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Abstract

This paper presents an algorithm for controlling vibratory MEMS gyroscopes so that they can directly measure the rotation angle without
integration of the angular rate, thus eliminating the accumulation of numerical integration errors incurred in obtaining the angle from the angular
rate. The proposed control algorithm consists of a weighted energy control and a mode tuning control. The weighed energy control compensates
unequal damping terms and keeps the amplitude of oscillation constant in an inertial frame by maintaining the prescribed total energy. The mode
tuning control continuously tunes mismatches in spring stiffness in order to maintain a straight line of oscillation for the proof mass. The simulation
results demonstrate the feasibility of the control algorithm and the viability of the concept of using a vibratory gyroscope to directly measure

rotation angle.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

MEMS gyroscopes are typically angular rate gyroscopes that
are designed to measure the angular rate [1]. In order to obtain
the rotation angle using a MEMS rate gyroscope, it is required
to integrate the measured angular rate with respect to time. The
integration process, however, causes the rotation angle to drift
over time and therefore the angle error to diverge quickly due to
the presence of bias and noise in the angular rate signal. These
effects are more severe for low cost MEMS rate gyroscopes.

Several techniques have been proposed and commercialized
to bound the error divergence resulted from the integration of
gyroscope angular rate signal. The most common technique is
to fuse rate gyroscopes with accelerometers and magnetometers
based on the fact that steady-state pitch and roll angles can be
obtained using accelerometers, and yaw angles can be obtained
using magnetometers. This technique, however, has a few draw-
backs. The magnetometer signals can be severely distorted by
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unwanted magnetic fields in the vicinity of the sensors. The
rotation angles can be correctly obtained from accelerometer
measurements only when the moving object is in steady state.
Moreover, yaw angle cannot be obtained using accelerometers,
although there are a number of applications where yaw angle
must be measured correctly such as automobile and home robot
navigation [2].

MEMS gyroscopes can conceptually operate in the rota-
tion angle measurement mode. When an isotropic oscillator is
allowed to freely oscillate, the precession of the straight line
of oscillation provides a measure of the angle of rotation. For
freely oscillating, the natural frequencies of oscillation of the
two vibrating modes must be the same and the modes are un-
damped. Ideally, the vibrating modes of a MEMS gyroscope are
supposed to remain mechanically decoupled, their natural fre-
quencies should be matched, and the output of the gyroscope
should be sensitive to only rotation. In practice, however, fab-
rication defects and environment variations are always present,
resulting in a mismatch of the frequencies of oscillation for the
two vibrating modes and the presence of linear dissipative forces
with damping coefficients [3]. These fabrication imperfections
are major factors that limit realization of an angle measuring
gyroscope. Although most published control algorithms deal
with rate gyroscope [4—6], a few control algorithms for real-
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izing angle measuring gyroscopes have been presented in Refs.
[7-12]. Friedland and Hutton [7] suggested the use of a vibratory
gyroscope for measuring rotation angle. A composite nonlinear
feedback control is reported in Refs. [8—11], where the energy
control and angular momentum control are developed based
on the analytic results of Ref. [7]. However, their energy con-
trol relies on the equal damping assumption, and the angular
momentum control is vulnerable to interference with the Corio-
lis acceleration. Another composite nonlinear feedback control
is proposed in Ref. [12], where the stability of the controlled
system is not proven.

In this paper, we present a new control algorithm for
realizing angle measuring gyroscopes. The developed con-
trol algorithm maintains the prescribed total energy level, and
compensates for mismatched stiffness and damping, so as to
ensure that the proof mass maintains a straight line of oscil-
lation and keeps the magnitude of amplitude in the inertial
frame.

2. Dynamics of a vibratory angle measuring gyroscope

The equation of motion of a mass freely oscillating in two
degrees-of-freedom (2-DOF) at frequency w in an inertial frame
is given by

§i +wigi =0 (1

where ¢; = [x; y,-]T is displacement of mass along the | and &,
axis of the inertial frame. To describe the motion of a mass freely
oscillating in the gyro frame, which rotates about the &3 axis
of the inertial frame, a coordinate transformation is performed
using the relation:

qi = Ciq 2

cosy —siny
sinyy  cosy
Y is the rotation angle, and g=[xy] is displacement vector along
the g1 and g, axes of the gyro frame.

If Eq. (2) is substituted to Eq. (1), then we get

where Cé = l ] is the direction cosine matrix,

i + [, x1q + 2[wfy, x1q + (@5 — ¥*)g = 0 3)

where [w;ggx] = is the angular rate matrix of the

v
gyro frame with respect to the inertial frame.

If the line of oscillation of the mass with amplitude M is
aligned with the &; axis, then the solution of Eq. (3) is given by

x = M cos (V1) sin (wp?)

. ' . (4)
y = —M sin (¢ t) sin (wot)

Eq. (3) is approximated as following equation with the assump-
tion that wg >> v and ¢ ~ 0.
X+ a)%x =2y y

. 5
')')+w(%y=—21ﬁx (%)

(a) )

rotation platform

élh—h

inertial frame

Fig. 1. MEMS gyroscope: (a) model and (b) gyroscope fabricated by Sejong
University.

Eq. (5) describes the motion of 2-DOF freely oscillating mass
with frequency wy in the gyro frame. The rotation angle i can
be calculated with Eq. (4) by measuring displacement x and y in
the gyro frame. Therefore, Eq. (5) is referred to as the dynamics
of an ideal vibratory angle measuring gyroscope.

A physical angle measuring gyroscope can be implemented
by the 2-DOF mass-spring-damper system whose proof mass
is suspended by spring flexure anchored at the gyro frame, as
shown in Fig. 1. A vibratory angle measuring gyroscope has
the same structure as a vibratory rate gyroscope, and there are
reports of various types of rate gyroscopes in the literature and
industry.

Considering fabrication imperfections and damping, a real-
istic model of a z-axis gyroscope is described as follows:

X—i—dx)'c—i-w%x—i—wxyy:fx—i—%ﬁy ©)
y+dyy+ oy +ogx = f,—2yx
where d and dy are damping, w, and w, are natural frequencies
of the x- and y-axis, wyy is a coupled frequency term, and f; and f,
are the specific control forces applied to the proof mass in g1 and
&> axis of the gyro frame, respectively. The coupled frequency
term, called quadrature error, comes mainly from asymmetries
in suspension structure and misalignment of sensors and actu-
ators. Recently, a mechanically decoupled gyroscope structure
has been proposed in the literature and it is shown that two
axes can be mechanically decoupled to a great extent by using
a unidirectional frame structure [13,14].
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3. Design of control algorithm

The control problem of angle measuring gyroscope is for-
malized as follows; given the realistic gyroscope model,

G+ wiq = f — Dg — Rq — 2[wf,x]q @)
here £ = (£ ). 0= | % O 1 r= %" ° |ana
where f = ,D = R = an
Y 0 d, 0 Awy
Awy, = w)zc — w(z), Awy = a)g — a)g, determine the control laws

for fy and fy, such that the damping terms, d and d,, and mis-
matches in natural frequencies, Aw, and Awy, are correctly
compensated for the realistic gyroscope to be operated as an
ideal angle measuring gyroscope. Note that the gyroscope oper-
ates at a fixed frequency, wg, which is chosen by the designer.
In such a way, natural frequencies of both axes can be actively
tuned to be matched, and the associated signal processing can
be simplified as well.

In this section, we propose an adaptive controller to compen-
sate for damping terms and mismatches in natural frequencies
by performing two tasks: (a) initiating oscillation and maintain-
ing total energy level, and (b) tuning any mismatch in the natural
frequencies of both axes.

3.1. Weighted energy control

When the gyroscope rotates, the line of oscillation precesses
because the Coriolis acceleration transfers energy between the
two axes of the gyroscope, while conserving the total energy of
the gyroscope. This can be shown by defining the instantaneous
total mechanical energy E as

1
E=5G"q+w5q" 9 ®)

and differentiating it along the trajectory of an ideal gyroscope
(5) as follows.

E=¢"4+w5q"q =" (—wpq — 20wl x19) + 05q" g =0
©)

From Eq. (9), itis clear that the angular rate term does not change
the total energy. However, in case of a non-ideal gyroscope, the
total energy is not conserved because of the damping terms.

Therefore, the purpose of an energy control should be to
maintain the prescribed energy level so that the damping is com-
pensated without interference with the angular rate, and also to
excite the proof mass into oscillation. If the prescribed energy
level is larger than the current energy level, then the magnitude
of energy control is chosen to be positive for growing the oscil-
lation, and conversely negative for damping the oscillation. In
such a way, the magnitude of energy control effectively com-
pensates the damping terms and sustains free oscillation of the
system.

The deviation of actual energy level of the system from the
prescribed one is defined by

- 1
E=E— 5(qTq +w3q"q) (10)

where Ey denotes the prescribed energy level. Note that total
energy is computed based on the designed reference frequency
wo. Now, consider the following positive definite function
(PDF).

y=1(p + L, (DD} a1

=— —tr
2 Ky

where Kj is a positive constant, D =D — D where D is the

estimate of D, and tr{-} denotes the trace of the matrix. The

derivative of the PDF V along the trajectory of Eq. (7) is

. ~ 2 1 ~ 2T

V=FEE+ —tu{DD } 12)
K1

If the energy control law f£ is chosen to be

fe=Dg+ fi (13)

where f1 is an auxiliary control action that will be defined subse-
quently, then the derivative of the PDF Vis computed as follows,
assuming that the natural frequencies are compensated to be the
reference natural frequency.

. ~ T LT . 1 ~ 2T

V=E-q¢ fi—q Dy + ?tr{DD } (14)
I

If f1 is chosen to be

fi=KpEg (15)

where Kp is a positive constant, then Eq. (14) becomes:
V=—Kp E2qTq+tr{I;DbT - EquT} (16)
Eq. (16) suggests the following adaptation law for:

D =K1 E¢q" 17)

leads to V = —Kp E2¢Tg < 0.

Theorem 1. With the control laws (13) and (15), and damping
adaptation law (17), the following results hold.

(a) The total energy error E and its time-derivative both con-
verge to zero as t — 00.

(b) The convergence of the damping estimate, D, to its true
value is guaranteed only when equal damping of both axes
is assumed.

According to Theorem 1, the energy control can compensate
the damping terms only when both axes have the same damping
values. Since unequal damping terms cause different dissipation
of energy, different weightings on the total energy control are
required. This fact suggests a modification of the energy control
law which we summarize in the following theorem.

Theorem 2. If the damping ratio of both axes is known, then
the total energy error and damping estimate error converge to
zero as t — oo when the following control law (18) and damping
adaptation law (19) are applied.
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fe=KpEqg+aAg (18)
& = Ky E@G" Ag) (19)

where A is a damping ratio matrix to satisfy D=« A, « is an
associated scalar value, & is the estimate of o, and & = & — .

The original energy control is modified using the damping
ratio matrix and therefore compensates different dissipation of
two axes. The damping ratio can be obtained at an initialization
stage which we will explain later.

3.2. Mode tuning control

The natural frequencies of the two axes must be matched pre-
cisely, but the accuracy required is beyond the manufacturing
tolerance. Since the natural frequency changes with tempera-
ture and other environment factors, we propose that the fixed
reference frequency, wo, is specified by the designer. There-
fore, the purpose of mode tuning control is to track reference
frequency by compensating for x- and y-axis natural frequency
deviations from the reference frequency. The introduction of the
concept of reference frequency is very useful since it can sim-
plify signal processing needed for calculating the total energy
and demodulating the output signals.

The mode tuning control for both axes is given by
Adyx

20
Adbyy 20)

where the frequency deviations are estimated by a frequency
deviation estimator. Since both axes share the same mode tuning
control scheme, we will explain a frequency deviation estimator
for x-axis only for simplicity. A frequency deviation estimator
consists of two function blocks: phase detector and controller.

The phase detector compares the phase difference between
the driving signal and the output. Consider an ideal gyroscope
behavior and a velocity feedback energy control, the driving
signal can be assumed to be cos wot multiplied by a constant.
Therefore, the output of phase detector is the product of the
measured position signal and the driving signal, cos wot, filtered
by a low-pass filter, i.e.

6 = LPF(x sgn(X) cos wot) (21)

where 6 is the phase difference, x is the measured position sig-
nal, LPF denotes a low-pass filter, and sgn(X) is the sign of the
measured velocity signal X compared to reference driving signal
cos wot, 1.e.

X = LPF(cos wot X) (22)

The x-axis frequency deviation, Ay, is calculated from the
phase difference, 6, by using an integral controller,
Kiv ~
Ady = - M (23)
s

where Ky is the integral control gain. Stability analysis of this
mode tuning control scheme can be obtained in a similar fashion
as that in the literature for PLL [16].

3.3. Initialization

As mentioned in Theorem 2, the energy control needs a damp-
ing ratio matrix A to compensate for the different dissipations
of two axes. There may be two approaches in identifying this
damping ratio matrix. One approach is to drive both axes with
the same control such as

S,y = Acos wot 24)

where A is the fixed amplitude of the control. The damping ratio
is identified by calculating the energy ratio using the fact that
the damping ratio is inversely proportional to the square-root of
the energy ratio, i.e.

dy Ex
— == 25
d \/ Ey (25)

where
1 1
Ex = E(xz + wix?), Ey= E(y2 + w3 y?) (26)

are the calculated energies of the x- and y-axis, respectively.

The other approach is to implement energy control scheme
and estimate the damping terms of both axes independently. The
energy control can be the same as that in Eq. (24), however, the
amplitude of the energy control A is adjusted until the prescribed
energy level is reached at both axes. Scalar versioned control
laws of (13), (15) and (17) can be used to estimate d, and d,,
thus damping ratio d,/d,.

These approaches are used at the initial calibration stage with
the assumption of zero angular rate when the gyroscope is turned
on, or at regular calibration sessions which may be performed
periodically to identify the ratio. Once the ratio is identified, its
value can be frozen until the next calibration session, because
the variation of damping ratio is negligibly slow compared with
damping itself.

Although arecently developed mechanically decoupled gyro-
scope structure has shown that the two axes can be mechanically
decoupled to a great extent, there may be still a coupled stiff-
ness term which comes mainly from misalignment of sensors
and actuators. In this case, a coupling compensator is needed
to compensate for the coupling effect in stiffness between the
two axes at an initial calibration stage. A force balancing control
[17] is used to compensate the coupling term so that it drives
the y-axis output to and holds it at zero. It is given as a PI-type
controller as follows.

K
foxy = <K1 + 52) LPE(y cos wof) o7

b = xyy

where fyp, is a force-balancing control, and K1 and K, are the
proportional and integral gains.

3.4. Rotation angle calculation

When the gyroscope is allowed to freely oscillate and
controlled to compensate for damping, mismatched natural fre-
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Table 1

Parameters of the gyroscope and controller for the simulation
Parameter Value

Gyroscope wo=1; wy=1.05; wy=0.97;

@y =0.001; dy =0.05; dy =0.06
Kp=0.2; K1 =0.002
LPF=0.5/5+0.5; Kuv =0.0003
K1 =0.2; K, =0.002

Energy control
Mode tuning control
Coupling compensator

quencies and coupled stiffness term until the operation of an
ideal gyroscope is reached, the precession of the straight line
of oscillation provides a measure of the rotation angle. The
angle can be calculated from the measurement of the vector
displacement:

_1 { LPE(ysinwot)
Y=—tan | ——— | — o (28)
LPF(x sin wot)
where v is initial precession angle.
’ x-displacement
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Fig. 2. Response of uncontrolled gyroscope: (a) x and y motion and (b) motion
in x—y plane.

The bandwidth of an angle measuring gyroscope is poten-
tially unlimited because the overall system energy remains
constant and the rotation angle is measured off the relative
change in energy between the two orthogonal modes. In prac-
tice, if the resonant frequency is at least one order greater than
the rotation rate, then the precession angle can track the input
angular velocity exactly [10]. On the other hand, the bandwidth
of the proposed controlled gyroscope is defined by the cut-
off frequency of the low-pass filter used in this rotation angle
calculation process.

4. Simulation results
To evaluate the proposed control scheme, computer sim-

ulations are performed using a MEMS gyroscope model
built at Sejong University. The specified reference natural

x-displacement

2 1 1 I 1 1
0 0.2 0.4 0.6 0.8 1 1.2
sec
9 y-displacement

L
0 0.2 0.4 0.6 0.8 1 1.2
SecC

15 Response of Controlled Gyroscope
(b)

0.5r

y (um)

-1.5
-1.5 -1 -0.5 0 0.5 1 1.5

X (um)

Fig. 3. Response of controlled gyroscope: (a) x and y motion and (b) motion in
x—y plane.
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frequency is 2.3kHz. We assumed that the natural frequen-
cies of the x- and y-axis have 5% and 3% deviation errors
from the reference frequency, respectively, and the magni-
tude of coupled frequency error is 0.1% of the reference
frequency. The position and velocity measurements are con-
taminated by the electrical noise in the sensing circuit.
The analysis of the stochastic properties of the measure-
ment noise, as well as the estimation of their power spectral
density (PSD), is given in Ref. [18]. In these simulations,
both measurement noises are assumed to be zero-mean white
with PSDs of 4.35 x 10722 m%/Hz and 2.3 x 10~13 (ms)%/Hz,
respectively. The gyroscope parameters in the model and the
numerical values for the controller in the simulations are sum-
marized in Table 1. Note that these values are shown in
non-dimensional units, which are non-dimensionalized based

x-displacement
T T

sec

y-displacement

um
o

At

0 0.2 0.4 06 08 1 12
sec

15 Response of Ideal Gyroscope

(b)

0.5r

15 L L L L 1 L
-1.5 -1 -0.5 0 0.5 1 1.6

X (um)

Fig. 4. Response of ideal gyroscope: (a) x and y motion and (b) motion in x—y
plane.
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Fig. 5. Time response of estimation errors of damping terms.

on length of one-microns and the reference natural fre-
quency.

Fig. 2 shows a simulation of the trajectory when the natural
frequencies are not matched and there are unequal damping and
frequency coupling in the gyroscope model. The straight line of
oscillation is disrupted. Also the presence of damping results in
energy dissipations and drives the free oscillations of the mass
to zero. Fig. 3 shows that the proposed controller compensates
for imperfections and makes the gyroscope behave like an ideal
angle measuring gyroscope. The behavior of ideal gyroscope
is also plotted in Fig. 4 and shows that the precession of the
straight line of oscillation can provide a measure of the angle of
rotation.

The time responses of the estimation errors for the various
gyroscope parameters and the angle estimates obtained using
the proposed controller are shown in Figs. 5-8. In these simu-

Mode Compensation
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=
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c

=

®
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Fig. 6. Time response of estimation errors of frequency deviations.
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Rotation Angle Response

S 100 - :
_g 200 deg/sec step input
i 50l estimate |
©
c
©
s 0° 1
3 v
] \;( %
-50 1 1 1 1 1
0 0.2 0.4 06 0.8 1 1.2
sec

1 Rotation Angle Error
g
T 0.5¢ 4
s -
9]
[9]
o -0.5¢ i
=
@

K ! 1 ! ! 1

0.6 0.7 0.8 0.9 1 1.1 1.2

sec

Fig. 7. Time response of rotation angle estimate to the 200°/s step input.

lations, the controller allows calibration period of 0.6 s and the
gyroscope experiences a step input angular rate of 200°/s at 0.7 s
after the gyroscope is turned on. The second plots in Figs. 5 and 6
show the influence of noise on the parameter estimations. The
measurement noise limits its parameter estimation resolution
and degrades overall gyroscope performance as shown in the sec-
ond plots in Figs. 7 and 8. Detailed noise analysis, together with
experimental results, will be presented in future publications.
Fig. 8 shows the estimate of angle response to a sinusoidal input
angular rate. According to the plots, the angle measuring accu-
racy with the error bound of 0.5° is achieved under the presence
of noise. These simulation results clearly show that the pro-
posed controller realizes angle measuring gyroscope operation
successfully.

Rotation Angle Response
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Fig. 8. Time response of rotation angle estimate to the 200°/s sinusoidal input
at 10 Hz.

5. Conclusions

This paper presents a new control algorithm for realiz-
ing angle measuring gyroscopes. It consists of a weighted
energy control, a mode tuning control, and an initial calibration
stage. The developed control algorithm nulls out imperfections
in MEMS gyroscopes such as mismatched stiffness, coupled
stiffness and unequal damping term, and makes a non-ideal gyro-
scope behaves like an ideal gyroscope. It operates the gyroscope
at a reference frequency, chosen by the designer, which results
in control problem’s easy and simple signal processing such as
calculating total energy and demodulating the output signals.

The simulation studies show the feasibility and effectiveness
of the developed algorithm that is capable of directly measuring
rotation angle without the integration of angular rate.

The proposed algorithm can be applied to a conventional
vibratory rate gyroscope structure, and realizes angle measur-
ing operation by replacing the existing control algorithm to the
proposed algorithm.

The control algorithm described in this paper, together with
the necessary driving and sensing circuits, is currently being
implemented for experiments. Results from these experiments
will be presented in future publications.
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Appendix A

The proofs of Theorems 1 and 2 are provided in this appendix.

A.l. Proof of Theorem 1

V<0 implies that V(#) < V(0) for > 0. Thus, V is bounded.
The derivative of V is
V= —2KpEEGTq — 2Kp E24"74

This shows that V' is bounded. Therefore, by Barbalat’s lemma
[15], V — 0 or equivalently, E — 0. Taking the derivative of E
gives

E=—-24"(KpE + D)g — 4" (KpE + D)g

Thus, E is also bounded. Applying the Barbalat’s lemma again
gives

E=—-¢"(KpE+D)g— 0 (29)
Since E — 0, Eq. (29) implies that
¢"Dg — 0 (30)

Therefore, if equal damping of both axes is assumed, i.e. D =
dl, then d — 0 is guaranteed, where d is an equal damping
estimate error, and / is an identity matrix.
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A.2. Proof of Theorem 2

Using the following PDF,

1 /. 1
V:2( 2+KI&2> 31

and the steps same as those in proof of Theorem 1, one can easily
show that as time t— oo, E — 0, E — 0, and @ — 0.
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