 


f U (u)du

=
Z

u2U
� 
;w (q;u) f U (u)du

= Pr[w(q; u(t)) = 
 ] � 0; 8
 2 I ;

(6)

where
P N


 =1 p
 = 1 : Hence,p
 provides a direct measure of how frequently agent
 is being used. For

instance, agents3 and4 in Fig. 3 are not utilized at all sincep3 = p4 = 0 for all time.

Assume that there exists a cost functionJ of the sensor network, which may be related to the functional

lifetime, limited resources, and/or capabilities of sensing agents. Suppose thatJ : RN
� 0 ! R� 0 is a

function of the usage probability distributionp. Then, the optimal (or target) usage probability distribution

that minimizesJ , will be denoted by

po = [ po
1 � � � po

N ]T 2 RN
> 0;

NX


 =1

po

 = 1 : (7)

po will be generated by Eq. (6) with the pdff U and optimal locations2 of agents, denoted by�qo =

[qo
1 � � � qo

N ]T 2 UN . The problem is then formulated as follows.

Problem:Consider the random variable of signal locations generatedby a pdf f U . We assume thatf U

is continuous and its support is connected and �nite. However, f U and its support are not known a priori.

Assume that agents sense signals and their locations based on the nearest neighbor rule in Eq. (2). For a

given po in Eq. (7), design a learning coverage algorithm that coordinates sensing agents to achieve the

following asymptotic properties:

lim
t !1

p
 (q(t)) = po

 ; 8
 2 I ;

subject to lim
t !1

q1(t) < lim
t !1

q2(t) < � � � < lim
t !1

qN (t):
(8)

Remark 1:The constraint on theformation orderof agents in Eq. (8) will predecide the neighbors of

each agent, since some agents prefer particular agents to beits neighbors among agents equipped with

heterogeneous sensors. For a given decoder, the optimal encoder is the nearest neighbor rule [8]. Hence,

2The map from a signal locationu to the location of the responsible sensing agentqw can be viewed as aquantizer in

quantization theory [8].po must be produced by a quantizer with an optimal location codebook vector�qo .
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if we set a codebook of a quantizer to the location vectorq that satis�es Eq. (8), the nearest neighbor

winning rule in Eq. (3) achieves the minimum variance distortion with respect to the stochastic signal

locationsu(t) [8]. The variance distortion was often used for measuring the performance of a sensor

network [3], [4]. In general, the centroid condition [8] maynot be satis�ed by our formulation since it

may con�ict with po.

IV. D IFFEOMORPHISMLEARNING WITH KERNELS

In this section, we explain a diffeomorphism that maps the indices of agents to the signal locational

space. This map plays a central role in the sense that it provides a structure in our learning coverage

algorithm. We introduce a �ctitious random sequencex : Z> 0 ! X � R, whereX = ( xmin ; xmax ) is a

speci�ed �nite open interval. We setX = (1 =2; N + 1=2), so thatI � X . Let u : X ! U be a mapping

from X to the locational spaceU. We now assume thatu is actually a diffeomorphic function ofx, i.e.,

u : X ! U is a differentiable bijection and has a differentiable inverse such that the time samples of the

locational random variable,u(t), are generated byu(t) = u(x(t)) . Thus, the pdf ofx, f X : XR ! R> 0,

is given by

f X (x) =

�
�
�
�
du
dx

�
�
�
� f U (u(x)) for all x 2 X . (9)

The diffeomorphismu : X ! U ; induces the pdff X from the unknown pdff U via Eq. (9). This map

will be subsequently referred to as the reference or the target map. Sinceu : X ! U is a diffeomorphism,

the collection of optimal sensor locations in Eq. (8) becomes

�qo = [ qo
1 � � � qo

N ]T = [ u(1) � � � u(N )]T 2 RN : (10)

Suppose that the target mapu(x) can be obtained by solving an integral equation of the �rst kind with

a known smooth scalar symmetric kernelK(�; �) : X e � X e ! R� 0 and unknown in�uence coef�cients

co
� 's 2 R that satisfy

u(x) =
X

� 2I e

K(x; � ) co
� ; (11)

whereI e = f� (m � 1); � � � ; N + mg;

X e = ( � 1=2 � (m � 1); N + m + 1=2);
(12)

for some integer0 < m � N . To obtain a distributed coordination algorithm, the support of the kernel

has to be �nite. We assume that the kernel in Eq. (11) is a radial basis function that is (at least)C1
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differentiable with a compact support. For instance, we mayuse a local kernel with a compact support

proposed by Storkey [24].

K(x; � ) =

8
<

:

(2� � �)(1+(cos �) =2)+ 3
2

sin �
3� ; for � < 2� ,

0; otherwise,

where � = � jx � � j, for � > 0. Then the resultingu(x) is a C1 diffeomorphism. The elements of the

vector

co = [ co
� (m� 1) � � � co

N + m ]T 2 RN +2 m

are theunknownoptimal in�uence coef�cients that satisfyqo

 = u(
 ) for all 
 2 I . Hence, the logical

approach to deal with our problem is to coordinate sensing agents according to the diffeomorphism

function learning with kernels. The time varying outputs ofthe learning algorithm will directly update

the locations of agents given as

q
 (t) = q(
; t ); 8 
 2 I e; (13)

whereq(x; t ) is produced by the estimates of in�uence coef�cientsĉ� (t):

q(x; t ) =
X

� 2I e

K(x; � ) ĉ� (t); for all x 2 X e: (14)

Heref q(x; t )g in Eq. (14) is a parameterized family of smooth functions that contains the diffeomorphism

of interest in Eq. (11). For given timet , we de�ne the extended locational spaceUe by the union of

U and the range space ofq(x; t ) (denoted byR (q(X ); t)), i.e., Ue := U [ R (q(X ; t)) : We de�ne the

in�uence coef�cient estimate vector by

ĉ(t) := [ ĉ� (m� 1) (t) � � � ĉN + m (t)]T 2 RN +2 m : (15)

Eq. (13) can then be rewritten as

qe(t) := [ q� (m� 1) � � � qN + m (t)]T = K ĉ(t) 2 RN +2 m ; (16)

whereK 2 R(N +2 m)� (N +2 m) is the kernel matrix with(i; j ) elementK i;j := K(i � m; j � m), which

must be rankN + 2m. For the functionq(x; t ) in Eq. (14) to converge to an orientation preserving

diffeomorphism, it is necessary to have

lim
t !1

q0(x; t ) = lim
t !1

@
@x

q(x; t ) > 0:

De�ne the vector of partial derivatives ofq(x; t ) with respect tox evaluated at
 2 I e by

q0e(t) =
h

q0(� (1 � m); t) � � � q0(N + m; t )
i T

= K 0̂c(t);
(17)
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Fig. 4. Local kernel vectorsk
 (blue diamonds� ) andk0

 (red circles� ) for 
 = 10 .

whereK 0 2 R(N +2 m)� (N +2 m) is the matrix whose(i; j ) element is given byK 0
i;j := @K(x; � )=@xjx= i � m;� = j � m .

K (respectivelyK 0) is the collection of kernel vectorsk
 (respectivelyk0

 ) as de�ned by

K T =
h

k� (1� m) � � � kN + m

i
;

K 0T =
h

k0
� (1� m) � � � k0

N + m

i
:

(18)

These local kernel vectorsk
 andk0

 for 
 = 10 are plotted in Fig. 4. Therefore, for
 2 I e, we have

q
 (t) = kT

 ĉ(t);

q0

 (t) =

@q(x; t )
@x

�
�
�
x= 


= k0T

 ĉ(t):

V. L EARNING COVERAGE CONTROL

The following discrete-time control system describes the motion of mobile agents:

qi (t + 1) = qi (t) + � i (t); (19)

whereqi (t) and � i (t) are, respectively, the position and the control of agenti at time indext 2 Z � 0. For

a sampled input locationu(t) at time t , the control of each sensing agent will have the form of

� i (t) = � (t)kT
i [� � ĉ1(t) � � ĉ2(t)]; 8i 2 I e; (20)
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(a) time t (b) time t + 1

UeUe

XX

q' (
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q
 = w(t)
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q' (
 )

q


q' (
 )

R
 R


Fig. 5. The illustration of the target probability trackinglaw: (a) The con�guration of agents at timet. The red dot denotes

the location of the winning agentw at time t with respect toX and Ue spaces. (b) The updated con�guration at timet + 1 .

The learning rule decreases the slope of the functionq(x; t ) at x = w(t) = 
 to reducep
 and the size ofR 
 .

where� (t) is the monotonically decreasing gain sequence often used instochastic approximation theory

[25], [26] and it satis�es the following properties:

� (t) > 0;
1X

t=1

� (t) = 1 ;
1X

t=1

� 2(t) < 1 : (21)

This gain sequence� (t) is introduced to guarantee that sensing agents converge to an optimal con�g-

uration in spite of stochastic locational signals. This suf�ciently slow vanishing rate of the sequence is

a key mechanism to ensure the almost sure convergence of states by slowly attenuating the effects of

randomness [25], [26].� ĉ1(t) and � ĉ2(t) in Eq. (20) will be provided shortly. To parameterize a family

of slopes ofq(x; t ) properly at the boundary ofX , agent1 (respectively, agentN ) needs to memorize

and update the positions of �ctitious agents� (m � 1) � � � 0 (respectively, agents(N + 1) � � � (N + m))

according to Eq. (20). These �ctitious agents do not have sensors and only be passively updated by either

agents1 or N .

A. The Target Probability Tracking Law

We �rst de�ne some notation. Let@xand @x be the indices associated to the extremum values of

f q
 j 
 2 Ig de�ned respectively by

@x:= arg
�

max

 2I

q


�
; @x := arg

�
min

 2I

q


�
: (22)

The indices of local neighbors inUe, ' : I ! I and ' : I ! I (see Fig. 5) are de�ned respectively by

' (w) := arg min

 2I � f wg

fj q
 � qw jg ; subject to (q
 � qw) � 0; (23)
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' (w) := arg min

 2I � f wg

fj q
 � qw jg ; subject to (qw � q
 ) � 0: (24)

The �rst term � ĉ1 in Eq. (20) is designed for the usage probabilityf p
 (t) j 
 2 Ig to track the target

usage probabilityf po

 j 
 2 Ig . � ĉ1 is given by

� ĉ1(t) = � 1
� ĉX (w(t))

1

po
w(t)

; (25)

where� 1 > 0 is a gain andpo
w(t) is the target usage probability of the winning indexw at time t given

by Eqs. (3) and (7). The function� ĉX (�)
1 : I ! RN +2 m is de�ned by

� ĉX (w)
1 :=

8
>>><

>>>:

(k' (w) � k' (w) )=2; if w 2 In
�

@x; @x
	

;

(kw + k' (w) )=2; if w = @x;

� (kw + k' (w) )=2; if w = @x:

(26)

To demonstrate the mechanism of our learning algorithm, an illustration of the control action is provided

as in Fig. 5. The con�guration of agents at timet is depicted in Fig. 5-(a). The red dot denotes the location

of the winning agentw at time t . Consider the mapq(�; t) : X ! U e de�ned in Eq. (14). Suppose that

the slope of the function atx = w(t) is positive andw(t) =2 f @x; @xg. The learning rule will then

decrease the slope of the mapq(x; t ) at x = w(t) = 
 in order to reduce the usage probability of agent


(Fig. 5-(b)). This control action reduces the size of the coverage regionR
 for agent
 , which decreases

the associated usage probability (p
 =
R

R 

f U (� )d� ) as well. Moreover, this control action is inversely

proportional topo

 as in Eq. (25) in order to guarantee thatp
 (t) ! po


 as t ! 1 .

Notice that the probability tracking law in Eq. (25) no longer requires the estimation of the usage

probability f p̂
 j 
 2 Ig as compared to the learning algorithms derived in [16]. Thisenables us to

develop thedistributed and ef�cientlearning algorithm.

B. The Orientation Preserving Update Law

The second term� ĉ2 in Eq. (20) controls the orientation of the mapq(�; t) in Eq. (14), and it is given

by

� ĉ2(t) := � 2 k0
w(t)

� �
�
�q0

w(t)

�
�
� � q0

w(t)

�
h
sign(q0

w(t) (t)) � 1
i

po
w(t)

; (27)

where� 2 > 0 is a gain andq0
w(t) = q0(w(t); t) as de�ned in Eq. (17).sign(�) is de�ned by

sign(y) :=

8
>>><

>>>:

1; if y > 0,

0; if y = 0 ,

� 1; if y < 0.
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Bqw ;�� �

Bw;�

w(t)

Ue

X

Fig. 6. The thick line represents the mapq(x; t ) at a �xed time t. Circles represent distributed agents with respect toUe and

X spaces. Lines denote possible communication links betweenagents. The black dot represents the winning agent at timet.

Bw;� is the neighborhood inX that needs an update.Bqw ; �� is the neighborhood in the physical spaceUe .

To calculate� ĉ2(t) in Eq. (27), agent
 should update the slope of the mapq(x; t ) at x = 
 and keep

the updated slope for the next iteration. Hence, for agent
 , the proposed learning coordination algorithm

is summarized as follows:

q
 (t + 1) = q
 (t) + � (t)kT

 [� � ĉ1(t) � � ĉ2(t)]; 8
 2 I e;

q0

 (t + 1) = q0


 (t) + � (t)k0



T [� � ĉ1(t) � � ĉ2(t)]; 8
 2 I :
(28)

Remark 2:The proposed learning coverage control algorithm in Eq. (28) contains an update rule for

q0

 (t), which is unique as compared to other algorithms [3], [10], [20].

C. The Distributed and Scalable Algorithm

In this section, we discuss the distributed nature of the algorithm. The learning algorithm can be either

centralized or decentralized. Agent
 becomes a winnerw(t) = 
 if an input signal occurs in its coverage

regionR
 as de�ned in Eq. (2). In order to implement the tracking law inEq. (25), the winning agent

should determine whether its index is@x, @x, or neither of the two. This can be done by exchanging
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information between the winning agent and its neighbors inUe. If the winning agent is not surrounded

by its two neighbors inUe, then the winning indexw belongs to
�

@x; @x
	

. ' (w) and ' (w) in Eqs. (23)

and (24) are local neighbors inUe. q' ( i ) (respectively,q' ( i ) ) is the lower (respectively, upper) closest

neighbor toqi , in which the closeness was meant inUe. All these operations are distributed. As shown

in Eqs. (25) and (27),� ĉ1(t) and � ĉ2(t) contain eitherkw(t) or k0
w(t) . Notice that there exist positive

numbersr1; r2, andr3 (see Fig. 4) such that

r1 = min f r j kT

 kw = 0 ; j
 � wj > r ; 8
; w 2 I eg;

r2 = min f r j k0T

 kw = 0 ; j
 � wj > r ; 8
; w 2 I eg;

r3 = min f r j k0T

 k0

w = 0 ; j
 � wj > r ; 8
; w 2 I eg:

(29)

Eq. (29) shows that only the states of the winning agent and its neighboring indices inI are updated.

The size of the neighborhood inX is determined by the support size of the kernel used in Eq. (11). For

our adaptation rule, only local information aboutw(t) and q0
w(t), is needed as shown in Eqs. (25) and

(27). Now we explain that the neighborhood inX is equivalent to the neighborhood inUe. Sinceq(x; t )

is a differentiable function with respect tox, and for a bounded̂c, jq0(x; t )j � L for all x1; x2 2 Bw;� :=

f x 2 X j j x � wj < � := max f r1; r2; r3gg, we havejq(x1; t) � q(x2; t)j � L jx1 � x2j. Hence, if indices

of agents inX belong to a ballBw;� , the corresponding positions should then belong to the neighborhood

Bqw ;�� := f u 2 Ue j ju � qw j < �� g, where information is actually communicated as illustrated in Fig. 6. We

assume that the transmission rangeTw can be adjusted according to the size of the image set ofBw(x);�

underq(x; t ). Tw has to be adaptive since the length of a support of the signal locational distribution is

not known a priori at the initial stage. Afterq(x; t ) achieves the correct formation ordering, i.e.,q(x; t )

becomes an orientation preserving map, a vicinity inX implies a vicinity in Ue, and vice versa. Each

agent can then maintain a minimal transmission range. The learning coordination algorithm is scalable

as the number of agents increases.

D. The Centralized Formulation

Sinceqe(t) = K ĉ(t) andK is bijective, it is easy to see that the overall dynamics of agents in Eq. (28)

can be reformulated by

ĉ(t + 1) = ĉ(t) + � (t)[� � ĉ1(t) � � ĉ2(t)]; (30)

where ĉ(t) is the in�uence coef�cient estimate de�ned in Eq. (15). For convergence analysis, we will

consider the learning coordination algorithm in the form ofthe centralized adaptation in Eq. (30).
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VI. T HE MAIN RESULT

We use Ljung's ordinary differential equation (ODE) approach developed in [25], [27] to analyze the

convergence properties of our new learning algorithm. Eq. (30) can be expressed as

ĉ(t + 1) = ĉ(t) + � (t)F (t; ĉ(t); u(t)) ; (31)

whereF (t; ĉ(t); u(t)) := � � ĉ1(ĉ(t); u(t)) � � ĉ2(ĉ(t); u(t)) : The ODE associated to Eq. (31) is

_̂c(� ) = f (�; ĉ(� )) = Eĉ(� ) f F (ĉ(� ); u(t))g

=
Z

X
F (ĉ(� ); u(x)) f X (x)dx;

(32)

where ĉ(� ) is kept constant at the frozen time� in the calculation ofEĉ(� ) f F (ĉ(� ); u(t))g. Two of the

nontrivial suf�cient conditions for the ODE [25] approach to be applicable are thatF (t; ĉ; u) must be

Lipschitz continuous in̂c andu (B.3 in [25]), and the Lipschitz constants must be Lipschitzcontinuous

in ĉ andu (B.4 in [25]). These conditions are veri�ed by the followingLemma.

Lemma 3:For the input signalu, let w(ĉ; u) be the value determined by Eq. (3) andq(x; t ) built

on ĉ as in Eq. (14). Given the functionw(ĉ; u), except for a setf ĉ; ug of measure zero, there exists a

suf�ciently small � > 0 such that for any bounded̂c1; ĉ2 andu1; u2, if kĉ1 � ĉ2k1 < � andju1 � u2j < �

then jw(ĉ1; u1) � w(ĉ2; u2)j = 0 .

Proof: See Appendix I-A.

Following the ODE approach, we freeze the parameterĉ(� ) at time � and take the average of

F (ĉ(� ); u(t)) over the random variableu(t) as in Eq. (32). For this purpose, the winning indexw(�) in

Eq. (3) will be represented asw(x; � ) which is a function of the random variablex and the frozen time�

(and ĉ(� )). However, we will often omit� for convenience. Even though we sample the random variable

u(t), we would take average with respect to the random variablex, using the reference diffeomorphism

u(x) as in Eq. (9). For instance, we de�ne�^c1(� ) and �^c2(� ) respectively by

�^c1(� ) :=
Z

X
� ĉ1(x; � )f X (x)dx;

�^c2(� ) :=
Z

X
� ĉ2(x; � )f X (x)dx:

(33)

We summarize suf�cient conditions for the correct convergence of the learning coverage control

algorithm.

A.1 po in Eq. (7), random signal locationsu(t) 2 U with an associated unknown pdff U , and the

kernel functionK in Eq. (14) are compatible in the sense that the family of smooth functions
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in Eq. (14) contains an optimal con�guration in Eq. (10). Moreover, If q0

 > 0; 8
 2 I , q(�; t)

is an orientation preserving map.

A.2 po, f U , the kernel functionK , � 1 in Eq. (25) and� 2 in Eq. (27) satisfy that�^c1 6= � �^c2; for

any �^c2 6= 0 where�^c1 and �^c2 are de�ned in Eq. (33).

Remark 4:The condition A.1 could be a limitation of our approach. Since we are using the �xed,

�nite number of kernels, the family of smooth functions generated from these kernels may not contain

a con�guration for a particular combination ofpo and f U . By the unique structures of� ĉ1 and � ĉ2 in

Eqs. (25) and (27) respectively, A.2 can be satis�ed. A.2 may be checked analytically or numerically by

using the following formulae for given a set ofpo, f U , kernel vectors,� 1 and � 2:

�^c1 =
Z

X
� 1

� ĉX (w(x))
1

po
w(x)

f X (x)dx

=
X


 2In f @x;@xg

� 1

(k' (
 ) � k' (
 ) )

2po



p


+ � 1
k
 + k' (
 )

2po



p


�
�
�

 = @x

� � 1

k
 + k' (
 )

2po



p


�
�
�

 = @x

;

(34)

�^c2 =
Z

X
� 2

k0
w(x)(jq

0
w(x) j � q0

w(x))[sign(q0
w(x) ) � 1]f X (x)

po
w(x)

dx

=
X


 2I

� 2
k0


 (jq0

 j � q0


 )[sign(q0

 ) � 1]p


po



;

(35)

wherep
 =
R

R 

f U (u)du. Notice that�^c1 and�^c2 in Eqs. (34) and (35) build on different kernel vectors

k
 andk0

 , respectively (see Fig. 4).

Remark 5: In general,q
 (0) for all 
 2 I may be initially far away from the support of the pdff U .

However, it is straightforward to see that the algorithm attracts the agents into the support of the pdff U .

Once any of agents is inside the support, the winning agent only pulls neighbors toward itself. Therefore,

the winning agent never escapes from the support, as is illustrated in Fig. 7. Thus, in the following proof,

we assume that positions of winning agents whose indices arenot extremum values (w 2 Inf @x; @xg)

are contained in the support of the pdff U , i.e., qw 2 Supp(f U ), wherew 2 Inf @x; @xg.

For convergence analysis, we need to calculate the changes in the usage probability distribution

f p
 j 
 2 Ig caused by changes in the in�uence coef�cient vectorĉ(� ). The relationship is elaborated in

the following lemma.

Lemma 6:The time derivative of the usage probability distribution_pw(� ) is related to the time derivative
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(a) (b)

(c)

Ue

X

Fig. 7. (a) and (b): The winning agents are not contained in the support of the pdf (the dark rectangular region). The closest

agent (i.e., the winning agent) to the support of the pdf willbe attracted towards the support. (c): The winning agent always

stays in the support of the pdf.

of the in�uence coef�cient vector_̂c(� ) by

_pw(� ) ' f �
U (qw(� ) )

h
� ĉX (w(� ))

1

i T
_̂c(� ); (36)

where� ĉX (w)
1 is de�ned in Eq. (26) andf �

U : U ! R� 0 is de�ned by

f �
U (qw) :=

8
>>><

>>>:

f U (qw); if w 2 In
�

@x; @x
	

f U

�
qw + q' ( w )

2

�
; if w = @x,

f U

�
qw + q' ( w )

2

�
; if w = @x.

(37)

Moreover, the approximation symbol used in Eq. (36) will be replaced with an equal sign for the case

of uniform pdfs.

Proof: See Appendix I-B. This lemma is essential to prove our main result.

We introduce our main result for the uniform pdff U case.

Theorem 7: Consider the proposed learning coordination algorithm in Eq.(28) under conditions A.1

and A.2 with a uniform pdff U . Then the locational vectorq(t) of the sensing agents converges to an

optimal codebook vector�qo almost surely, satisfying Eq. (10).

Remark 8:We can obtain a similar result to Theorem 7 for a class of nonuniform pdfs f U . De�ne the

function qo : U ! U by

qo(u) := arg
�

min
qo


 ; 8
 2I
ju � qo


 j
�

; (38)
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whereqo

 is de�ned in Eq. (10). De�ne also the normalized variation gain � (�) 2 R of a pdf f U by the

formula

� (x; � ) :=
f �

U (qw(x;� )) � f �
U (qo(u(x)))

2f �
U (qo(u(x)))

; (39)

where f �
U is de�ned in Eq. (37). In the calculation off �

U (qo(u(x))) , extremum values in Eq. (37) are

evaluated over the optimal con�gurationf qo

 j 
 2 Ig . Notice that this gain becomes zero whenf U is a

uniform pdf and/orq(� ) = �qo as de�ned in Eq. (10). Roughly speaking, our new learning algorithm can

deal with nonuniform pdfs having relatively small� (�) in Eq. (39) (see [28]).

Now we present the proof of our main result.

Proof of Theorem 7:Let us de�ne the lower bounded functionals

V (ĉ(� )) := V1(ĉ(� )) + V2(ĉ(� )) ;

V1(ĉ(� )) := � 1

Z

X

pw(x)

po
w(x) f

�
U (qo(u(x)))

f X (x)dx;

V2(ĉ(� )) :=
� 2

2

Z

X

� �
�
�q0

w(x)

�
�
� � q0

w(x)

� 2

po
w(x)

f X (x)dx;

(40)

wheref �
U is de�ned in Eq. (37) andw(x) = w(u(x)) is based onq
 (� ) in Eqs. (13) and (14) given by

Eq. (3). po

 is the prede�ned optimal usage target probability distribution, as de�ned in Eq. (7).� 1 > 0

and � 2 > 0 are the weighting gains.

Applying the ODE approach to Eqs. (3), (25), (27), and (30), we obtain

_̂c(� ) = � �^c1(� ) � �^c2(� ); (41)

where�^c1(� ) and �^c2(� ) are de�ned by Eq. (33).

Differentiating V1(ĉ(� )) in Eq. (40) with respect to time� , and utilizing Eq. (36) in Lemma 6, we

obtain

_V1(ĉ(� )) =
Z

X

� 1

�
@pw ( x )

@̂c

� T
f X (x)

po
w(x) f

�
U (qo(u(x)))

dx _̂c(� )

=
Z

X

 
� 1� ĉX (w(x))

1

po
w(x)

f �
U (qw)

f �
U (qo(u(x)))

! T

f X (x)dx _̂c(� )

=
Z

X
� ĉT

1 (x)f X (x)dx _̂c(� ) +
Z

X
� ĉT

1 (x)
�

f �
U (qw) � f �

U (qo(u(x)))
f �

U (qo(u(x)))

�
f X (x)dx _̂c(� )

=
Z

X
� ĉT

1 (x)f X (x)dx _̂c(� )

= [�^ c1(� )]T _̂c(� ):

(42)
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Taking the second partial derivative ofV1(ĉ) with respect tôc, we obtain

@
@̂c

�
@V1(ĉ)
@̂cm

�
=

@
@̂c

0

B
@� 1

Z

X

�
@pw ( x )

@̂c

�

(m)

f �
U (qo(u(x)))

f X (x)
po

w(x)
dx

1

C
A = 0 2 RN +2 m ; (43)

where ĉm is the m-th element ofĉ. As can be seen in Eq. (43), the second derivative ofV1(ĉ) with

respect tôc is a zero matrix,@
2 V1 (ĉ)
@̂c2 = 0 . Taking the time derivative ofV2(ĉ(� )) with respect to time� ,

_V2(ĉ(� )) is obtained by

_V2(ĉ(� )) = � 2

Z

X

f X (x)
po

w(x)

� �
�
�q0

w(x)

�
�
� � q0

w(x)

� h
sign(q0

w(x)) � 1
i

k0T
w(x)dx _̂c(� )

=
�

@V2(ĉ(� ))
@̂c(� )

� T
_̂c(� )

=
� Z

X
� ĉ2(x)f X (x)dx

� T
_̂c(� ):

(44)

The matrix of the second derivative ofV2(ĉ) with respect tôc is positive semi-de�nite

@2V2(ĉ)
@̂c2 = � 2

Z

X
k0

w(x)k
0T
w(x)

h
sign(q0

w(x)) � 1
i 2 f X (x)

po
w(x)

dx � 0: (45)

From Eqs. (42) and (44), we have

_V1(ĉ(� )) =
�

@V1(ĉ)
@̂c

� T
_̂c(� ) = �^ c1(� )T _̂c(� )

_V2(ĉ(� )) =
�

@V2(ĉ)
@̂c

� T
_̂c(� ) = �^ cT

2 (� ) _̂c(� ):

(46)

From Eqs. (40), (41) and (46),_V (ĉ(� )) can be represented as

_V (ĉ(� )) = _V1(ĉ(� )) + _V2(ĉ(� ))

= �k �^c1(� ) + �^ c2(� )k2:
(47)

From Eq. (47),_V(ĉ(� )) is negative semi-de�nite. Integrating Eq. (47) with respect to time, for allT � 0,

V(ĉ(T)) � V (ĉ(0)) =
RT

0
_V(ĉ(� ))d�: This implies thatV(ĉ(T)) � V (ĉ(0)) , V (ĉ) 2 L 1 , andV1(ĉ) and

V2(ĉ) are bounded. Notice that�^c1 2 L 1 . From Eqs. (40) and (44), utilizing Cauchy-Schwartz inequality

we obtain

k�^c2(� )k � 2
p

2� 2

� Z

X
k0T

w(x)k
0
w(x)dx

� 1=2

V 1=2
2 (ĉ(� )) : (48)

Thus, �^c2(� ) 2 L 1 sinceV2(ĉ) 2 L 1 . Now we obtain

_̂c(� ) = � (�^ c1(� ) + �^ c2(� )) 2 L 1 : (49)
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From Eq. (46) we obtain

d�^c1(� )
d�

=
�

@2V1(ĉ)
@̂c2

� T
_̂c(� );

d�^c2(� )
d�

=
�

@2V2(ĉ)
@̂c2

� T
_̂c(� ): (50)

_̂c(� ),
�

@2 V1 (ĉ)
@̂c2

�
and

�
@2 V2 (ĉ)

@̂c2

�
are bounded from Eqs. (49), (43) and (45). By differentiating _̂c(� ) and

_V(ĉ) in Eqs. (46) and (49), respectively, with respect to time� , we can conclude that•̂c(� ) 2 L 1 and

•V (� ) 2 L 1 . Thus, _V(� ) is uniformly continuous in time� . By Barbalat's lemma [29] or Lyapunov like

lemma [30], we conclude that

lim
� !1

_V(� ) = � lim
� !1

k�^c1(� ) + �^ c2(� )k2 = 0 a:s: (51)

Due to the condition A.2, Eq. (51) implies that

lim
� !1

�^c1(� ) = 0 ; lim
� !1

�^c2(� ) = 0 a:s: (52)

From Eq. (52),�^c1(� ) can then be rewritten as
Z

X
� ĉ1(x)f X (x)dx =

Z

X

� 1� ĉX (w(x))
1 f X (x)

po
w(x)

dx

=
Z

X

� 1� ĉX (1)
1 � 1;w(x) f X (x)

po
1

dx + � � �

+
Z

X

� 1� ĉX (N )
1 � N;w (x) f X (x)

po
N

dx

=
� 1p1

po
1

�
k1 + k2

2

�
+

� 1p2

po
2

�
k3 � k1

2

�
+ � � �

+
� 1pN � 1

po
N � 1

�
kN � kN � 2

2

�
+

� 1pN

po
N

�
� kN � kN � 1

2

�
:

(53)

Sincek
 's in Eq. (53) are discretized radial basis kernels centeredat 
 2 I , from Eq. (53) (see Fig. 4),

we conclude that�^c1(� ) = �^ c2(� ) = 0 and
P

i 2I pi =
P

i 2I po
i = 1 imply that the usage probability

p
 in Eq. (6) is equal to the target probabilitypo

 in Eq. (7) for all 
 2 I , i.e., p = po. �^c2(� ) = 0 along

with �^c1(� ) = 0 implies thatq
 is monotonically non-decreasing andq(x; t ) is orientation preserving

(A.1). By A.1, the locational vectorq(t) converges to an optimal codebook vector�qo almost surely. This

completes the proof of Theorem 7. QED.

Remark 9:The convergence result (Theorem 7) for the centralized formof the proposed learning

coverage control algorithm in Eq. (31) (in terms ofĉ(t)) implies the same convergence result for the

decentralized form of the algorithm (in terms ofq
 (t) andq0

 (t)) in Eq. (28).
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VII. S IMULATION RESULTS AND DISCUSSION

Numerical simulations were carried out for different pdfs (f U ) and target probability distributions (po).

A total of 34 agents and4 �ctitious agents (m = 2 ), as in Eq. (12) were used in all simulations. The

local kernel used in this simulation study is given by

K(x; � ) =

8
>>><

>>>:

1
�

p
2�

e� 1
2� 2 (x � � )2

; if jx � � j < � ,

b(x; � ); if � � j x � � j � �� ,

0; if jx � � j > �� ,

(54)

whereb(x; � ) is a (C1) bump function that makes the kernel smoothly diminish to0, and�� > � > 3� > 0

and �� ' � ' 3� . A value of � = 1 :5 was used for the kernel given by Eq. (54). The initial positions of

agentsq
 (0)'s were randomly distributed. The performance of the proposed scheme for different situations

will be analyzed in the following systematic manner:

� We will compare the partitioning border vectorb(t) := [ b1(t) � � � bN � 1(t)]T calculated from the

locations of agents at iteration timet

bi (t) :=
qi (t) + qi +1 (t)

2
; 8i 2 I n f N g; (55)

with respect to the analytically calculated optimal bordervector3 bo for the corresponding pdff U

and the target probability distributionpo. The root mean square (RMS) error value betweenb(t) and

bo will be computed.

� We will compare the usage probability distributionp with respect to the target usage probability

distribution po in terms of the Kullback-Leibler (KL) measure of cross-entropy betweenp and po

[31]. Sincep
 is not available, it will be estimated by the following algorithm:

p̂
 (t + 1) = p̂
 (t) + � (t)( � p̂
 (t) + � 
;w (t) ); 8
 2 I ;

p̂
 (0) � 0 8
 2 I ;
NX


 =1

p̂
 (0) = 1 ; (56)

wherew(t) is the winning index given by Eq. (3),� i;j is the Kronecker delta function, and� (t) is

the stochastic approximation gain introduced in Eq. (21). The KL measure between̂p := [ p̂1 � � � p̂N ]T

from Eq. (56) andpo is given by

D(p̂; po) =
NX


 =1

p̂
 ln
p̂


po



;

whereD(p̂; po) � 0, andD(p̂; po) vanishes if and only if̂p = po.

3Notice that for givenf U andpo , only bo can be determined uniquely.
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Fig. 8. Results for a uniform pdff U and a target usage probabilitypo in Eq. (57). (a) The analytically calculated border

locationsbo (diamonds� ) and border locations of agentsb(t) calculated from the new learning algorithm (pluses +) after20000

iterations. (b) The RMS error value betweenb(t) andbo v.s. iteration time. The �nal RMS error value is0:8185.

A. A Uniform Probability Density Function

Consider a uniform pdff U with u � U[0; 30] and the target probability distributionf po

 j 
 2 Ig (see

green circles in Fig. 9-(a))

po

 :=

cos
�

8�

N � 1

�
+ 2

�
1 + 


N � 1

�

P N � 1
j =0

h
cos

�
8�j

N � 1

�
+ 2

�
1 + j

N � 1

�i ; 8
 2 I : (57)

In this case, the border vectorb(t) of agents from the proposed algorithm successfully converges to

the analytically calculated optimal border vectorbo for f U and po after 20000 iterations as depicted in

Fig. 8-(a). The convergence rate in terms of the RMS error value betweenb(t) andbo v.s. iteration time

is plotted in a logarithmic scale to magnify the transient behavior of the algorithm as shown in Fig. 8-(b).

The �nal RMS error value betweenb(t) andbo at t = 20000 is 0:8185.

Fig. 9-(a) depicts the estimated usage probabilityp̂
 from the new learning law, as computed in Eq.

(56). This plot shows thatp � p̂ converges topo de�ned in Eq. (57) after20000 iterations. Fig. 9-(b)

illustrates the KL measure betweenp̂ andpo v.s. iteration time, showing that̂p ! po a:s: as t ! 1 .
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Fig. 9. A uniform pdf f U : (a) The usage probability distribution estimatep̂ (solid bars), and the target usage probability

distribution po (green circles) in Eq. (57). (b) The Kullback-Leibler (KL) measure of cross-entropy betweenp̂ and po v.s.

iteration time.

B. A Bimodal Mixture Model

To test our algorithm to a nonuniform pdff U , we consider a bimodal mixture model with two normal

components. The locational random sequenceu is assigned to one of the two normal densities, each of

which has a prior discrete probabilityP1 or P2. The joint probability density function of the random

sequenceu is given by

f U (ujf � 1; � 2g) = f U1 (uj� 1)P1 + f U2 (uj� 2)P2; (58)

where � i = [ mi ; � i ]T is the suf�cient statistics,f Ui (uj� i ) = 1
� i

p
2�

e
� 1

2� 2
i

(u� m i )2

is the i -th conditional

probability density function, andP1 = 1=2 andP2 = 1=2 are the mixing probabilistic weights. We used

that m1 = 8 , � 1 = 3 , m2 = � 8, and � 2 = 6 for this case. The histogram of this bimodal mixture model

is shown in Fig. 10.

Consider the target probability distributionf po

 j 
 2 Ig (see green circles in Fig. 12-(a))

po

 :=

sin
�

8�

N � 1

�
+ 2

�
1 + 


N � 1

�

P N � 1
j =0

h
sin

�
8�j

N � 1

�
+ 2

�
1 + j

N � 1

�i ; 8
 2 I : (59)
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Fig. 10. The histogram for a bimodal mixture model with Gaussian components de�ned in Eq. (58).

Fig. 11-(a) shows that border vectorb(t) of agents using the proposed algorithm successfully converges

to the analytically calculatedbo for the bimodal mixture pdf andpo in Eqs. (58) and (59) respectively,

after20000iterations. Fig. 11-(b) presents the convergence rate of the RMS error value betweenb(t) and

bo v.s. iteration time. The �nal RMS error value betweenb(t) andbo is 1:4105.

Fig. 12-(a) depicts the estimated usage probabilityp̂
 of the new learning law, which shows thatp � p̂

converges topo in Eq. (59) after20000 iterations. Fig. 12-(b) also presents the KL measure between p̂

andpo v.s. iteration time, validating that̂p ! po a:s: as t ! 1 .

C. A Piecewise Stationary Process

Considerpo in Eq. (59) (see green circles in Fig. 12-(a)). We evaluated our algorithm under a non-

stationary process that switches from the bimodal mixture model in Eq. (58) to a normal distribution.

Suppose that the unknown and non-stationary environment has the same bimodal mixture distribution

presented in Eq. (58) at the beginning. At iteration timet = 3 ; 000, those a prior probabilitiesP1 = 1=2

and P2 = 1=2 in Eq. (58) switch instantaneously toP1 = 0 and P2 = 1 leaving only the second

normal density componentN (� 8; 62). This simulates a non-stationary environment. Fig. 13 shows the

new algorithm's adaptability to the time-varying non-stationary distribution. Mobile agents covered the
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Fig. 11. Results for a bimodal mixture model pdff U andpo in Eqs. (58) and (59) respectively. (a) The analytically calculated

border locations of agents (diamonds� ) and border locations obtained from the new learning algorithm (pluses +) after20000

iterations. (b) The RMS error value betweenb(t) andbo v.s. iteration time. The �nal RMS error value is1:4105.

region of the �rst normal component quickly moved to that of the second normal component in order to

achieve optimality under new environment aftert = 3 ; 000.

Figs. 14 and 15 show that the proposed scheme is successfullyapplied to the given scenario in terms of

our performance measures. In particular, Figs. 14-(b) and 15-(b) explicitly illustrate the transient effects

and adaptability of our scheme on the abrupt change from the bimodal mixture model to the unimodal

Gaussian distribution att = 3000. As can be shown in these �gures, agents quickly converge to the new

distribution in terms of the performance measures. The timevarying optimal border vector

bo(t) =

8
<

:

bo
1; if t � 3000;

bo
2; if t � 3001,

was used for those two distributions in Fig. 14-(b). The �nalRMS error value is1:5394.

In general, the proposed algorithm can deal with non-stationary processes with a slow switching

behavior among different stationary processes4 if the periods of those stationary processes are long

4It is called a piecewise stationary process.
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Fig. 12. A bimodal mixture model distribution: (a) The usageprobability distribution estimatêp (solid bars), and the uniform

target usage probability distributionpo (green circles). (b) The KL measure of cross-entropy between p̂ and po v.s. iteration

time.

enough for agents to converge. If the stochastic approximation gain � (t) in Eq. (20) is too small at the

switching time for agents to adapt to the new process, the initialization of � (t) is necessary for the proper

convergence. The detection of the switching time is feasible using the features of agents' states, and so

they can reset� (t) for the correct convergence.

VIII. C ONCLUSIONS

A new formulation of learning coverage control for distributed mobile sensing agents was presented.

This new one-dimensional coordination algorithm enables us to control the agent's usage probability

and a formation order for given (non-)stationary and unknown statistics of random signal locations.

The almost sure convergence properties of the proposed coordination algorithm were analyzed using

the ODE approach for random signal locations with unknown uniform pdfs. Successful simulation

results for a uniform pdf and a bimodal mixture model with normal components of signal locations

veri�ed the convergence of the new coordination algorithm.Adaptability of the proposed algorithm to a

piecewise stationary process was numerically evaluated. Extensions to the multidimensional sensor space
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Fig. 13. Results for a non-stationary distribution that switches from a bimodal mixture model to a normal distribution and po

in Eq. (59): Locations of agents v.s. iteration time.

are currently under investigation.
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Fig. 14. A non-stationary distribution: (a) The analytically calculated border locations of agents (diamonds� ) and border

locations obtained from the new learning algorithm (pluses+) after 20000 iterations. (b) The RMS error value betweenb(t)

andbo(t ) v.s. iteration time. The �nal RMS error value is1:5394.

APPENDIX I

PROOFS

A. Proof of Lemma 3

w(ĉ1; u1) is the winning index for̂c1 andu1. For any index
 2 I , 
 6= w, there exists an� > 0 such

that ju1 � kT

 ĉ1j � j u1 � kT

w ĉ1j > �; since agentw is a winner. Select� (� ) such that� < �
2(1+ kK ki; 1 ) ;

wherekK ki; 1 is the induced in�nity norm de�ned bykK ki; 1 := supz2 Rm ;z6=0
kKz k1

kzk1
: Then, using the

triangular inequality, we obtain

� � j u2 � kT

 ĉ2j � j u2 � kT

w ĉ2j + 2 ju1 � u2j + 2kK ki; 1 kĉ1 � ĉ2k1 : (60)

SincekK ki; 1 � kK �^ck1

k�^ck1
and2� (1+ kK ki; 1 ) < �; therefore, for anyu2, andĉ2 such thatkĉ1 � ĉ2k1 < �

andju1 � u2j < � , ju2 � kT

 ĉ2j � j u2 � kT

w ĉ2j > 0; for all 
 2 I ; 
 6= w. Thus,jw(ĉ1; u1) � w(ĉ2; u2)j = 0

follows. QED.
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Fig. 15. A non-stationary distribution: (a) The usage probability distribution estimatep̂ (solid bars), and the uniform target

usage probability distributionpo (green circles). (b) The KL measure of cross-entropy between p̂ andpo v.s. iteration time.

B. Proof of Lemma 6

Taking partial derivative ofpi with respect toq' ( i ) gives us

@pi
@q' ( i )

=
@

@q' ( i )

Z qi + q' ( i )
2

q' ( i ) + qi

2

f U (� )d� =
@FU ( qi + q' ( i )

2 )
@q' ( i )

�
@FU (

q' ( i ) + qi

2 )
@q' ( i )

= �
@FU (� )

@�

�
�
�
�
�
� =

q' ( i ) + qi

2

@�
@q' ( i )

�
�
�
�
�
� =

q' ( i ) + qi

2

= � f U ((q' ( i ) + qi )=2)
1
2

;

(61)

whereFU is the cumulative distribution function of the random variableu. FU (� ) is a monotonic function

by de�nition, and we haveFU (� ) =
R�

�1 f U (� )d�; and @FU (� )
@�

�
�
� = u = f U (u): Similarly, we obtain

the partial derivative ofpi with respect toq' ( i ) as:

@pi
@q' ( i )

= f U
�
(qi + q' ( i ) )=2

� 1
2

: (62)

It is important to notice the following property:

@pi
@qk

= 0 ; wherek =2 f i; ' (i ); ' (i )g. (63)

We will derive _pw in terms of _̂c for the following three cases.
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1) A Case withw 2 Inf @x; @xg: Consider a case withw 2 Inf @x; @xg. If i =2 f @x; @xg then @pi
@qi

is

obtained by

@pi
@qi

=
@

@qi

Z qi + q' ( i )
2

q' ( i ) + qi

2

f U (� )d� = f U ((qi + q' ( i ) )=2)
1
2

� f U ((q' ( i ) + qi )=2)
1
2

: (64)

From Eqs. (61), (62), (63), and (64), we can take the time derivative of pw as

_pw =
@
@t

�
FU ((qw + q' (w) )=2) � FU ((qw + q' (w) )=2)

�

=

 

f U (� 2(w) )
kT

w + kT
' (w)

2
� f U (� 1(w) )

kT
w + kT

' (w)

2

!
_̂c;

(65)

where � 1(w) = ( qw + q' (w))=2 and � 2(w) = ( qw + q' (w))=2. Since f U (u) is continuous, forw 2

Inf @x; @xg, we can make the following approximations

f U (� 1(w) ) ' f U (qw); f U (� 2(w) ) ' f U (qw): (66)

Using Eq. (66) along with Eq. (65),@pw
@̂c can be computed by

@pw
@̂c

' f U (qw)

 
k' (w) � k' (w)

2

!

: (67)

From Eq. (67), we start constructing a function� ĉX (�)
1 : I ! RN +2 m by

� ĉX (w)
1 :=

 
k' (w) � k' (w)

2

!

if w 2 In
�

@x; @x
	

: (68)

We also start building the functionf �
U : U ! R� 0 by

f �
U (qw) := f U (qw) if w 2 In

�
@x; @x

	
: (69)

2) A Case withw = @x: Now we derive the time derivative ofpw , with w = @x in terms of the time

derivative of the in�uence coef�cient vector̂c by

_pw =
@
@t

Z (qw + q' ( w ) )=2

�1
f U (� )d�

=
@
@t

�
FU ((qw + q' (w))=2) � FU (�1 )

�

=

 

f U (� 2(w) )
kT

w + kT
' (w)

2

!
_̂c:

(70)

@pw
@̂c , with w = @x is then given by

@pw
@̂c

=
�

f U (� 2(w) )
kw + k' (w)

2

�
: (71)
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De�ne � ĉX (�)
1 and f �

U , for w = @x respectively by

� ĉX (w)
1 :=

�
kw + k' (w)

2

�
if w = @x, (72)

and

f �
U (qw) := f U (� 2(w) = ( qw + q' (w))=2) if w = @x: (73)

3) A Case withw = @x: We derive the time derivative ofpw , with w = @xin terms of the time

derivative of the in�uence coef�cient vector̂c by

_pw =
@
@t

Z 1

(qw + q' ( w ) )=2
f U (� )d�

=
@
@t

�
FU (1 ) � FU ((qw + q' (w) )=2)

�

=

 

� f U (� 1(w) )
kT

w + kT
' (w)

2

!
_̂c:

@pw
@̂c , with w = @xis then obtained by

@pw
@̂c

=

 

� f U (� 1(w) )
kw + k' (w)

2

!

: (74)

We complete the construction of the functions� ĉX (�)
1 and f �

U , for the case withw = @x, respectively by

� ĉX (w)
1 :=

 

�
kw + k' (w)

2

!

if w = @x, (75)

and

f �
U (qw ) := f U (� 1(w ) = ( qw + q' (w ) )=2) if w = @x: (76)

Combining Eqs. (68), (72) (75), (66), (69), (73), and (76) the functions � ĉX (w)
1 and f �

U (qw) are

respectively rede�ned by Eqs. (26) and (37) in a uni�ed fashion. From Eqs. (67), (71), (74), (26),

and (37), we complete the proof of Lemma 6. QED.
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