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Convergence Analysis of a
Steerable Nip Mechanism for Full
Sheet Control in Printing Devices
Current approaches for high speed color printers require sheets be accurately positioned
as they arrive to the image transfer station (ITS). This goal has been achieved by de-
signing and building a steerable nip mechanism, which is located upstream from the ITS.
This mechanism consists of two rollers that not only rotate to advance the paper along
the track, but also steer the paper in the yaw direction. This paper briefly reviews the
design and experimental setup of the system, and focuses on the design and analysis of a
controller that precisely corrects the lateral, longitudinal, and angular positions of the
sheet. The control strategy used is based on linearization by state feedback with the
addition of internal loops for the local control of the actuators. This paper also provides
a methodology to tune the controller parameters so that the desired performance speci-
fications are met. The success of this mechatronic approach is corroborated through
simulation and experimental results, which show that the system is able to correct sheet
errors and meet all the performance specifications. �DOI: 10.1115/1.3117195�
Introduction

Current approaches for paper path control require sheets to be
ccurately positioned as they arrive to the image transfer station
ITS�. This is achieved by using a registration device, located
etween the paper path and the ITS, which not only corrects for
ongitudinal, lateral, and angular errors, but also delivers the sheet
n time to the ITS. Prior work on sheet control in a printer paper
ath has been mainly focused in developing control techniques for
oordinating multiple actuated sections of the paper path, in order
o correct for longitudinal interspacing errors among sheets, and
ynchronize the arrival of sheets to the ITS with its corresponding
mage �1–7�. Other works, such as in Refs. �8–12�, do consider the
heet’s lateral and skew position error corrections, but they fail to
o so at large speeds and without marking the page. In this paper
e present the control architecture of a mechatronic solution that

orrects for sheet position errors at high speeds without damaging
he page. This is achieved by using the steerable nip mechanism
13� depicted in Fig. 1, whose design is described in detail in
efs. �14–16�.
The problem of controlling paper trajectories with steerable

ips is similar to the control of two-wheel robots, such as the one
tudied in Ref. �17�. However, not only does the two-wheel robot
ave one less degree of freedom than the steerable nip system, but
lso the control law proposed by Yun and Sarkar �17� fails to
ccount for singularities that arise when the steering angle of the
heels approaches zero. Moreover, in the case of the two-wheel

obot, three inputs are needed to follow a reference trajectory.
his is not the case with steerable nips, where four inputs are
eeded due to the flexibility of the paper; two inputs rotate and
teer roller 1, whereas the other two inputs do the same for roller
�see Fig. 1�.
Similar to the two-wheel robot, the steerable nip mechanism is
nonlinear system with nonholonomic constraints. For the steer-

ble nip system, two nonholonomic constraints come from nonslip
onditions on the rollers, and the other two come from local ve-

Contributed by the Dynamic Systems, Measurement, and Control Division of
SME for publication in the JOURNAL OF DYNAMIC SYSTEMS, MEASUREMENT, AND CON-

ROL. Manuscript received December 12, 2007; final manuscript received February

7, 2009; published online December 9, 2009. Assoc. Editor: Robert Gao.

ournal of Dynamic Systems, Measurement, and Control
Copyright © 20

ded 28 Jan 2010 to 169.229.32.137. Redistribution subject to ASM
locities �of the paper� being zero in the direction perpendicular to
the rotation of the rollers. Additional details on the constraints of
this particular system can be found in Ref. �14�.

The control objective of the steerable nip device consists of
correcting the position of the sheet on a horizontal plane while the
sheet is moving in the longitudinal direction at all times. Since the
page should move without getting damaged, it is also necessary to
control the sheet’s amount of buckling. The control strategy used
to achieve these goals is based on state feedback linearization �18�
with inner loops for the control of the roller’s rotational angular
velocity and steering angular position. Recently, Elliot and Gans
�19� presented a control strategy for an underactuated steerable
nip mechanism for printer sheet registration devices similar to the
device described in this paper. However, since this mechanism
does not consider the sheet’s amount of buckling, it has one less
degree of freedom than the mechanism presented in this paper.
Thus, the control problem described in Ref. �19� resembles more
than that of the two-wheel robot in Ref. �17�, and the control
strategy presented there is significantly different from the one we
present.

The remainder of this paper is organized as follows. Section 2
briefly describes the steerable nip section and the experimental
setup. Section 3 presents the mathematical model of the system.
Sections 4 and 5 describe the control strategy and convergence
analysis for the closed-loop system, respectively. Section 6 pre-
sents the methodology proposed to tune the controller gains.
Simulation and experimental results are shown in Sec. 7. Finally,
conclusions are stated in Sec. 8.

2 Experimental Setup
The steerable nip mechanism has been designed so that it can

correct for sheet lateral position errors without having to move the
actuators and without inflicting any damage on the page. This has
been achieved by steering two rollers, which are underneath two
backer balls. As seen in Fig. 2, each roller is driven by a servo-
motor �referred as process direction actuator� attached to a rotat-
ing table, which is in turn steered by another servomotor �referred
as steering actuator� through a coupling. The sheet moves along a
flat surface, and passes between the two backer balls and rollers,
as shown in Figs. 2 and 3; note that the page moves in the direc-
tion of the arrow labeled v� .
Figure 4 is a photograph of the experimental system we have
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uilt. As shown in Fig. 4, the page is delivered to the steerable nip
ection by a feeder unit �located at the back of the picture�. Then,
hile the page moves on top of the horizontal plate, its position is
eing corrected by the steerable nip mechanism, which is located
elow the plate; a photograph of the dc motors driving the rollers
s shown in Fig. 5. Finally, the sheet is removed through an exit
oller �located at the front of the picture�. It is assumed that the
ocation of the exit roller in the experimental setup is the location
f the entrance to the ITS. Thus, the performance of the controller
s determined by the position and orientation of the paper as it
rrives to the exit roller.

Process
Motor 1

Process
Motor 2

Optical Sensors

Laser Sensors

Backer Ball

Paper

RotatingTable

Steering Motor

Top View

Side View

Image Transfer Station

Roller

Roller 1

Roller 2

Fig. 1 Schematic of steerable nip fixture

Steering
Motors

sheet

Backer ball

Backer ball

roller

roller

Process
Direction
Motors

v-
Fig. 2 Sheet moving through the steerable nip mechanism
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In order to determine the position, orientation, and the amount
of buckling of the sheet, it is necessary to detect the edges of the
page. As seen in Fig. 1, two laser sensors are located on the right
hand side of the page, which are used to measure the lateral and
angular positions of the page. Furthermore, to measure the longi-
tudinal position of the page, five single photodiode �optical� sen-
sors, spaced 52 mm apart, are located along the process direction.
It should be noticed that whereas we are able to obtain continuous
measurements for lateral and angular positions of the sheet, we
need to estimate its longitudinal position when the leading edge of
the page is between two consecutive photodiodes. In this paper we

2

1

2b

C

2b - δ

φ1

φ2

θ1

.

θ2

.
v−

Fig. 3 Steerable nips with paper buckle

Fig. 4 Experimental setup
Fig. 5 DC motors used for the steerable nip mechanism
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stimate longitudinal position through the use of an open-loop
bserver based on the kinematic relations described in Sec. 3. The
ame observer is used to estimate the amount of buckling of the
heet.

System Model
As described in Fig. 3, the steerable nip mechanism has two

ndependent steering rollers located at points 1 and 2, which are
eparated by a distance 2b. The space-fixed coordinates of the
ystem �x ,y ,� ,�� locate the leading right corner of the sheet,
oint C, which will be used to track the position of the page. Note
hat x, y, and � are the lateral, longitudinal, and angular positions
f the sheet, respectively. The amount of buckling, �, is defined as
he difference between the distance separating points 1 and 2, as

easured along the paper, 2b−�, and along the straight line, 2b
see Fig. 3�. Thus, a negative � represents the amount of buckling
n a sheet, whereas a positive � occurs when the paper stretches;
tretching needs to be avoided at all times. Also note that the
rigin �0,0� of the space-fixed frame is located in the middle of

oints 1 and 2. Furthermore, �̇i represents the angular velocity of
he rollers in the direction parallel to the sheet, and �i represents
heir angular position in the direction perpendicular to the sheet
for i=1,2�.

The kinematic model of the system is derived so that the four
onholonomic constraints mentioned in Sec. 1 are satisfied at all
imes. This model, whose complete derivation can be found in
efs. �15,16�, is represented by the following equations:

ẋ = −
r1y

2b
cos �1�̇1 + r2� y

2b
cos �2 + sin �2��̇2 �1�

ẏ =
r1�x − b�

2b
cos �1�̇1 −

r2�x + b�
2b

cos �2�̇2 �2�

�̇ =
1

�r1 cos �1�̇1 − r2 cos �2�̇2� �3�

+s
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�̇ = r2 sin �2�̇2 − r1 sin �1�̇1 �4�

where r1 and r2 are the radii of the two rollers. As mentioned in
Refs. �15,16�, a simple model that adequately describes both the
process direction and steering actuator dynamics is given by

�̈i + �pi�̇i = �piVpi �i = 1,2� �5�

�̈i + �si�̇i = �siVsi �i = 1,2� �6�

where Vji is the voltage input to the motor, and � ji and � ji are
actuator coefficients that depend on the inertias and rotational vis-
cous damping coefficients of the different components of the
steerable nip mechanism; subindices p and s stand for process
direction and steering actuators, respectively, and subindex i cor-
responds to each of the two rollers.

The complete dynamic system model is composed of Eqs.
�1�–�6�. We can further define the state vector as x�

= �x y � � �1 �2 �̇1 �̇2 �̇1 �̇2�T, the input vector as u�
= �u1 u2 u3 u4�T= �Vp1 Vp2 Vs1 Vs2�T, and the output vector as
y� = �x y � ��T.

4 Control Strategy
The block diagram of the control system is shown in Fig. 6. As

will be explained in the next paragraphs, the control strategy de-
signed uses feedback linearization to linearize only the kinemat-
ics, and uses internal loops to locally control the actuator’s posi-
tions and velocities. This technique is an extension to the dynamic
feedback linearization controller presented in Refs. �20–22�, since
we need to integrate the outputs from the nonlinear linearization
law CFBL. However, robustness is gained through the use of the
internal loops.

In Fig. 6, the block Kinematics is represented by Eqs. �1�–�4�,
the process direction actuators, Pp1 and Pp2 by Eq. �5�, and the
steering actuators, Ps1 and Ps2 by Eq. �6�. Furthermore, noticing
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that if we differentiate the output vector y� twice, we obtain
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y�̈ = m�x�� + N�x����̈1 �̈2 �̇1 �̇2 �T �7�

here m�x�� is a nonlinear 4�1 vector and N�x�� is a nonlinear 4
4 matrix; we design the following feedback linearization con-

rol law CFBL:

��̈1d �̈2d �̇1d �̇2d �T
= N−1�x���v� �x�� − m�x���

v� = �
ẍd + �Kx + �x��ẋd − ẋ� + Kx�x�xd − x�
ÿd + �Ky + �y��ẏd − ẏ� + Ky�y�yd − y�

�̈d + �K� + �����̇d − �̇� + K�����d − ��

�̈d + �K� + �����̇d − �̇� + K�����d − ��
� �8�

here K and � are the feedback linearization controller gains. We
hen use feedback plus feedforward to locally control the actua-

or’s rotational velocities �̇i and steering positions �i. These local
ontrollers are given by

CFBpi
�s� = �pi +

	pi

s
; CFFpi

�s� =
1

�pi
�1 +

�pi

s
� �i = 1,2�

CFBsi
�s� = �si + 	pis; CFFsi

�s� =
1

�si
�1 +

�si

s
� �i = 1,2� �9�

here � and 	 are controller gains, and � and � are the actuator
oefficients defined in Eqs. �5� and �6�. As shown in Fig. 6, in
rder to use feedforward for steering position control, we estimate
he steering acceleration �̈id through the use of a first order filter
ith gain 
i �i=1,2�. If 
i is sufficiently small, the value of �̇id

ill be very close to that of �̇̄i. This technique, which is some-
imes referred as dynamics surface control �DSC�, has been pro-
osed by Swaroop et al. �23�. Note that the success of the com-
lete control strategy depends on the invertibility of matrix N�x�.
t is shown in Refs. �15,16� that this matrix is invertible as long as

he sheet always moves in the longitudinal direction ��̇1 , �̇2�0�.

Convergence Analysis of Closed-Loop System
In this section we will prove the local convergence of the con-

rol system described in Sec. 4 for a sheet of finite length by
inearizing the system error dynamics. Thus, we will first set the
rror dynamics in terms of the paper and actuator errors as well as
heir corresponding surface errors. Then we will linearize the error
ynamics around a predefined desired trajectory, and will show
hat, by proper selection of the controller gains, the error vector of
he linearized control system converges asymptotically to zero.
et us first define paper coordinate errors and actuator errors by

x̃ = xd − x, ỹ = yd − y

�̃ = �d − �, �̃ = �d − �

�pi = �̇id − �̇i, �si = �id − �i �i = 1,2�

�i = �̇̄i − �̇id �i = 1,2� �10�
nd let us also define the following surface errors:

sx = ẋ̃ + �xx̃, sy = ẏ̃ + �yỹ

s� = �̇̃ + ���̃, s� = �̇̃ + ���̃

s�p1
= �̇p1 + ��p1

�p1, s�p2
= �̇p2 + ��p2

�p2

s�s1
= �̇s1 + ��s1

�s1, s�s2
= �̇s2 + ��s2

�s2 �11�

ombining now Eqs. �7�, �8�, and �10� we obtain the closed-loop

xpression

11008-4 / Vol. 132, JANUARY 2010
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ÿ = v� �x�� − N�x����̇p1 �̇p2 ��̇s1 + �1� ��̇s2 + �2� �T �12�

If we further express v� �x�� from Eq. �8� in terms of paper and
surface errors �Eqs. �10� and �11��, and let the actuator controller
gains 	pi and �si in Eq. �9� be equal to

	pi =
��pi + �pi�pi − ��pi

���pi

�pi
�i = 1,2�

�si =
��si + 	si�si − �si��si

�si
�i = 1,2� �13�

the time derivatives of the errors in Eqs. �10� and �11� can be
expressed as

ẋ̃ = − �xx̃ + sx

ẏ̃ = − �yỹ + sy

�̇̃ = − ���̃ + s�

�̇̃ = − ���̃ + s� �14�

�̇p1 = − �p1�p1 + s�p1

�̇p2 = − �p2�p2 + s�p2

�̇s1 = − �s1�s1 + s�s1

�̇s2 = − �s2�s2 + s�s2

ṡx = − Kxsx + n11�̇p1 + n12�̇p2 + n13��̇s1 + �1� + n14��̇s2 + �2�

ṡy = − Kysy + n21�̇p1 + n22�̇p2 + n23��̇s1 + �1� + n24��̇s2 + �2�

ṡ� = − K�s� + n31�̇p1 + n32�̇p2 + n33��̇s1 + �1� + n34��̇s2 + �2�

ṡ� = − K�s� + n41�̇p1 + n42�̇p2 + n43��̇s1 + �1� + n44��̇s2 + �2�

ṡ�p1
= − ��p1 + �p1�p1 − ��p1

�s�p1

ṡ�p2
= − ��p2 + �p2�p2 − ��p2

�s�p2

ṡ�s1
= − ��s1 + �s1�s1 − ��s1

�s�s1

ṡ�s2
= − ��s2 + �s2�s2 − ��s2

�s�s2

�̇1 = −
1


1
�1 +

��̇̄1

�
�

�̇ +

��̇̄1

�t

�̇2 = −
1


2
�2 +

��̇̄2

�
�

�̇ +

��̇̄2

�t
�15�

where nij is the �i , j� element of matrix N�x�� in Eq. �7�, and 
� is
defined by


� = �x̃ sx ỹ sy �̃ s� �̃ s� �T �16�

If we now define the desired trajectory by

�xd,yd,�d,�d, ẋd, ẏd,�̇d, �̇d� = �0,�t,0,0,0,�,0,0� �17�

where � is the nominal longitudinal velocity of the sheet, and
linearize the error dynamics in Eqs. �14� and �15� around x̃= ỹ

= �̃= �̃=�p1=�p2=�s1=�s2=sx=sy =s�=s�=s�p1
=s�p2

=s�s1
=s�s2
=�1=�2=0, we obtain an expression of the form
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ė��t� = G�t�e��t� �18�

here e��t� is the error vector, and it is defined by

e��t� = �x̄ ȳ �̄ �̄ �̄p1 �̄p2 �̄s1 �̄s2 �̄ �T �19�

hose elements are

x̄ = 	 x̃

sx

, ȳ = 	 ỹ

sy

, �̄ = 	 �̃

s�



�̄ = 	 �̃

s�


, �̄p1 = 	�p1

s�p1


, �̄p2 = 	�p2

s�p2



�̄s1 = 	�s1

s�s1


, �̄s2 = 	�s2

s�s2


, �̄ = 	�1

�2

 �20�

imilarly, the time-varying matrix G�t� in Eq. �18� is given by

G�t� = �
Ax 0 0 0 Bx

�p1�t� Bx
�p2�t� Bx

�s1 0 Bx
�

0 Ay 0 0 By
�p1 By

�p2 0 0 0

0 0 A� 0 B�
�p1 B�

�p2 0 0 0

0 0 0 A� 0 0 B�
�s1 B�

�s2 B�
�

0 0 0 0 A�p1
0 0 0 0

0 0 0 0 0 A�p2
0 0 0

0 0 0 0 0 0 A�s1
0 0

0 0 0 0 0 0 0 A�s2 0

B�
x 0 B�

��t� B�
� B�

�p1�t� B�
�p2�t� B�

�s1 B�
�s2 A�

�
�21�

hose matrix components are

Ax = 	− �x 1

0 − Kx

, Ay = 	− �y 1

0 − Ky



A� = 	− �� 1

0 − K�

, A� = 	− �� 1

0 − K�



A�p1
= 	− ��p1

1

0 − g10,10

, A�p2

= 	− ��p2
1

0 − g12,12



A�s1
= 	− ��s1

1

0 − g14,14

, A�s2

= 	− ��s2
1

0 − g16,16



A� = 	− ��1
0

g18,17 − ��2


 �22�

Bx
�p1�t� = 	 0 0

g2,9 g2,10

, Bx

�p2�t� = 	 0 0

g2,11 g2,12



Bx
�s1 = 	 0 0

g2,13 − �

, Bx

� = 	 0 0

− � 0



By
�p1 = 	 0 0

g4,9 g4,10

, By

�p2 = 	 0 0

g4,11 g4,12



B�
�p1 = 	 0 0 
, B�

�p2 = 	 0 0 


g6,9 g6,10 g6,11 g6,12
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B�
�s1 = 	 0 0

g8,13 �

, B�

�s2 = 	 0 0

g8,15 − �



B�
� = 	0 0

� − �

, B�

x = 	g17,1 g17,2

g18,1 g18,2



B�
��t� = 	g17,5 g17,6

g18,5 g18,6

, B�

� = 	 0 0

g18,7 g18,8



B�
�p1�t� = 	g17,9 g17,10

g18,9 g18,10

, B�

�p2�t� = 	g17,11 g17,12

g18,11 g18,12



B�
�s1 = 	g17,13 g17,14

g18,13 g18,14

, B�

�s2 = 	 0 0

g18,15 g18,16

 �23�

Elements gi,j, above, depend on system parameters and controller
gains; elements g2,9, g2,10, g2,11, g2,12, g17,3, g17,9, g17,10, g17,11,
g17,12, g18,5, g18,6, g18,9, g18,10, g18,11, and g18,12 depend explicitly
on time, and they do so linearly. This dependence on time comes
from the definition of the desired trajectory of the sheet shown in
Eq. �17�.

In order to show the convergence of the control system errors,
we will look at the dynamics of each of the elements of the error
vector in Eq. �19�, and will provide their algebraic solutions.
Thus, combining Eqs. �19�–�23� we obtain the following expres-
sions:

ẋ̄ = Axx̄ + Bx
�p1�t��̄p1 + Bx

�p2�t��̄p2 + Bx
�s1�̄s1 + Bx

��̄

ẏ̄ = Ayȳ + By
�p1�̄p1 + By

�p2�̄p2

�̇̄ = A��̄ + B�
�p1�̄p1 + B�

�p2�̄p2

�̇̄ = A��̄ + B�
�s1�̄s1 + B�

�s2�̄s2 + B�
��̄ �24�

�̇̄p1 = A�p1
�̄p1

�̇̄p2 = A�p2
�̄p2

�̇̄s1 = A�s1
�̄s1

�̇̄s2 = A�s2
�̄s2 �25�

�̇̄ = A��̄ + B�
xx̄ + B�

��t��̄ + B�
��̄ + B�

�p1�t��̄p1 + B�
�p2�t��̄p2 + B�

�s1�̄s1

+ B�
�s2�̄s2 �26�

The solutions for �pi, �si, �i=1,2� can then be easily obtained
from Eq. �25� as follows:

�̄p1�t� = eA�p1
t�̄p1�0�

�̄p2�t� = eA�p2
t�̄p2�0�

�̄s1�t� = eA�s1
t�̄s1�0�

�̄s2�t� = eA�s2
t�̄s2�0� �27�

Subsequently, the solutions for x̄�t�, ȳ�t�, �̄�t�, and �̄�t� can be
obtained from Eqs. �24� and �27�, and the solution for �̄�t� from

Eqs. �26� and �27� as
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x̄�t� = eAxtx̄�0� + 	�
0

t

eAx�t−
�Bx
�p1�
�eA�p1


d

�̄p1�0�

+ 	�
0

t

eAx�t−
�Bx
�p2�
�eA�p2


d

�̄p2�0�

+ 	�
0

t

eAx�t−
�Bx
�s1eA�s1


d

�̄s1�0�

+ 	�
0

t

eAx�t−
�Bx
�s2eA�s2


d

�̄s2�0� +�
0

t

eAx�t−
�Bx
��̄�
�d


ȳ�t� = eAytȳ�0� + 	�
0

t

eAy�t−
�By
�p1eA�p1


d

�̄p1�0�

+ 	�
0

t

eAy�t−
�By
�p2eA�p2


d

�̄p2�0�

�̄�t� = eA�t�̄�0� + 	�
0

t

eA��t−
�B�
�p1eA�p1


d

�̄p1�0�

+ 	�
0

t

eA��t−
�B�
�p2eA�p2


d

�̄p2�0�

�̄�t� = eA�t�̄�0� + 	�
0

t

eA��t−
�B�
�s1eA�s1


d

�̄s1�0�

+ 	�
0

t

eA��t−
�B�
�s2eA�s2


d

�̄s2�0� +�
0

t

eA��t−
�B�
��̄�
�d


�28�

�̄�t� = eA�tē�0� +�
0

t

eA��t−
�B�
xx̄�
�d
 +�

0

t

eA��t−
�B�
��
��̄�
�d


+�
0

t

eA��t−
�B�
��̄�
�d
 + 	�

0

t

eA��t−
�B�
�p1�
�eA�p1


d

�̄p1�0�

+ 	�
0

t

eA��t−
�B�
�p2�
�eA�p2


d

�̄p2�0�

+ 	�
0

t

eA��t−
�B�
�s1eA�s1


d

�̄s1�0�

+ 	�
0

t

eA��t−
�B�
�s2eA�s2


d

�̄s2�0� �29�

Finally, we can see from Eqs. �22�, �23�, and �27�–�29� that by
roper selection of the controller gains, we can make matrices Ax,

y, A�, A�, A�p1
, A�p2

, A�s1
, A�s2

, and A� Hurwitz, and thus x̄�t�,
�t�, �̄�t�, �̄�t�, �̄p1�t�, �̄p2�t�, �̄s1�t�, �̄s2�t�, and �̄�t� will converge
o zero asymptotically.

Controller Design Methodology
Since the page moves at a constant nominal longitudinal veloc-

ty, �, the leading edge of the sheet will enter the ITS at a pre-
pecified time, T. Therefore, it is necessary to design a feedback
ystem that will reduce all sheet positions and orientation errors to
ome prespecified level within the allowable control time T. We
ill now state these control specifications more precisely as fol-
ows.
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i. The sheet has finite dimensions and moves with a nominal
longitudinal velocity, �.

ii. The distance between the first and last optical sensors in
Fig. 1 is given by L. Thus, the leading edge of the sheet
will exit the steerable nip section at time T=L /�.

iii. The sheet has maximum initial errors x̃m�0�, ỹm�0�, �̃m�0�,
and �̃m�0�.

iv. At time T, when the sheet exits the nip section, the maxi-
mum errors must be, respectively, smaller than or equal to

x̃m�T�, ỹm�T�, �̃m�T�, and �̃m�T�.

Now, by looking at the expressions in Eqs. �27�–�29�, we can
develop a procedure to calculate the required controller gains for a
sheet of finite dimensions moving at a prespecified nominal lon-
gitudinal velocity with some given initial and final state errors.

Whereas the gains corresponding to ȳ�t�, �̄�t�, �̄pi�t�, and �̄si�t�
�i=1,2� can be obtained directly, those corresponding to x̄�t�, �̄�t�,
and �̄�t� cannot, since the expressions for x̄�t� and �̄�t� depend on
��t� and vice versa. Thus, we need to use the following iterative
procedure.

i. Given the initial and final maximum error bounds,
� ji�m��0� and � ji�m��T�, respectively, and their correspond-
ing surface error bounds s� ji�m�

�0� and s� ji�m�
�T� for j=s , p

and i=1,2, use Eq. �27� to calculate the required control-
ler gains ���pi

,��pi
� and ���si

,	�si
�.

ii. Given the initial maximum error bounds, ỹm�0� and �̃m�0�,
the final maximum error bounds, ỹm�T� and �̃m�T�, their
corresponding surface error bounds, sy�m��0�, s��m��0�,
sy�m��T� and s��m��T�, and the controller gains obtained in
step �i�, use the second and third expressions in Eq. �28� to
calculate the required controller gains ��y ,Ky�, and
��� ,K��, respectively.

iii. Given the initial and final maximum error bounds,
�i�m��0� and �i�m��T�, respectively, the controller gains ob-
tained in steps �i� and �ii�, and an initial guess for the
controller gains ��x ,Kx� and ��� ,K��, use Eq. �29� to cal-
culate the controller gains 
i for i=1,2.

iv. Given the initial maximum error bounds, x̃m�0� and �̃m�0�,
the final maximum error bounds, x̃m�T� and �̃m�T�, the
corresponding surface error bounds, sx�m��0�, s��m��0�,
sx�m��T�, and s��m��T�, the controller gains initially guessed
for ��x ,Kx� and ��� ,K�� in step �iii�, and the controller
gains obtained in steps �i�–�iii�, use the first and fourth
expressions in Eq. �28� to verify that the norms �x̃�T�� and

��̃�T�� are smaller than x̃m�T� and �̃m�T�, respectively.
v. Iterate between steps �iii� and �iv� if necessary.

As stated in step �v�, even though this procedure requires some
iteration, it should be noted that the initial guesses mentioned in
step �iii� can be obtained from a simplified control system, which
is described in Ref. �24�. The simplification consists in assuming
that whereas we still control the velocity of the process direction
motors through the internal loops shown in Fig. 6, inputs u3 and

u4 are the steering angular velocities ��̇1=u3 ; �̇2=u4�, which are
obtained directly from the feedback linearization law in Eq. �8�.
They are then integrated once and fed directly as inputs to the
kinematics block in Fig. 6. In this way, we would have inner loops
for the process direction actuators, but not for the steering motors.
Using these assumptions, the control gain synthesis problem is
simplified not only because of the reduction in the inner loops, but
also because we no longer need the first order filters shown in Fig.

6. The simplified system only has controller gains ��x ,Kx�,
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�y ,Ky�, ��� ,K��, ��� ,K��, ���p1
,��p1

�, and ���p2
,��p2

�, and they
an be computed without any iteration. Furthermore, it should be
oted that in most cases we only need one or two iterations be-
ween steps �iii� and �iv� before we arrive at the required control-
er gains for the desired specifications.

Simulation and Experimental Results
In order to determine the efficacy of the controller developed,

e first performed simulation tests for a letter-sized sheet moving
long the steerable nip section length, 0.2 m, at the nominal lon-

able 1 Maximum allowable initial and final state error bounds
or simulation test. The unit for x̃, ỹ, and �̃ is m; the unit for �̃,
s1, and εs2 is rad; and the unit for εp1, εp2, �1, and �2 is rad/s.

nitial errors Final errors

x̃�0��� x̃m�0�=0.008 �x̃�T��� x̃m�T�=0.0013
ỹ�0��� ỹm�0�=0.040 �ỹ�T��� ỹm�T�=0.0016

�̃�0����̃m�0�=0.025 ��̃�T����̃m�T�=0.0035

�̃�0����̃m�0�=0.0001 ��̃�T����̃m�T�=0.00002
�p1�0����p1�m��0�=0.1 ��p1�T����p1�m��T�=0.01
�p2�0����p2�m��0�=0.1 ��p2�T����p2�m��T�=0.01
�s1�0����s1�m��0�=0.1 ��s1�T����s1�m��T�=0.01
�s2�0����s2�m��0�=0.1 ��s2�T����s2�m��T�=0.01
�1�0����1�m��0�=0.1 ��1�T����1�m��T�=0.01
�2�0����2�m��0�=0.1 ��2�T����2�m��T�=0.01
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Fig. 7 Simulation results for large initial

allowable control time, T, and the horizontal
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gitudinal velocity of 0.5 m/s from the initial to the final state
errors shown in Table 1, where T=0.42 s represents the allowed
time for control action.

Based on the initial and final maximum errors shown in Table 1
and the methodology presented in Sec. 6, the following controller
gains were obtained: ��x ,Kx�= �80,4.5�, ��y ,Ky�= �80,8.0�,
��� ,K��= �80,4.9�, ��� ,K��= �95,4.0�, ���p1

,��p1
�= �100,0.26�,

���p2
,��p2

�= �100,0.26�, ���s1
,	�s1

�= �100,9.31�, ���s2
,	�s2

�
= �100,9.31�, and �
1 ,
2�= �0.0042,0.0013�. Figure 7 shows the
simulation results using these controller gains. In this figure, the
horizontal dotted lines mark the final state errors at the allowable
control time, T, which is in term marked by the vertical dotted
lines. It should be noticed the efficacy of the methodology pre-

sented in Sec. 6, since x̃, ỹ, �̃, and �̃ are exactly reduced to the
prescribed limits shown in Table 1 within the allowed control
time.

Furthermore, we have also performed experimental tests in the
system shown in Fig. 4. It should be noticed, however, that the
actual experimental fixture cannot handle initial errors as large as
those in Table 1 due to limitations in the setup design �range of the
laser sensors for lateral and angular measurements in Fig. 1�.
Thus, based on the initial and final errors shown in Table 2 and the
methodology presented in Sec. 6, the following controller gains
were obtained: ��x ,Kx�= �80,12.5�, ��y ,Ky�= �80,13.2�, ��� ,K��
= �80,11.2�, ��� ,K��= �80,7.9�, ���p1

,��p1
�= �100,0.26�,

���p2
,��p2

�= �100,0.26�, ���s1
,	�s1

�= �100,9.31�, ���s2
,	�s2

�
= �100,9.31�, and �
1 ,
2�= �0.0042,0.0013�. As shown in Fig. 8,
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y using these controller gains, the system was able to reduce the
heet’s initial position errors to prescribed levels in about 0.3 s.
ote that the position increases constantly because the sheet
oves in the longitudinal direction at all times. The discrepancies

bserved between simulation and experimental results can be at-
ributed to sensor noise and model parameter uncertainties, such
s friction coefficients. Particularly, Ergueta et al. �25� discussed
he possible existence of unmodeled dynamics in the actuators,
nd presented a proof of the robustness of this control strategy to
uch uncertainties.

able 2 Maximum allowable initial and final state error bounds
or the experimental test. The unit for x̃, ỹ, and �̃ is m; the unit
or �̃, εs1, and εs2 is rad; and the unit for εp1, εp2, �1, and �2 is
ad/s.

nitial errors Final errors

x̃�0��� x̃m�0�=0.004 �x̃�T��� x̃m�T�=0.00026
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8 Conclusion
In this paper we have presented an innovative design that per-

mits a swifter correction of lateral, longitudinal, and angular po-
sition errors in a paper path control system for xerographic and
printing devices. This mechanism accomplished this task by hav-
ing steerable nips.

In order to correct the sheet position errors we have used a
controller based on dynamic feedback linearization �18,20–22�
with the addition of internal loops for the control of the process
direction velocity and steering position of the rollers; for these
inner loops we have used feedback plus feedforward control.

In addition, not only have we provided a convergence analysis
for the controller implemented, but also we have described a de-
sign methodology to determine the controller gains.

Simulation and experimental results show that by using the
controller gains obtained from the methodology previously men-
tioned, it is possible to drive a sheet from an initial state with
nonzero longitudinal velocity to a final state, also with nonzero
longitudinal velocity in a very short time.
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