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Abstract

This paper presents a novel class of resource-constraindtitagent systems for cooperatively estimating an unkmogld of interest
and locating peaks of the eld. Each agent is resource caim&d and has limited capabilities in terms of sensing, adatjon, and
communication; hence a centralized approach is not désiiaid not feasible. We propose an algorithm for distribdestning and
cooperative control of a multi-agent system so that a glgbal of the overall system is achieved from locally actingr&tg. The proposed
algorithm is executed by each agent independently to esiaya unknown eld of interest from noisy measurements andowrdinate
multiple agents in a distributed manner to discover peakb@ftinknown eld. Each mobile agent maintains its own locstireate of the
eld and updates the estimate cooperatively using its owmasueements and measurements from nearby agents. Thengsatmeoves
towards peaks of the eld using the gradient of its estima&dd. Agents are coordinated using a distributed rule sa thay avoid
collision while maintaining communication connectivifyhe propose algorithm is based on a recursive spatial esbimaf an unknown
eld of interest using noisy measurements. We show that tbsetl-loop dynamics of the proposed multi-agent systenbeamnansformed
into a form of a stochastic approximation algorithm and prég convergence using the Ljung's ordinary differentigliation (ODE)
approach. Our theoretical results are also veri ed in satiah.

Key words: Cooperative control; Multi-agent systems; Recursive ip&tar estimation

1 Introduction has attracted much attention of environmental scientisds a
control engineers [6,7]. This has humerous applications in
Iudmg environmental monitoring and toxic-chemical peim
t racing. An interesting practical application is to tracerh-
ful algal blooms in a lake. For certain environmental condi-
tions, rapidly reproducing harmful algal blooms in laked an
in oceans can produce cyanotoxins [8]. Exposure to water
contaminated with algal cyanotoxins causes serious acute
and chronic health effects to humans and adverse effects
to aquatic life [8,9]. The level of chlorophyll is a measure
closely related to harmful algal blooms. Hence, there have
been efforts to generate the estimated elds of chlorophyll
over the areas of concern (Fig. 1). Having had the aforemen-
tioned motivation, the objective of our work is to develop
theoretically-sound control algorithms for multi-agegss
tems to trace peaks of a scalar eld of interest (for example,
- harmful algal blooms, temperature, pH, salinity, toxins] a
? This paper was not presented at any IFAC meeting. Correspond chemical plumes etc.). In general, theses scalar parasneter
ing author Jongeun Choi Tel. +1-517-432-3164. Fax +1-383-3  provide rich information about quality of environmentsisuc

1750. as the air, lakes, and public water systems.
Email addressesjchoi@egr.msu.edu (Jongeun Choi),
songhwai.oh@ucmerced.edu  (Songhwai Oh),
horowitz@me.berkeley.edu (Roberto Horowitz). The most common approach to this tracing problem has been

In recent years, signi cant enhancements have been made
in the areas of sensor networks and mobile sensing agents
Emerging technologies have been reported on coordination,.
of mobile sensing agents [1-5]. Mobile sensmg agents form .
an ad-hoc wireless communication network in which each
agent is resource constrained, i.e., it operates underra sho
communication range, limited memory, and limited compu-
tational power. To perform various tasks such as explanatio
surveillance, and environmental monitoring, distributed
ordination is required for mobile sensing agents to adapt
to environments to achieve a global goal. Among challeng-
ing problems in distributed coordination of mobile sensing
agents, gradient climbing over an unknown eld of interest
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Fig. 1. The estimated eld of chlorophyll a generated by the
harmful algal blooms observation system [9] by NOAA. (Photo
courtesy of NOAA).

biologically inspiredchemotaxi§10,11], in which a mobile

5

Fig. 2. Left: Trajectories of the proposed multi-agent egst
Right: Trajectories of eld estimating agents without comnmi
cation and the swarming effort. The estimated eld by agkig
shown as a background in colors. Agéris plotted as a green dot.
Thin contour lines represent the error eld between the teld
and the estimated eld. (+) and (0) represent, respectivaltial

sensing agent is driven according to a local gradient of a and nal locations. Solid lines represent trajectories géiats. See

eld of interest. However, with this approach, the conver-

more details about the simulation in Section 5.

gence rate can be slow and the mobile robot may get stuckys 5 syrveillance region. Hence, agents cannot perform the

in the local maxima of the eld. The cooperative network

of agents that performs adaptive gradient climbing in a dis-

tributed environment was presented in [6,7]. The cenedliz

coverage control as shown in [16]. Instead, each agent re-
ceives measurements from its neighboring agents within its
communication range. Upon receiving cooperative measure-

network can adapt its con guration in response to the Sensedments, each mobile sensing agent will recursively update th

environment in order to optimize its gradient climb.

This problem of gradient climbing constantly occurs in bi-
ological species. Aquatic organisms search for favoradle r
gions that contain abundant resources for their survival. F

estimate of an unknown static eld of interest. The recugsiv
estimation is based on the nonparametric method ckéed
nel regressiorin order to represent a wide range of physical
phenomena. To locate the maximum (or source) of the eld,
the sensing agent will climb the gradient of its own estirdate

example, it is well-known that sh schools climb gradients  e|d. The proposed cooperative control mimics the individ-
of nutrients to locate the densest source of food. To locate ya| and social behaviors of a distributed pack of animals
resources, sh schools use “taxis”, a behavior in which they communicating locally to search for their densest resaurce
navigate habitats according to local gradients in unaertai in an uncertain environment. The sh school's ef cient per-
environments. Grinbaum [12] showed that schooling behav-formance of climbing nutrient gradients to search food re-

ior can improve the ability of performing taxis to climb gra-

sources and the exceptional geographical mapping capabil-

dients, since the swarming alignment tendency can averagety of biological creatures have motivated the development

out the stochastic sampling errors of individuals.

of our multi-agent systems. Simulation results in Section 5
strongly support our idea and validate the effectiveness of

Tanner [3] and Olfati-Saber [4] presented comprehensive the proposed multi-agent systems with cooperative control

analyses of the ocking algorithm by Reynolds [13]. This
ocking algorithm was originally developed to simulate the
movements of ocking birds in computer graphics where
each arti cial bird follows a set of rather simple distrileai

rules [13]. A bird in a ock coordinates with the movements
of its neighboring ock mates and tries to stay close to its

as compared to eld estimating agents without cooperative
control. As shown in Fig. 2, the proposed multi-agent sys-
tem collectively locate the maximum of the unknown eld
rapidly while, without communication and the swarming ef-
fort, only a couple of agents near the maximum point can
slowly estimate and climb the gradient of the eld.

neighbors while avoiding collisions. In general, the colle

tive swarm behaviors of birds/ sh/ants/bees are known to be This paper also presents convergence properties of the

the outcomes of natural optimization [14,15]. proposed distributed learning and cooperative control al-
gorithms by transforming the closed-loop dynamics of a

In this paper, we extend the recent development in multi- multi-agent system into a form of a stochastic approxi-

agent systems [3,4] and develop novel distributed learning mation algorithm. Our theoretical results are based on the

and cooperative control algorithms for multi-agent system ordinary differential equation (ODE) approach [17,18]. We

The learning and control algorithms are performed at eachalso present a set of suf cient conditions for which the

agent using only local information. However, they are de- convergence is guaranteed with probability one.

signed so that agents as a whole exhdutiective intelli-

gencei.e., a collection of agents achieves a global goal. In This paper is organized as follows. In Section 2, we brie y

a resource-constrained multi-agent system, the communica introduce the mobile sensing network model, notations re-

tion range of each agent is limited as compared to the sizelated to a graph, and arti cial potentials to form a swarming



behavior. A recursive radial basis function learning algo- of r, as depicted in Fig. 3. Thereforg;j ) 2 E(q) if and
rithm for mapping the eld of interest is presented in Sec- onlyifkg(t) g (t)k r.Forexample,thethagentin Fig.
tion 3.1. In Section 3.2, cooperatively learning contralés 3 communicates with and collects measurements from all
scribed with a stochastic approximation gain. Section 4 an- four neighboring sensing agents in théh agent's commu-
alyzes the convergence properties of the proposed coerdinanication range. We de ne the neighborhood of agiemith
tion algorithm based on the ODE approach. In Section 5, the a con guration ofq by N (i;q) := fj 2 1j (i;j ) 2 E(9)g.
effectiveness of the proposed multi-agent system is demon-The adjacency matriA := [a; ] of an undirected grap®
strated by simulation results with respect to differentdel is a symmetric matrix such thaj = ks 2 R. o if vertex
of interest and conditions. i and vertey are neighbors and; = 0 otherwise. Notice
that an adjacency matrik can be also de ned in a smooth
) ) fashion in terms ofj [4]. The scalar graph Laplacidn =
2 Mobile Sensing Agent Network [lj12 RN= N: is a matrix de ned as. := DA A; where

DA is a diagonal matrix \ﬁz,hose diagonal entries are row
In this section, we describe the mathematical framework for g ;ms ofA, i.e.,DA := diag ] = a; ). The2-dimensional

mobile sensing agent networks and explain notations used
in this paper. 929 P graph Laplacian is dened a := L |,; where is the

Kronecker product. For instance, the correspondid-
LetR;R o;R-0;Z;Z 0;Z>o denote, respectively, the set and( for a graph in Fig. 3 are:

of real, non-negative real, positive real, integer, nogatiee 2 3 2
integer, and positive integer numbers. The positive de-it 0110 11 0
ness (respectively, semi-de niteness) of a matixs de- 1010 g
noted byA O (respectivelyA 0).1, 2 R" " denotes A = ks L=k
the identity matrix of sizen. 1100 1 120
0000 0 0 00
2.1 Models for Mobile Sensing Agents 2
PO P P O
Let Ns be the number of sensing agents distributed over I, 21, 120
the surveillance regioM  R2, which is assumed to be C=L l=ks
a convex and compact set. The identity of each agent is in- l2 122120
dexed byl = f1;2; ;Nsg. Letg(t) 2 M be the lo- 0O 0 0O
cation of thei-th sensing agent at time2 R o and let
q:= collm;%; ;on,) 2 R?Ns be the con guration of  where0 denotes a zero matrix with appropriate dimensions.
the multi-agent system. The discrete time, high-level dy- Letastatgy 2 R? be associated to agerforalli 2 1 under
namics of agenit is modeled by a topology of an undirected gra@ Two agents andj are
said to agree whenever they have the same stategi=®.,
Gt+ =g+ vi(t); (1) p; - The quadratic disagreement functiog : R?Ns 1 R ¢

evaluates the group disagreement in the network of agents:
whereg(t) 2 R? andv;(t) 2 R? are, respectively, the X
position and the control input of agentt timet 2 R . s(p) = 1 aj kp  pik?; ©)
t 2 R> o denotes the iteration step size (or sampling time). (i )2E (@)
We assume that the measuremg(tf (t)) of thei-th sensor ’
includes the scalar value of the eld(q(t)) and sensor
noisew(t), at its positiong (t) and a sampled timg

y(g ()= (g (1) + w(l); (@)

where :M! [0; max]is an unknown eld of interest.

wherep := col(p1;p2;  ;pn.) 2 R?Ns. A disagreement
function [4,19] can be obtained via the Laplacian

s(p) = %pT Cp; @)

and hence the gradient ofg (p) with respect tq is given

2.2 Graph-Theoretic Representation by
ro(p) = Cp: (5)
The group behavior of mobile sensing agents and their com-The properties shown in (4) and (5) will be used in the
plicated interactions with neighbors are best treated by aconvergence analysis in Section 4.
graph with edges. LeB(q) := (| ; E(g)) be an undirected
communication graph such that an edg¢ ) 2 E(q) if and 2.3 Swarming Behavior
only if agenti can communicate with agepté i. We as-
sume that each agent can communicate with its neighboringA group of agents are coordinated to collect (noisy) samples
agents within a limited transmission range given by a radius from a stationary eld at diverse locations for the purpose



Fig. 3. The model of the mobile sensing agent network. Thatstye
gathers measurements from two neighboring sensing agemtd
3in ar interactive range. Hence, the collective measurements of

agent2 will be sampled at locations denoted by agehtsnd 3.

of estimating the eld of interest. A set of arti cial poteiat
functions creates a swarming behavior of agents and pro-gradient of the potential function due to aggrih (8) to be
vides agents with obstacle avoidance capabilities. We usea zero vector before the communication link to agieig

attractive and repulsive potential functions similar teesn

Notice that varies smoothly froml to O as the scalar
input increases. (6), (7), and (8) will produce a continu-
ously differentiable C') reaction potential force between
any two agents as depicted in Fig. 4. Parameterd, do,
andd; will shape the arti cial potential function. A typical
way to choose those parameters are explained as follows.
In equations (6), (7), and (8), a non-zero gain factois
introduced to prevent the reaction force from diverging at
ri = kg ¢k?=0.As illustrated in Fig. 4, this potential
yields a reaction force that is attracting when the agergs ar
too far away and repelling when a pair of two agents are too
close. It has an equilibrium point at a distancel ady will be
chosen at the location where the slope of the potential force
st becomes zero (Fig. 4) asTj increases from zero. For
Tj > do, the bump function will shape the the potential
force to become zero smoothly when the relative distance
reaches tal; which is slightly shorter than the radius of the
transmission range. Hence, in general, we con gure pa-
rameters such that < dg < d; < r, which will force the

disconnected from agept In this way, we can construct a

usedin [3,4,20]to generate a swarming behavi_or. To enfo_rcesmooth collective potential force between any two agents in
a group of agents to satisfy a set of algebraic constraintsspite of the limited communication range. We also introduce

kg

wherer;;

Ui(g) :=

= kg

i2N (iq);j6i

Uj (kg k%)
Xi iZN)gi:q);jéi
Ui (rij );

potential functionJ; () in (6) is de ned by

Ui (rij ) =

=

2

log( +rjj)+

otherwise (i.e.rj

r Ui(g) =

8

where

< P

igi
p
i6i

'R 0!

5
i

d?), it is de ned according to the
gradient of the potential, which will be described shortly.
Here ;d 2 R, andd < dg. The gradient of the potential
with respect tag for agenti is given by

gk= dforallj 2N (i;q), we introduce a smooth
collective potential function

X

(6)

q k2. The pair-wise attractive/repulsive

Jif ry <d3;

[0; 1] is the bump function [4]

(z

h)
h)

z 2 [O; h);

;22 [h;1];

otherwise.

(7)

@ya _X @ym G )
@ a=q 6 @r  r=ry
(rij d+22(”ql) ) if r <d%
i 2 2 3
jdrl., d(ojjo —Flzdi dci)l;(q Q) if Fij dg,
(8)

a potentialU, to model the environment), enforces each
agent to stay inside the closed and connected surveillance
region inM and prevents collisions with obstacleshh.

We construct), such that it is radially unbounded @qyi.e.,

Ux(g!'1 askgk!l (9)

The condition in (9) can be used for making a Lyapunov
function candidate radially unbounded. De ne the total ar-
ti cial potential by

U(q) := kaU1(q) + kaUz(0); (10)

whereks; ks 2 Rs are weighting factors. A swarming
behavior and an obstacle avoidance capability of each agent
will be developed in Section 3.2.

3 Distributed Learning and Cooperative Control

In this section, we describe distributed learning and coop-
erative control algorithms. The sensing agent will receive
measurements from its neighboring agents within a limited
transmission range. Upon receiving measurements, each mo-
bile sensing agent will recursively update the estimatenof a
unknown static eld of interest using the distributed leiam
algorithm. Based on the estimated eld, each agent moves to
the peak of the eld using the cooperative control algorithm

3.1 Distributed Learning

We introduce a distributed learning algorithm for each mo-
bile sensing agent to estimate a static eld of interest
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Fig. 4. The reaction force between two agents is generatabeby
potential function in (6), (7), and (8) with respectkqg g k.

Here parameterd = 0:4, dp = 0:648, d; =1:4 andr = 1:6 are
used.

M

Fig. 5. Uniformly distributed Gaussian bases over a suamke
regionM .

M! [0, max ]- Suppose that the scalar eld( ) is gen-
erated by a network of radial basis functidns

i()i= ")

=1

(11)

where T( ) and are de ned respectively by
h i
() 20)  wm()

2

T():=
h

1 2 m

where R™ is a compact set. Gaussian radial basis
functionsf ; ( )g are given by
!
1 k 16
]( ) = e exp 2 ! )
] i

(12)

where ; is the width of the Gaussian basis andg
is a normalizing constant. Centers of basis functions

! We have considered a fairly simple parameterization for the
eld of interest to focus more on the design and the convergen
analysis of learning agents. See more general models uséaefo
eld of interest in [21,22].

fjji 2 f1  ;mgg are uniformly distributed in the
surveillance regioM as shown in Fig. 5. 2 R™
is the true parameter of the regression model in (11). From
(2), we have observations through sensors at the location
K Y(k) = T(k) + w(k); wherek is a measurement
sampling index. Based on the observations and regressors
fly( «); ( k))gﬂzl, our objective is to nd " which
minimizes the least-squares error:

yC) TN (13)

k=1

Remark 1 Our environmental model i(iL1) can be viewed

as a nonparametric approach to model spatial phenomena.
Other popular nonparametric approaches are Gaussian pro-
cesses [23] [24] and kriging models [25]. A dynamicalin
(11)was used to represent a time-varying trend in the space-
time Kalman Iter model [26] to model spatio-temporal ran-
dom elds.

Noiseless Measurements

Let us rst consider the measurement model (2) without
the sensor nois&(k). Similar spatial estimation algorithms
with a known sensor noise level for achieving the minimum
variance of the estimation error can be found in [21,22]. For
aseff (y( x); ( x)) gﬂzl , the optimal least-squares estima-
tion solution is well-known [27]:

Tn)y=Pm1) T(n1)Y(n; 1) (14)

where (for simplicity, we abuse notations by lettiyngk) :=

y( k) and (k):= («))
h i
Y(ms):= y(s) y(s+1)  y(n) 2R
h i
(nis):= (s (M 2R =M
P(m;s)=] T(ms)( n;s%] 1
0 1
= (k) T(k) 2R™ ™
k=s

During a time interval between the coordination iteration
indicest andt + ; as in (1), we suppose that a sensing
agent has collectesl number of samples from itself and its
neighbors. Assume that at the previous iteration, the agent
has already updated the el ) based on the previous data
setf (y(k); (K))gg-,, Wheren sis the total number of past
measurements. Now the sensing agent needs to update the
eld ~() upon receiving cooperatively measuredumber

of pointsf (y(k); (K)Gy=p i1 -

We then have the following algorithm. Assume that
T(t) ( t) is nonsingular for alt. For the collected num-
ber of observations and regressors



f(y(k); (k) gE:n «+1» consider the recursive algorithm LSE algorithm in (15). Let the estimation error vector be
given as Tn):= T n) .Wealsode ne the error of the estimated
eld at the location 2 R by

K(n=P(n s) T 1s+ P(n s T

PM=[lm K P s) , ~S;)="(S ) ()= TO)TIsh: (9)
' (15)

Tm=1n 9+KMn) Y Tn s wherejS;j is the cardinality of the se§. The error of the
A= T ),( n): estimated eld at 2 M is then obtained by

where some abbreviations are de nefl::= Y(n;n s+ “(S)= S ) S (20)

1) 2 RS, = (nn s+1) 2R ™ T(n) := h

T(n;1) 2 R" ™, Y(n) := Y(n;1) 2 R" andP(n) := where
P(n;1) 2 R™ ™. Then it is strightforward to see that the ! #

recursive estimation presented in (15) is the least-sguare E(~(S: ))

X
T . T :
estimation that minimizes the error function in (13). () PGs) () (o dm

2 28 3
Remark 2 T(n)( n) is always singular forn < m. T \Ap i X 5
T(n) ( n) is nonsingular fom  m except for the case (S; )= "()*P(S) ( dw(t)>;
where measurements are only taken at a set of measure t=1
zero, for example, a line splitting two Gaussian radial Isasi
functions equally such that( ) = ;( ). In practice, we where|Sj is the total number of collective measurements
start the recursive LSE algorithm if15) with initial states for the associated agent. For persistent exciting cootidima
10) andP(0) 0 which corresponds to the situation in ~ Strategies (T 0), the estimator is asymptoticafly

which the parameters have an a priori distribution and keep unbiased
running the recursive algorithm with new measurements. _
With these initial values, we have jSIj|'r1n E(~(S; ))=0;8 2M: (21)

1rny = 1 T .
P (=P 0+ () (n) 0 (16) For a large number ofSj, the variance of the estimation

error is given by

In the next subsection, we elaborate on the case of nois .
observation and the resulting effects on the estimated eIdy E((S;) (S n= T()WP(S)) ();
and its gradient. - T ),W—.R 1s) (): (22)
ISj
Noisy Measurements
whereR(S) is de ned by

Consider the measurement model (2) with the sensor noise " #

w(k), which is assumed to be a white noise sequence with _ PY,6 1 X T .
an unknown variance : R(S) = iS] + iSi e () () o (23
k
W 0Oifk=z Remark 3 From (22), it is straightforward to see that the
E(w(k) =0;  E(W(k)w(2)) = : mark (22). it is straightfa
0 ifk6 z estimation error variance is a function of the evaluated po-
(17) sition in M, is proportional to the varianc&V, and de-
1 Qi 1
where E denotes the expectation operator. Moreover, we creases at the rate di5Sj andR *(S). R(S) asymptot-
assume that there exidts< 1 so that ically serves as a time average of outer products of basis
functions evaluated at the measurement pointS,imvhich
jw(k)j <L with probability one (w.p.18k: (18) implies that the error variance is smaller at places where

the agent has collected more samples.
The gradient of the eld of interest is denoted by

@x .
@X x=

andthe sensor noisev(k) jk 2f 1, ;nggde nedin (17) 2 |tis asymptotically unbiased if a priori distribution ¢b) and
and (18), an agent will estimaté n) using the recursive P (0) is not available.

Given the measurement data set

fy()j 2Sg whereS=f ¢jl1 k ng ro():=

(24)



From (11), we have agenti at its positiong (t) is given by

1
r ( ): @T(X) = UI'( ) 2R2 l; (25) Ki(t+1): I:>I(t) Ti |S+ IPI(t) Ti ;
@x x= Pi(t+1):(|m Ki(t+1) H)Pi(t); i
where % ()2 R ™. Thus, the gradient of the estimated (t+)= SO+ Ki(t+1) Yy i)
eld based on observatiorS := f kgg., andfy( )g ,s rag) = T(gE)Nit+1);
is given by (30)
ras )= TOHYUisph 2 rR? L (26) wherer Ni(t; ) :Z o M!  R? denotes the gradient
of thg estimated eld at based on measurements before

The error of the estimated gradient at the locatiod M the timet +1.Y; and ; of agenti are de ned in the
is obtained by same way a¥ and are de ned in (15).Y ; is the col-

lection of collaboratively measured data. From (2), for all
o . i 2N (i;q(t) [f ig, we have
r~s; )= TOTish r ()= T()Tish

= E(r ~(S; )+ 1 (S ); 23
(27) :
Yi= i+ §Wj(k)z:: i +ow(t); (31)
where :
X #
E(r ~S; )= () P(Sj () "(«) Im ; where the sampled time of the measurements can vary

28 among sensors but we label the time indextbfor any

2 56i 3 sampled time contained in a measurement period bettveen
Y= O VAp(igi 5. andt + 1. w; (k) is the measurement noise of senspand
r(s): ()*P(S)) Cw(k)=: is independently and identically distributed oye? | . We

k=1 also de ne a new variabley (t) as in (31) for later use.
For T 0, the gradient estimator is asymptotically Based on the latest update of the gradient of the estimated
unbiased eld r 7 (t;qgi (), a distributed contro¥; (t + 1) in (1) for
agenti is proposed by
lim E(r ~«(S; ))=0;8 2M: 28
dim E(r ~(S; ) (28) P
vi(t+1):= ——— ﬁvi ty+ @®u) ; (32
The covariance matriE(r (S; )r T(S; )) is obtained
by with
w ()= 1 U@G) ke ——vi(t
OT( )ER 1(8) 0( ); (29) ul() (Q()) di (t)vl()
X : _
. a (a() (i) vi®)) (33
whereR(S) is de ned in (23). Now we present our collab- i 2N (i (1) (t)
oratively learning control protocol. + Kar A (i (1)

wherek, 2 Rs g is a gain factor for the estimated gradient
andkg 2 R ¢ is a gain for the velocity feedback. The rst
term in the right-hand side of (33) is the gradient of the ar-
Each of mobile agents receives measurements from neigh+i cial potential de ned in (10) which attracts agents wail
bors, then it updates its gradient of the estimated eld@sin avoiding collisions among them. Also it restricts the move-
" from the recursive algorithm presented in (15). Subse- ments of agents insidk! ; appropriate arti cial potentials
qguently, based on this updated gradient, the control for its can be added ttJ(q) for agents to avoid obstacles v .
coordination will be decided. Hereafter, we apply a new time The second term in (33) provides damping. The third term
notation used for the coordination, to the recursive LSE al- in (33) is an effort for ageritto match its velocity with those
gorithm in (15). In particular, we replacge s 2 Z ¢ by of neighbors. This term is used for the “velocity consensus”
t2Z gandn2 Z gbyt+1 2 Z 4in(15) such thatthe and serves as a damping force among agents. The gradient
resulting recursive algorithm with the new time index for ascent of the estimated eld is provided as the last term.

3.2 Cooperative Control



The control for the coordination of sensing agents gradu- 4 Convergence Analysis
ally decreases for perfect tracking of the maximum of an

unknown eld in spite of the estimation based on the noisy In order to analyze the convergence properties of (30), (37)
measurements. We have proposed the control protocol ingq4 (34), we utilize Ljung's ordinary differential equatio

(32) with a stgndard ada_ptive gain sequenf® that satis- (ODE) approach developed in [17,28,29]. In particular,
es the following properties Ljung [17,28] presented an analysis technique of general
v v recursive stochastic algorithms in the canonical form of

t) > O; t)y=1; 2t)< 1; :
w0 0 R (34) X®= Xt D+ OLXE 1 (®);  (38)

tllllm supll= () 1= (t 1< 1: along with the observation process

This gain sequence is often used for stochastic approxima- ) = altx(t 1)t (1) e(t):
tion algorithms [17,18] and enables us to apply the ODE (© = ot x( ) ) e(): (39)

h[17,28,29] f lysis. ) .
approach [ Ifor convergence analysis In order to use the ODE approach, for this nonlinear obser-

vation process in (39), the following regularity condit&in
[28] need to be satis ed. LdDr be a subset of the space
in (38), where the regularity conditions hold.

For the convenience of analysis, we change variables. In
particular, we introducp; (t), a scaled version of the velocity

statev; (t):
pi(t) := —ttvi (); (35) Cl: kg(x;" e k< C forall ;e forallx 2 Dg.
C2: The functionQ(t; x;' ) is continuously differentiable
(®) he functi is continuously differentiabl
wherev; (1) is the control input to agemtas de ned in (32). with respect tox and' for x 2 Dg: The derivatives are,
After the change of variables in (35), the resulting dynamic for xed x and' , bounded irt.
of agenti is given by C3: g(t; x; ;e ) is continuously differentiable with respect
( tox 2 Dg.
G(t+1)= g+ Op); ag L pene e
pi(t+1)= pi(t)+ (Hui(t); " x)= gt x;t (6 1;x):e(t); " (0;x)=0; (40)
where we applied new notations to (1) by replacing; (t) and assume thaf( ) has the property
by (t)pi(t),t+ (2R obyt+122Z gandt2R o
byt2 Z o. kK (tx) " (Dk<C max kx  x(k)k;
n
Incorporating the discrete time model in (36) along with the ) o ]
proposed control in (32) gives if * (n;x) =" (n). This means that small variationsn
in (39) are not ampli ed to a higher magnitude for the
t+1)= g(t)+ (D)pi(h); observations .
g(t+1)= qg(t) ()RI( ) C5: Let ' 1(t;x) and"' »(t; x) be solutions of (40) with
p(t+1)= p®+ (1) r UG) kapi(t) (37) '1(s;x) := ' 2 and’ »(s;x) := ' 9. Then de neDs as
o}

A the set of alix for which the following holds:
rooe(E®)+ ke T(G)"it+1)
K 1(t;x) "ot x)k<C( 99 s(x);

wherer g (pi (1)) is the gradient of the disagreement func-

tion (de ned in (3) and (5)) with respect {o: wheret > s and (x) < 1. This is the region of expo-
X nential stability of (39).
_ - ) _ _ . C6: limy;  EQ(L; x; ' (t; X)) exists forx 2 Dr and is
ro(pi(t) . (am)(pi(t) pi(1): denoted byf (x): The expectation is ovére( )g.
2N (iq (1) c7:

2 is a sequence of independent random variables.
cs: P -1 ty=1:
: t

. . . C9 -, P(t) <1 for somep.
In the next section, we will transform our multi-agentsyste  ~1 . () is a decreasing sequence
into a recursive stochastic algorithm with states C11: limy  sup[l= (1) 1= (t 1)'] <1-

x(t) == collq;  san. (1);pa(t);  Spn.(D);
For practical algorithm implementation, the projection or

and . N _ saturation is often introduced [17,18] to meet the bounded-
(t) = col(T1(t); 5 Tn,(1)): ness condition required in the ODE approach [17]. Since



dynamics of agents are given by a single integrator, i.e., th Lemma 5 The algorithmg¢37)and(30)can be transformed
position of the agent can be controlled into the forms of(38) and (39) respectively, using the fol-
lowing de nitions;
g(t+1)=a®+ Op(0); n
q(t) := col(au(t);  ;an. (1)) 2 RT;

vv_herepi (t) is the control, we can apply the usual saturation p(t) := col(pu(t);  ;pn. (1) 2 R™Ns;
given by[ ]D ( X(t) = [qT (t); pT (t)]T 2 R4N5; (45)
: Q(tix(t  1);" ()
xO=[( o= U (V2D gy ) #

x(t 1); (t)2D; =
r U@ (C@+Kapr C(iq)

wherex(t) and ( t) denote the left- and right-hand sides
of (38) respectively, i.e., the projected algorithm update whereKy = diag(kq1; ;Kan,) |2 0. The gradient
only if the updated value belongs @ otherwise it keeps  of the estimated cost functionC(' (t);q(t 1)) 2 R2Ns
the previous state. Our closed-loop system in (37) will be is de ned by
converted to the canonical form in (38). Throughout the
paper, we assume that the projectionis applied to the ezbult kscol(r ~(t  Lyop(t 1))
algorithm in the form of (38). The projection disappears in ot Lioge(t 1)
the averaged updating directions. Hence, the convergence _ OTS N o
properties of the projected algorithm can be studied as if = kacol( 7 (qu(t 1)) 7a(t);
there was no projection in (38). For more details, see [29,30 Tons (t 1)) "ns (1)):
and references therein.

For the observation process {39), we have:

()= gtx(t 1) (t 1)et)
Corollary 4 (Ljung [29]) Consider the algorithni38), (39) At x(t 1) (t 1)+ B(t;x(t  1))e(t);
and (41) subject to the regularity condition61-C11 Let (46)
Dgr be an open connected subsetinf. LetD in (41) be
the compact subset &g such that the trajectories of the \yhere
associated ODE

We will then utilize the following corollary reported in [29

q Y1) = col(Ta(t); 5 Tn.(1) 2 R™s;
g x()=1x0) 42) Al 1):=diaglm  Ki(t) 1
Im  Kno(t) n,) 2 R™s MNsy
where B(tix(t 1):= diagKa(t); 1K, (1) 2R™* ©;

f(x) = lim EQ(t:x;" (t:x));

that start inD remain in a closed subs&gr of Dr for ) ) )
> 0. Assume that the differential equati¢42) has an where O varies according to the number of collaborative

e(t) := collw 1(t 1); ;wpn.(t 1)) 2R;

invariant setD . with domain of attractioD,  D: measurements at each iteration.
Then either Proof: From (30), notice that:
x(t) ! Dg; with probabilityoneag!'1 ;  (43) T =[Im Ki() 17t DFKi®w it 1): (47)

or The rest of the proof is straightforward and so is omittad.
i o ) Two lemmas to validate the regularity conditio84-C11
I I
()} @Diwith probability one as 11 ; (44) will be presented under the following assumptions:
where@Dis the boundary ob. M1: Each agent collects m number of measurements

. . : . . . at locationd g;_, from itself and neighbors so that
The conclusion (44) is possible only if there is a trajectory kOk=1 g

of the differential equation in (42) that leavBsin (41).

(W) "(x) O
Now we present our main results. The following lemma k=1
shows how to transform our coordination and estimation
algorithms to the canonical forms in (38) and (39). wherem is in (11).



M2: The arti cial potential force and the adjacency ma-
trix are continuously differentiable with respectdand
derivatives are bounded.

M3: The projection algorithm (41) is applied to the co-
ordination algorithm (38). LeD in (41) be a convex
and compact set de ned bp := M NS M ,, where

M o = [ Pmin ;pmax]ZNs-

Remark 6 M1 can be viewed as a persistent excitation con-

dition in adaptive control [27].M2 can be satis ed, for in-

stance, seéB)and [4]. M3 is used to satisfy the boundedness
condition for the ODE approach and it is also very useful to

model the realistic control saturations for mobile vehgle

Lemma 7 LetA;(t) := Aj(t;x(t
the matrix

1)). UnderM1 andM3,

Ai) =[Im  Ki(t) il (48)
is a positive de nite matrix forali 21 andt 2 Z 4. All
eigenvalues oA (t) in (48)are nonnegative and strictly less
thanil, i.e.,

min (Ai(t)) >0 max (Ai(t)) <L
Hence, the induced matrix two normAf(t) is strictly less
than1:

kAj(t)k< 1,8 21;8t22Z o: (49)

Proof: By the de nition of A, it is a symmetrical matrix.

Ait)=1m  Pi(t) Ti(ls+ Pit) ) P
whereP;(t) 0 is a positive de nite matrix. From (30),
notice that

Pi(t 1) Pi(t) O Pi(t)=Ai()Pi(t 1) O
impliesPi(t 1(n Ail) O
Hence, we conclude th&@ Ai(t) = AT(t) In. More-
over, sinceAi(t) O, there exists a sguare roo& matfx
so thatA;(t) = FTF andF = diag’ 1; ; m)R

whereR is the orthonormal matrixand, =  max (Ai (t)) >

2 > > m = minfAi(t)) > 0. SinceAi(t) =

FTF Im implies that max(FTF) < 1, we have

pmax (Ai (1)) = max (FTF) = kFk? < 1 andkA;(t)k =
max (A,T MAIt) < 1.2

Lemma 8 Consider the transformed recursive algorithm af-
ter applying Lemma 5 under assumptiokk-M3. Then
the algorithm is subject to the regularity conditiol-
Clt,and MNsnZ ™M , D Dg, whereM, =

[Pmin ; Pmax 12N* @andZ is the set de ned by
8 9

<
Z:= q2M"Ns () "(g) 0 8i21l

jof igIN (iq) '
(50)

10

Moreover,f (x) in (42) of Corollary 4 is given by

" #
p

f(x) =
" €@+ Kap 1 C@)

U@ ; (51

whereC(q) 2 R g is the collective performance cost func-
tion de ned by

X
C(g) = ka

i21

(g)]; (52)

[ max

hereks; 2 R. ¢ is a gain factor and max 2 Rsg is the
maximum of the eld .

Proof: Veri cations of C1-Cllare as follows:

C1:Thisis satis ed by the measurement noise assumption
in (17) and (18) with Lemma 7 undéil andM3.
C2: This is satised due to the assumptidvi2 and
smooth and bounded derivatives of radial basis functions
inr €(;q ) with respect tag.
C3: A(t; ) andB(t; ) in (46) are functions of smooth
radial basis functions, therefore, they are smootb jn
C4: We take the similar argument used in [31].

Notice that:

O 0= A6 (@ D (1)
@g
+@xt<& 11))(x(t 1) x)

@g
=99 xt v 0

@iy T X
Xn 1
£ 89t ) 0@ A®N A

=2 @X‘~(x D) j=1
where the mean value theorem was used for a smooth
g with respect tox and' . [x' (s); '~ (s)]" is a point

between[x" (s); ' T(s)]" and [x"(s);"' T(s)]". From
Lemma 7 undeM1 and M3, we have:
KA(t; X)jxk 1 < 1;8t (45)

Therefore we obtain:
. . @g
kK (t) (DK @xt kx(t 1) xk

Xn iyl g
+ ( KAL)k pk =, k x(t i) xk)

= -1 @x:y )

Xn

i1 @
B @a ) _max k@gs)knmsaxt kx(s) xk

< }C max kx(s) xk<C max kx(n) xk:
n st n st



C5: For a xed x, notice that:

i x) = A(k;x)" i(s;x)
2k: s+1 3
Xt Y
+ 4
k=j+1

Ak;x)>B(j;x)e(j); i 2f1;29:

j=s+l

UnderM1 andM3, kA(k;x)k < (x) forallk 2 fs+
1, ;tg, where (x) < 1. Hence we have:
K 1(tx) " a(tx)k<

LSOk 1(six) ' a(s;x)k;

foralx2 MNsnzZ M , Ds,whereZ is the set

de ned in (50).
C6: Elements ofQ in (45) are deterministic functions of

x 2 Dg exceptfor €(* (t); ). Thanks toM1 and (28),
for a xed g, we have

lim E(r €C (1)) = r C(a;

which prove<C6 and (51) simultaneously.

C7: This is satis ed due to the measurement noise as-

sumption in (17).
C8, C9, C10, C11These are satis ed by the time varying
gain sequence de ned in (342.

Proof: From Lemma 5, Lemma 8 and Corollary 4, the
asymptotic trajectoryx( ) := col(g( );p( )) 2 Dgr is
given by the associated ODE

dx(')

5 (54)

= f(x()):

Taking the derivative oV (x( )) in (53) with respect to
and using (54), we obtain

dv(x()) _ @ux) '
a - ex f(x())
_oruga )+ rca )
p( )
#
p( )
rou@( ) roc@a( ) (€ )+ Ka)p( )
= p'( )C(a( )+ Ka)p( ) O
(55)

From (9) and (53), we conclude th&t(x) is radially-
unbounded,i.eY(x)!'1 askxk!1l . Then

Da:=fxjV(x) ag

is a bounded set witI@“—V(x) Oforallx 2 Da asin

Finally, the global performance cost that sensing agents to(55), which is a positively invariant set. By LaSalle's imva

minimize, is de ned as

p' ( )p( )
2

V(a( )ip( ) = U(a( )+ + C(a( )): (53)

We have the following theorem regarding the convergence

properties of the proposed multi-agent system.

Theorem 9 For any initial state xo = col(qp;po) 2
D, where D is a compact set as in41l), we con-
sider the recursive coordination algorithm obtained
by Lemma 5 under conditions from Lemma 8. Let
Da = fx2DjV(x) ag be a level-set of the cost
function in (53). Let D, be the set of all points iDa,
WherediV(x) = 0. Then every solution starting froDa
approaches the largest invariant sBty, contained inD.
with probability one as ! 1 , or fx(t)g has a cluster
point on the boundary® Dof D. Moreover, iff x(t)g does
not have a cluster point o@®Dand (£'(q) + Kyg) 0,
8x 2 D, then any poink” = col(g”; 0) in Dy is a critical
point of the cost functiok (x), which yields either a (local)
minimum ofV (x) or an in ection point, i.e.,

@\x)

@x =0:

x=x7

11

ant principle and Corollary 4x(t) approaches the largest
invariant setD)y contained inD . given by

n 0
X() Mx( )= p()C( )+ Ka)p()=0 ;
(56)
with probability one a$ ! 1

If (C(g)+ Kq) 08x 2 D, from (56), any poink” in Dy
is the form ofx?(t) = col(g’(t); 0). Moreover, from (51),
we haveg’(t) O0and0 r U(q°) r C(q°), which
veri es thatx? is a critical point of the cost functio¥ (x).
Hence this completes the proof. Q.E.D.

5 Simulation Results

We applied the proposed multi-agent system to static elds,
which are represented by twenty ve radial basis functians a
depicted in the left side of Fig. 7 (uni-modal) and Fig. 9 (bi-
modal). The estimated eld was updated once per iteration
used for the coordination of agents. Twenty ve agents were
launched at random positions away from the maximum of
the eld in the simulation study. Parameters used for the
numerical evaluation are given in Table 1. Simulation rissul
are evaluated for different parameters and conditions.



Table 1 (@) 40 iterations (b) 200 iterations
Parameters in the simulation.

Parameters Values
Number of agentdNs 25
Number of basis functionm 25
Surveillance regioM [ 557
(d; do; d1) (0:6; 1:5d; 3:5d)
(0:4; 1:62d; 3:5d)
Transmission range 4ad
5
Noise levelW 1
lemlen - 1100 01 O Fig. 6. Trajectories of twenty ve learning agents fdr= 0:6,
ki; ko ks; k 0:1;10;0:1; 0:1 - S
(kitkz;ksika) ( ) W =1 andKq4 = l2n,, at iteration times = 40 (a) andt = 200
K Iong; O:llong; Olong (b) under the projection algorithm. The estimated eld bgati is
Saturation limitD [ 5:5PNs [ 1 1pNs shown as a background in colors. Agéris plotted as a green dot.
' ' Thin contour lines represent the error eld between the teld
: and the estimated eld. (+) and (0) represent, respectivalfia
(0) 0:2 d th i d eld. (+) and (0) ivalgial
0) 0 m 1 and nal locations. Solid lines represent trajectories géumats.
P (0) 3lm 5

5.1 Standard Conditions

RMS error

We consider the proposed multi-agent system under the stan-0
dard operating conditions (used in Theorem 9), which in-
clude the projection algorithm de ned in (41), velocity tke
back K4 0Oas de nedin (45)), and an arti cial potential
wall. Fig. 6-(a) shows that the recursively estimated eld -5
by agentl at the iteration time = 20 under a noise level
W = 1. The swarming agents have the equilibrium dis- Fig. 7. A uni-modal eld of interest (left). The root mean sqa
tance ofd = 0:6 as de ned in (7). The estimation error eld  (RMS) values of the spatially averaged error eld achievgdab
is also shown with colored contour lines as in Fig. 6-(a). agents with respect to the iteration number (right). Paterseare
Fig. 6-(b) illustrates the estimated eld by ageht iter- d=0:6,W =1, andKq = l2n,, and the projection was used.
ation timet = 200. The true eld is illustrated in the left- (a) 40 iterations (b) 200 iterations
side of Fig. 7. As shown in Fig. 6-(b), twenty ve swarming 5 -
agents have located the maximum point of the eld success-
fully. The right-side of Fig. 7 shows the root mean square
(RMS) values of the spatially averaged error eld achieved
by all agents with respect to the iteration time. All agents
managed to bring the RMS values of the estimation error ©
down aroun@ after150iterations. With a bit higher damp-
ing coef cients contained irKy4 = I2n,, the rate of con-
vergence to the maximum point was slow as shown in the
right-hand side of Fig. 7. Hence, the group of agents does
not show much overshoot and oscillatory behavior around 55—
the maximum point. Agents converge to a con guration near
the maximum pointas!1 . Fig. 8. (a), (b): The proposed agents are splitting into tnaugs
for multi-modes under standard conditions. The estimatdd by

Th d It t t ith I . agentl is shown as a background in colors. Thin contour lines
€ proposed multi-agent system with a smaller communi- represent the error eld between the true eld and the estéta
cation range anél 4 = Ol oy, is applied to a bi-modal static 4.

eld, which is shown in the left-side of Fig. 9. Fig. 8 reminds

of the fact that the proposed agents can split into different as compared to those for the previous case (Fig. 7).

groups according to the con guration of the global network

cost functionV de ned in (53). It is straightforward to un-  Fig. 10 illustrates a case without communication and the
derstand that agefitdoes not have information on the other swarming capabilities of agents. Only a couple of agents
mode located at the upper-right side of the surveillance re- manage to approach the maximum point with slow conver-
gion as shown in Fig. 8, which results in higher RMS esti- gence rates as compared to the previous case in Fig. 6. The
mation error values plotted in the right-hand side of Fig. 9 lowest RMS value of the estimation error achieved by agents

50 100 150 200
0 5 iterations
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RMS error
= =
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\

50 100 150 200
iterations

Fig. 9. A bi-modal eld of interest (left). The root mean sgaa
(RMS) values of the spatially averaged error eld achieved b

agentl with respect to the iteration number for the bi-modal eld ) ) )
of interest (right). Fig. 11. (a), (b): Trajectories of agents for= 0:6, W = 1, and
K4 =01I2n, and the projection was used.

Group disagreement

50 100 150 200 250 300
iterations

Fig. 10. (a), (b): Trajectories of agents without commutigaand

the swarming algorithm fod = 0:6, W = 1, andK g4 = I, Fig. 12. The group disagreement functiors (p(t)) with respect

and the projection was not used. to the iteration number. Parameters are= 0:6, W = 1, and
K4 =01I2n, and the projection was used.

was about. This simulation clearly justi es the usage of

the communication network and swarming algorithms in this

our proposed multi-agent system.

5.2 Without the Velocity Feedback

We consider a case without the velocity feedback K. =
0Ol 2y, ) for the uni-modal eld of interest. Without the ve-
locity feedback, there will be no dissipative terms once the
consensus of velocities of agents is achieved, which explai
the oscillatory behavior of agents in Fig. 11. The group dis-
agreement function g (p(t)) = %pT ®)C(q(t))p(t) with
respect to the iteration number is shown in Fig. 12. _ ) _
Fig. 13. (a), (b): Trajectories of agents far=0:6, W =1, and
We also consider a case without both the velocity feedback ¢ = 012vs, and the projection was not used.
and the projection algorithm (i.e., no saturations on both grest |n addition, we relocate the maximum of the eld at

positions and velocities) for the bi-modal eld of interest o 1) ndary of the surveillance region. As can be seen in
In this simulation, agents happened to locate two maximum Fig. 15, agents wittKq O have located the maximum

points of the bi-modal eld as depicted in Figs. 13 and 14. 5int of the eld and converge to a con guration around the
The group disagreement function and convergence rate Ofboundary of the surveillance region. The projection algo-

the agents are illustrated in Fig. 14. In this simulatiom® th  hm ensures that agents stay inside of the compad¥iset
arti cial potential wall prevents agents from going outsid

of the compact surveillance regida .

6 Conclusions
5.3 Without the Arti cial Potential Wall

This paper presented a novel class of self-organizingsgnsi
Finally, we consider a case without the potential wall and agents that form a swarm and learn through noisy measure-
with the projection algorithm for the uni-modal eld of in-  ments cooperatively with neighboring agents to estimate an
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