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1 Introduction undesirable, systematic perturbations in the form of mechanical

. electrostatic forces, which degrade the performance of a gy-
Gyroscopes are commonly used sensors for measuring angﬁgs?cope. Resolution, drift, scale factor, and zero-rate oW#RO)

velocity in many areas of applications such as navigation, homin e important factors that determine the gyroscope performance
e_md cont_rol stab|l!zat|on. Although conventional rotating wheg 3]. Geometrical imperfections as well as electrical coupling
fiber optic, and ring laser gyroscopes have dominated a wi Suse degradation of these performance indexes. As a conse-

range of applications, they are too large and, most often, too eaﬁence, some kind of control is essential for improving the per-

pegzlt\:/eenttoazsa%i%ds Ii?] m?csrtfnr?;crﬁilr?% a?&“ﬁgg% ns. have made fREmance and stability of MEMS gyroscopes, by effectively can-
Y 9y ing “parasitic” effects. Traditionally, mechanical or electrical

design and fabrication of MEM$&micro-electro-mechanical sys- balancing has been used to cancel parasitic effetiss]. Al-
temg gyroscopes possible. These devices are several order ugh this procedure reduces the effect of a certain émount of
magnitude smaller than conventional mechanical gyroscopes, IMberfections, it is time consuming, expensive, and difficult to
can be fabricated in large quantities by batch processes. Th rform on Sn”]all, nail-sizénm leve) QYVOSCOPGS-,MOVGOVGE this

there is great potential to significantly reduc_e their _fabricatio rocedure is performed for a single operating condition. Variations
cost. The emergence of MEMS Jyroscopes IS opening up n temperature and pressure may take place during the operation
market opportunities and applications in the area of low-cost g (o gyroscope, which affect parasitic effects
medium-performance inertial devices, including consumer elec-t1q control law for MEMS gyroscopes may be designed so as

tronics such as virtual reality, video games, 3D mouse, and CafBestimate the angular rate directly or indirectly, depending on the

cord_e_r image stabilization; _automotive applicgtions such as ride aration mode. The operation mode is the operating topology of
stabilization, rollover detection, and other vehicle safety systems.

) ) . o> .the gyroscope regarding its electromechanical design, its internal
GPS augmentation such as MEMS inertial navigation sensor "{‘]gnamics, how to manage its imperfections and environment
0

bedded GPS; as well as a wide range of new military applicatiofgyiations, and what sensing resources are used to measure the
such as micro-airplanes and satellite controls. yroscope motion. The performance and accuracy of the gyro-

The design and fabrication of MEMS gyroscopes has been tg@ope depends on the operation mode and corresponding control
subject of extensive research over the past few years. Referepgg qesign. Controls for MEMS gyroscopes are still theoretically
[1] contains a comprehensive review of previous efforts in devglymature. In terms of automatic controls, two different types of
oping high quality cost-effective gyroscopes. Also noted in Refontrollers have been proposed for conventional mode of opera-
[1] is the fact that the cost of MEMS gyroscopes is decreasifgn in the literature. One is a Kalman-filter-based preview control
while their accuracy is continuously being improved. EXisting7] and the other is a recently published force-balancing feedback
forecasts have indicated that this trend will continue. control scheme using sigma-delta modulatigh Although these

All MEMS gyroscopes are laminar vibratory mechanical struGgedback control techniques increase the bandwidth and dynamic
tures fabricated on polysilicon or crystal silicon. Common fabrirange of the gyroscope beyond the open-loop mode of operation,
cation steps include bulk micromachining, wafer-to-wafer bonghey still are sensitive to parameter variations such as damping,
ing, surface micromachining, and high aspect ratigpring constant, and quadrature error variations, produce ZRO,
micromachining. Each of these fabrication steps involves multiplghq require tedious calibrations.
process steps such as deposition, etching and patterning of materpe objective of this paper is to develop a new gyroscope op-
rials. In practice, small imperfections always occur during thgration mode and to formulate a corresponding control algorithm
fabrication process. Depending on the technology used, differgnht is well suited for the on-line compensation of imperfections,
numbers of steps may be involved in the fabrication of a MEM&n( to operate in varying environments that affect the behavior of
gyroscope, and different fabrication tolerances can be achievedyems gyroscope. The adaptive controlled gyroscope is self-
Generally, every fabrication step contributes to imperfections thjibrating, compensates for friction forces and fabrication imper-
the gyroscopg2]. Fabrication imperfections that produce asymfections, which normally cause quadrature errors, and produces an
metric structures, misalignment of actuation mechanism, and qgpiased angular velocity measurement that has no ZRO.
viations of the center of mass from the geometric center result injy the next section, the dynamics of MEMS gyroscopes is de-
veloped and analyzed by accounting for the effect of fabrication
Contributed by the Dynamic Systems, Measurement, and Control Divisior®f T imperfections. The conventional operation modes such as open-
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M+ Oy + By + KX+ Ky = 7+ 2mMQ @

My+ dyy X+ dyyy + Ky X+ Kyyy = 7= 2m€ X

Equation(2) is the governing equation for zaxis MEMS gyro-
scope. Fabrication imperfections contribute mainly to the asym-
metric spring and damping termk,, andd,,. Therefore these
terms are unknown, but can be assumed to be smallx&raly
axes spring and damping terms are mostly known, but have small
unknown variations from their nominal values. The proof mass
can be determined very accurately. The components of angular
rate alongx andy axes are absorbed as part of the spring terms as
unknown variations. Note that the spring coefficiekts andk,,
also include the electrostatic spring softness.
Nondimensionalizing the equations of motion of a gyroscope is
useful because the numerical simulation is easy, even under the
existence of large two time-scale differences in gyroscope dynam-
ics. One time scale is defined by the resonant natural frequency of
the gyroscope,K,,/m, the other by the applied angular rdde .
Nondimensionalization also produces a unified mathematical for-
mulation for a large variety of gyroscope designs. In this paper,
controllers will be designed based on nondimensional equations.
The realization to a dimensional control for the specific gyroscope
Fig. 1 A model of a MEMS z axis gyroscope can be easily accomplished by multiplying the dimensionalizing
parameters by the nondimensional controller parameters. Based
onm, qo andwg, which are a reference mass, length, and natural

resonance frequency, respectively, wherds a proof mass of

the proposed adaptive controlled gyroscope is presented in Sqﬁg. roscope. the nondimensionalization(®f can be done as
IV and V. Finally, computer simulations are performed in Sec. Vi, gy Pe, @

ows:
. .. Wy . . .
2 Dynamics of MEMS Gyroscopes X+ Q_XX+ Aoy + 02X+ @,y =7+ 20y
Common MEMS vibratory gyroscope configurations include a X 3)
proof mass suspended by spring suspensions, and electrostatic ac- . .y, ) }
tuations and sensing mechanisms for forcing an oscillatory motion Y+ dyy X+ Q—Y+ WX+ oyy=1,— 20X
y

and sensing the position and velocity of the proof mass. These

mechanical components can be modeled as a mass, spring, WhareQ, andQ, are respectively the andy axis quality factors,
damper system. The mass in a vibratory gyroscope is generally= \/kXX/(mwoé), wy= \/kyy/(mwoz), Wyy=kyy/(MF), dy,
constrained to move either linearly or angularly. In this Paperd,. /(mwg), Q,—Q,/wg, 1yl (Mwiqo),  and 7,
only linear vibratory gyroscopes are discussed. However, most of _ 1(Mw2qo).

the results of this paper are applicable to angular vibratory gyro--ﬁ1e nat&ral frequency of theor y axis can be used to define

scopes as well. the nondimensionalizing parameteg. Since the usual displace-

. : i . Ynent range of the MEMS gyroscope in each axis is submicrome-
ing two degrees of freedom in the associated Cartesian refere%evd it is reasonable to chooseun as a reference length,

frames. Assuming that the motion of the proof mass is _constra_in nsidering that the usual natural frequency of each of the axes of
to be only along the-y plane by making the spring stiffness in, \inratory MEMS gyroscope is in the KHz range, while the ap-

the z direction much larger than in the andy directions, the 04 angular rate may be in the degrees per second or degrees per
measured angular rate is almpst constant over a long e_nough UG range, the nondimensional angular rate that we want to esti-
interval, and linear accelerations are cancelled out, either as rﬁgte is res’pectively in the range of T0or 10" 10

a .

offset from the output response or by applying countercontr
forces, the equation of motion of a gyroscope is simplified as

follows. 3 Conventional Mode of Operation
mx+dx+ (k;—m(Q2+ Q%)) x+mQ,Q,y= 7, +2mQ.y The conventional mode of operation reduces to driving one of
) ) Y Y ) (1) the modes of the gyroscope into a known oscillatory motion and
my+ d2y+(k2—m(ﬂ)2(+ Qﬁ))y+ mQ, Q x=7,—2m{ X then detecting the Coriolis acceleration coupling along the sense

wherex andy are the coordinates of the proof mass relative to ﬂ}mode of vibration, which is orthogonal to the driven mode. The

) h - %sponse of the sense mode of vibration provides information
g?’éotggagjr?’illgr’ \l;é'lzogirte 2gmpgr?eﬁ?sdaﬁgzngeggﬁﬁ£§ ng"t%’é agout the applied angular velocity. More specifically, the proof
9 Y P 9 . Nihss is driven into a constant amplitude oscillatory motion along

frame, andr, , are control forces. The two last terms in Ed),

: . o the x axis (drive axig by the x-axis controlr,. When the gyro-
2mid X af‘d dnf),y, are due to the Coriolis forces and are th%cope is subjected to an angular rotation, a Coriolis inertial spe-
terms which are used to measure the angular @gte :

. . . cific force, —2Q,x, is generated along thg axis (sense axis
angiIZ(reergtlg13)1|‘c;rr:;qulg?:;igygscoc?:dsoens!yethgyzoan%?gnf;&;{rfgsvhose magnitude is pro_portional to the oscillation velocity of the
o : , - drive axis and the magnitude pfaxis component of angular rate.
between thex andy axes, under the assumption tA§~Q0 s force excites the proof mass into an oscillatory motion along
~Q,£,~0. In practice, however, small fabrication imperfectiongne y axis, and its magnitude is amplified according to the me-
always occur, and also cause dynamic coupling betweer@inel canical quality facto(Q facton. Mathematically speaking, the

y axes through the asymmetric spring and damping terms. The&erming equation for the conventional mode of operation is de-
are major factors which limit the performance of MEMS gyrogc iped as follows:

scopes. Taking into account fabrication imperfections, the dy- )
namic equationgl) are modified as follow$9]. X=Xg SiN(wyt)

4)
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Table 1 Angular rate equivalent tilt angle  « between the prin-  tion imperfections,(2) closed-loop identification of the angular

cipal and physical damping axes rate, (3) to attain a large bandwidth and dynamic range, éhd
< (deg ) self-calibration operatipn. _ _
z The proposed adaptive mode of operation will operate based on
1.00 45.0 deg/s observer-based adaptive control algorithm which needs only posi-
0.022 1.0 deg/s tion measurements of the proof mass of the gyroscope. Since
1X10°% 1.6 deg/h

observer-based adaptive control is the extension of the adaptive
control based on velocity measurement, we first briefly present the
basic idea and control algorithm of it.

A Velocity Measurement-Based Adaptive Control. The
V+ ﬂw_ wiy: Ty— wxyX— (Oyy+2Q,)X basic idea of the adaptive control approach is to treat the angular
Qy rate, along with the effect of fabrication defects, as an unknown

The conventional mode of operation is classified into the opefYr0Scope parameter, which must be estimated using a parameter

loop mode and the closed-loop mode. The main difference Hadaptation algorithniPAA).

tween the closed-loop and open-loop modes of operation lies inThe adaptive control problems of the gyroscope are formalized

that in the former the displacement of the sense axis is controll&d follows: given the equation with unknown constant parameters
to zero, while in the latter it is measured. D, ndq,

Most MEMS gyroscopes are currently operated in the open- g+Dg+Kq=7-2Qq (5)
loop mode. The main advantage of open-loop mode of operation

is that circuitry used for the operation of gyroscope in this mode Yéhere

simpler than in the other modes, since there is no control action in _

. . . . X 7. 0 QZ
the sense axis. Thus, this mode can be implemented relatively q= =l Q=
easily and cheaply. However, under an open-loop mode of opera- y Ty Q, 0
tion, the gyroscope’s angular rate scale factor is very sensitive, d d 2
and not constant over any appreciable bandwidth, to fabrication _| o Pxy _ Ox - Oxy
defects and environment variations. Therefore, the application ar- dyy dyy wyy w§

eas for the open-loop mode are limited to those which require i . .
low-cost and low-performance gyroscopes. determine the control lawbased on measurirgandq, such that

In contrast to the open-loop mode of operation, in the cIoseHle dynamic range is con.strained.within an intended regigrﬂmd
loop mode of operation, the sense amplitude of oscillation is col§-&Stimated correctly. With this kind of problem formulation, we
tinuously monitored and driven to zero. As a consequence, tHgat the gyroscope as a multi-dimensional dynamic device.
bandwidth and dynamic range of the gyroscope can be greatl ike |n_qthe_r adaptlve control problems,_ the persistent excita-
increased beyond what can be achieved with the open-loop m condition is an important factor to estimate the angular rate
of operation. However, under conventional closed-loop mode 6prectly. To solve this problem, a trajectory following approach is
operation, it is difficult to ensure a constant noise performance, {§€d- The reference trajectory that the gyroscope must follow is
the face of environment variations such as temperature chang%%r,‘erated such that the persistent excitation conqun is met..Sup-
unless an on-line mode tuning scheme is included. MoreovEPSe that a reference trajectory is generated by an ideal oscillator
there are practical difficulties in designing a feedback controlléd that the control objective is to make the trajectory of real
so that the closed-loop system is stable and sufficiently robust, oscopes follow that of the reference model. The reference
gyroscopes with higi) systems. Therefore, the application area@0del is defined as

for conventional closed-loop mode of operation are those which & —

. ; . ; Omt KnIm=0 (6)
require medium-cost and medium-performairtieege bandwidth
but limited resolutioh gyroscopes. whereK ,=diag{w?,05} are the reference resonant modes of both

Both the open-loop and closed-loop modes are inherently sexxes. We present the following two theorems whose proofs may
sitive to some types of fabrication imperfections which can blee found in Ref[10].
modeled as the cross-damping tedyy, which produce ZRO. Theorem 1 (Stability): With following control law (7) and
The detrimental effect of the asymmetric damping tekgon parameter adaptation Iam(s).: the trajectory erroe,=q—0pm,
gyroscope performance has not been considered by many aed its time derivativee, ande, converge globally and exponen-
searchers so far. However, its effect should not be underestimatéally to zero.
For example, using typical conventional gyroscope parameters

adopted from Clark4], various angular rate equivalent tilt angles 7=D0m+ RAn+ 2000+ 7o ()
« between the principal and physical damping axes yield Table 1. ) T T

The values ofv,= 10° rad/s,Q,= 10¢, andQ, =10’ were used in R=2Yr(7oUm* Um7o)

calculating this table. Moreover, with the conventional modes of = o

operation, it is also very difficult to identify and compensate for D =3yp(7olm+ Am70) (8)
all fabrication imperfections in an on-line fashion, due to the .

simple internal dynamics of the gyroscope when is operating un- 0= m(Toqu—qug)

der these modes. One solution to achieve on-line compensation of o A
fabrication imperfections may be to create a richer gyroscope dyhere R=K—K,, D, R, () are estimates oD, R and (),
namics than can be achieved in the conventional modes of opere= — v€,, and y=diag{y,,y}.
tion. This idea led us to formulate a new operation strategy in Theorem 2 (Persistent excitation condition): With control
which the two oscillatory modes of theaxis gyroscope are not law (7) and parameter adaptation law); if the gyroscope is
matched. controlled to follow the mode-unmatched reference model, i.e.,
w17 w,, the persistent excitation condition is satisfied and all
. . unknown gyroscope parameters, including the angular rate, are
4 New Adaptive Mode of Operation estimated correctly.

This section proposes a new operating strategy for MEMS gy- Theorems 1 and 2 show that the motion of a mode-unmatched
roscopes, which will be referred to as the adaptive mode of ogyroscope, in which the resonance frequency ofxtleis is dif-
eration. Its aim is to achievil) on-line compensation of fabrica- ferent from that of they axis, has sufficient persistence of excita-
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tion to permit the identification of all major fabrication imperfecture, the analytic convergence and resolution results of the veloc-
tions as well as “input” angular rate. This means that an adaptivey measurement-based adaptive control can be easily extended for
controlled gyroscope has no ZRO and is self-calibrating. the case when velocity estimation is utilized. In order to estimate

. . . locity, introd the followi b .
B Velocity Observer-Based Adaptive Control. The posi- velocty, we introduce the foflowing observer

tion and velocity measurements are corrupted by electrical noise a =8,+L(q—qy)
in the sensing circuit. The analysis of the stochastic properties of P P (112)
the sensing noises, as well as the estimation of their intensity, is 5 = K.
given in Refs.[5,11], and only results are presented here. The 9= mp

estimated power spectral densities of the positigg) @nd veloc- whereq, is the estimate of the positiod,, is the estimate of the

ity (S,) measurements are given by velocity, , is an additional state of the velocity observer, arid
[ 2Co+C, 24k . o (v dC\ 2 kgT a observer gain matrix given Hy=diagL; L,}. To complete the
p= m BT Ruire » v = DCd_y Kmp modification, the velocity term in the adaptive control law given

by (7) and parameter adaptation laws(B) is replaced bﬁp.
) ) In order to derive the closed-loop error equations, we need to
Both are ass_umed zero-mean white noises. Ideally, the_ POWRSfine the trajectory estimation erfgp=g,—q and@,=4,—q.
spectral density of velocity measurement noise should be givenfajen the velocity tern in the adaptive control and parameter
Sv=w28p (10) ?daptation_ laws is replacgd by the .obsz_erver generated estimate
h . ; f th p. the trajectory error, trajectory estimation error, and parameter
wherew is a resonant frequency of the gyroscope. However, Cilgiimation error dynamics are given by the sum of a known linear

rent velocity sensing circuitry technology produces a noise Wiffye yarying and an unknown linear time-invariant components as
spectral power that is three to four orders of magnitude larger thafjiows:

this ideal value. Thus, it is necessary to introduce an adaptive
observer, to avoid measuring directly the velocity of the proof Xo=Ao(t)Xg+ AyXo+ GoWo (12)
mass. _

In designing such a velocity observer, if we are careful not twhere x,=[e, €,d,d, 61", W,=[bn]", and the known time
modify the velocity measurement-based adaptive control strugarying termA,(t) is given by

0 I 0 0 0
—Kn -y L —y W (i, m)
At)=| O 0 -L I 0
0 Y —Kn— L y =W (G, 0m)
0 —TW(Gun.Gm)y TW(An,dm)yL —T'W(Ap,dm)y 0
I
the known noise distribution matrix is given by The mean trajectory of the system under the stochastic environ-

ment is the same as the deterministic case and its convergence
0 0 properties are also the same as the deterministic case. Unfortu-
| —yL nately, the trajectory and trajectory estimation error dynamics part
of (12) are not strictly positive realSPR, and therefore it is

Go=| 0 L ' difficult to prove the stability of this system using standard adap-
-1 vL tive control techniques, based on the use of a Lyapunov function
0 —TW(gy,dqm) 7L candidate. In order to prove stability, we will make use of the fact
m>Hm) ¥ that A,(t) is a periodic time-varying matrix with known period
and the unknown time invariant ters, is T=47%/(w,0,), Wherew, andw, are model reference frequen-
0 0 0 0 cies. The stability of periodic time-varying linear systems can be
analyzed using Floquet—Lyapunov the¢iy].
-R —(D+20) 0 0 O Theorem 3 (Stability): Given the observe(ll), the adaptive
A-| o 0 0 0 0 control and parameter adaptation laws, it is always possible to
u ’ choose a velocity observer gain which makes the closed-loop
R (D+20) 0 0 O error dynamicg12) locally, uniformly, and exponentially stable.

0 0 0 0 O Proof: According to Floquet—Lyapunov theory, there exists a
) - _ periodic transformation matrix that converts a periodic time-
where b and n are Brownian and position measurement noisearying linear system into a time-invariant linear sysfei#)]. Let

W(d,,0m) is the signal regressof= 6— # are parameter estima- ©(t,0) be a state transition matrix of the known linear part of

tion errors and (12), i.e.,
I'=diag{ yg :%VRJ’R YD 1%70 YD v%%)} dd(t,0)
. . . ——=Ay(t)P(t,0). (13)
WT( . )7 Xm  Ym 0 Xm  Ym 0 _2ym dt
=0 X Ym0 X Ve 2

. Then it can be written as the product of two matrices as
0 :[rxx r><y l’yy dxx dxy dyy Qz]

wherer;; , d;; , and(}, are respectively elements Bf D, and (). d(t,00= F(t)exp(Kt) (14)

ij s
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Fig. 2 Stability bounds with respect to observer gain L: (@ y=I, o1=1, w,
=05, (b) y=1I, 1=1, w,=1, (c) y=/, w1=1, 0,=15, (d) y=/, 0,:=1, w,
=2, (e) y=05/, w,=1, w,=I5, and (f) is the same as (c)

whereF(t) is a continuous periodic nonsingular matrix with pedamping D, frequency modeling erroR, and applied angular

riod T, which satisfies the COI’]ditiOﬁ(O):F(T):| andA is a rate (), which all have very small values. Therefo;@:js a small

constant matrix. The stability of a linear known part is determinedMPer-

by the eigenvalues of. In order to determind=(t), the state

transition matrix®(t,0) must be computed. However, there is no )

simple way to computéd(t,0) analytically. Instead, the transition® Performance Analysis

matrix at the end of one period is computed by numerical integra-We now examine the convergence rate and stochastic variance

tion of Eq.(13) andA is obtained by of the angular rate estimate. This analysis gives us an estimate of
the bandwidth and resolution of an adaptive controlled gyroscope.

— 1
A= 7In(®(T,0) (15) A Convergence Rate Analysis. In this section, the param-
eter convergence rate of the adaptive control scheme designed in

where exp(In@(T,0))=®(T,0). In Fig. 2, the calculated stability the previous section is studied using averaging analysis. Averag-
boundaries of the time varying part of E@.2) are presented in ing analysis is commonly used in the adaptive control literature
terms of the observer galn for various reference model frequen-[13], and will be used to estimate the convergence properties of
cies. As shown in the figure, it is_always possible to choose ggroscope parameter estimates including the applied angular rate.
velocity observer gairl such thatA is asymptotically stable. The convergence rate of the angular rate estimate is important

Now, let the Lyapunov candidate be because it determines the bandwidth of the gyroscope.
T T 4 Using the fact that parameter estimation dynamics is slower
V=X(H)F (HMFE (1) Xo(1) (16)  than trajectory and trajectory estimation dynamics, we can relate

the slow parameter estimation dynamics with the following aver-

- . - - _T
whereM is the solution of the Lyapunov functioMA+A'M aged dynamics.

=—1. Since A is asymptotically stable, M>0 and . . ] -
F~T(t)MF~%(t)>0 for all t=0. DifferentiatingV with respect to 0a,=—T AVG{W(0p,dm)Mo(WT (0. GAm))} b0, (18)

time, we obtain A . .
whereM, is a transfer function matrix,

V=—x (F TF Yx,+2x]F TMF 1A,

- Mo1(S) 0
Since F(t) is a nonsingular matrix for at=0, F~T(t)F~(t) Mo(s)= i (19)
>0 for all t=0. Thus, 02(8)
: 2 2 5 where
Vs_(amin_zamawg)\mw&M))'”Xo” <0 ,
within the domain of attraction, '\7|01(S)= 271L15 .
s*+ LS+ (205 + y1L1)S?+ wil 5+ wf
Whin> 2@ BN ma M) 17) 157 2oit yil) ST 0ilist o)
. _ _ R 2
where apip=min__,_[F* O, ama=max__[F'(t), and B Moa(S)= — . 272L25 — .
=||A,J|. Notice that the unknown matrid, is composed of the ST+ LS + (205 + ol 2) ST+ wil oSt w3
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Note that the transfer functioM(s) has two different forcing able choice, when sufficiently large valuespf and y, and ap-
frequencies, i.e., one is theaxis resonant frequency and the othePropriate values of gainis; andL, are employed.

is they-axis resonant frequency, i.e., Using the facts that the products of sinusoids at different fre-
) quencies have zero average, the average equation for parameter
Xm=Xo SiN(w1t),  Xp=Xow; COLw1t) estimate error dynamics can be obtained. All cross-term parameter
) . estimates dynamics are coupled with each other. However, as the
Ym=YoSiN(wyt), Yu=Yow; COLwyt) control gainsy; andy, and observer gains; andL, are made

sufficiently large and/or the reference model resonant frequencies
' : and w, are close enough, all cross-terms in the parameter

'[herel‘Tore, . the. filtlered steady-state response throué@timates dynamics become less coupled, beoase\,~1 and
Mo(W' (A ,0m)) is ¢~ ¢,~0. In this case, the parameter estimates errors are almost
uncoupled with each other, except for the estimates errors of the
asymmetric damping term and the angular rate. Their dynamics

Y T
Mo(W) are coupled and given by
) Xo sin(wit) 0 17 i B
ArYosin(wyt+ 1) AXo Sin(wst+ ) Oya | _| 811 812 q.xya”} (20)
0 Y, sin(w,t) Qya, az Ayl L
= Xowl COS{ (l)lt) 0
A1Y0w2 COS{ w2t+ ¢1) AzXOwl COS{ wlt+ ¢2) Where
O Yo&)z COQ U.)zt)
—2A1Y co t+ 2A,X co t+ YD YD
L 1Yow2 COL wot + 1) 2Xowy COJ w1t + o) | au:—j(xéw?rY%w%), a12:—7(XSwE—Yéw§)
Ya
where A= — > (ngif ngg)v A= — 7&1(ngi+ng§)
_ 71'—1“’%
Y il — (02— 0292+ L2wd((w— 0d)? By Eq. (20), if we set the reference model oscillations such that
Xow1=Yw,, the dynamics of the angular rate estimate can be
Llwz(wf—wg) decoupled from that of the asymmetric damping estimate. In this

¢1: tan” 1

case, all estimation dynamics are almost decoupled, and therefore
it is possible to adjust the dynamics of angular rate estimate inde-
pendently, without significantly affecting the estimation dynamics

2 2 22
yiLiws— (07— 03)

Yol ow? of fabrication imperfections.
A,= > — Applying this decoupling condition, the average dynamics of
V(2L 207 — (07— ©9)?)?+ L30i((0] - 03) the angular rate estimate is approximately given by
by—tan 1 _szl(wi_wg) )
2 Yol gl — (02— w3)? Qo ~—270X50 0, (21)

A sufficient condition ford,, in Eq. (18) to converge to zero is This is exactly th_e same res_ult tha_lt is_obtained for the adaptive
that cross-correlation matrixRW\;V:AVG(WMO(WT)) is a control system without velocity estimatidd4]. Thus, the band-
positive-definite. If the gaing, and v, are too small, and/ow, v_\ndth of the adaptlye contro_lled gyroscope W|2th 2veloc_lty (_estlma-
andw, are too far apart, the magnitudas andA, are negligible tion is also approximately given by BW2y,Xgwi, which im-

and phasep; ,=|*+90 deg. In that case, the filtered steady-statdlies that the bandwidth of the MEMS gyroscope under the
response of the cross-axis signals, including the angular rate tefiserver-based adaptive control is proportional to the adaptation
cannot make any significant contribution to the cross-correlati@®in yo and the energy of oscillation of the reference model.
matrix R, or may cause instability. This results in large unFigures 3 and 4 show the comparison between the analytical con-
damped oscillations, or divergence in the parameter estimatis@rgence rate of angular rate given by E2f) and the simulation
response. On the other hand, whep and w, are too close to results for various resonant frequency ratios and control gains.
each other, the error dynamics response still results in large diiie observer-based adaptive control system derived is more sen-
damped oscillations, because of a lack of persistence of excitati§iive to the variations in the resonant frequency ratio and control
It is important to mention here that the observer daishould be 9ains than the velocity measurement-based adaptive control de-
chosen such that the closed loop system is stable, which is alw&{@n. This is because, given a moderate value for the observer
possible to do. The appropriate choice for the frequency ratiins, the phase differenceshfy(s) are larger than those of the
Aw=w,/w, also depends on the choice of the control gains adaptive control case for the same changes in resonant frequency.
and y,. Selecting gainsy; and y, to be too small makes the Although large control gaing;, and y, are good for decoupling
choice of an appropriatd w=w,/w, hard, since a slight mis- the parameter estimation dynamics, selecting large values for
match inw; and w, results in small values foA;, and|$;, these control gains is not desirable since they may cause large
>90°. Selecting large values for observer gains makes the rershoot in the transient response of the gyroscope dynamics and
sponse of the gyroscope resemble that of the velocityay cause a decrease in the resolution performance of the gyro-
measurement-based gyroscope. According to the simulation stisdppe, as will be discussed in the next subsection. Figure 5 shows
that will be subsequently described in this section, a ratio betwearcomparison between the analytical convergence rate of the an-
10% and 40% between the two resonant frequencies is a reasgular rate estimate given by E(1) and simulation results for
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Fig. 3 Convergence rate comparisons between analytical equation and various
ratios of resonant frequencies

various observer gains. As shown in Fig. 5, if the observer gainsons between air molecules and the structure, or by viscoelastic

sufficiently large, the actual convergence rate is very close to thffects in the suspension of the gyroscope, and enters in the sys-
analytical result.

tem as a noisy force generator. Brownian noise can be modeled as

B Resolution Analysis. Measurement and Brownian noises? Zero-mean white input noise, and its power spectral density is
limit the minimum detectable signal of the angular rate estimatgiven by S,=4kgTd/m? [4], wherem is the mass of the proof
Brownian noise is a thermal noise that is produced by the collinass andl is a damping coefficient. The standard deviation of the

X 10"7 Convergence Rate vs Controlier Gains

12 ; : e
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Angular Rate

150 200
nondimensional time

Fig. 4 Convergence rate comparisons between analytical equation and various
control gains
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Fig. 5 Convergence rate comparisons between analytical equation and various
observer gains

angular rate estimate error, or resolution, is obtained from tlaelaptive scheme controls all operation tasks of the gyroscope, i.e.,
covariance matrix ok, of Eq. (12). CovarianceP, of x, can be from initiating the vibratory motion of proof mass to estimating

easily precomputed independently with mean trajectory by solthe angular rate, analytic predictions for the bandwidth and reso-

ing the following familiar Lyapunov equation, lution of the gyroscope are easy to obtain and relatively precise.

The proposed adaptive controller design is also easy to implement

. in high Q systems. Thus, the noise properties associated with a
Po~PoAs+A,Po+G.S,Gy (22)  high Q system can be fully utilized. Another advantage of the

adaptive mode of operation is that it is easy to adjust the trade-off

. . . between bandwidth and resolution by simply adjusting the angular

where S,=diag(S,,S,}. Resolution of angular rate estimatey , ate adaptation gain. In contrast, in a gyroscope operating under

is computed by the conventional open-loop or force-balancing closed-loop mode
of operation, the bandwidth and ultimate resolution of the gyro-
o \/TOCT 23) scope depend on the low-pass filter characteristics that are used to

demodulate the angular rate estimate. Thus, it is difficult to adjust
both bandwidth and resolution, without changing the demodula-

whereC=[0;,1,1]. The ultimate achievable resolution can bdion filter. Therefore, the adaptive mode of operation is better
calculated by setting,=0 and computingrg, using Eq.(23). ~ Suited for medium-cost gyroscopes that are used in high-
Figure 6 shows the effects of various design parameters suchPgsformance applications. One disadvantage of the adaptive mode
control gains and parameter adaptation gains on the variancedbfoperation is that it cannot be applied to a conventional gyro-
the angular rate estimate error. The plots in Fig. 6 were obtain8gPpe structure, since it requires the unmatched resonance mode
from the time domain response of E@3) and the steady-state Of the gyroscopes and equal movements inxtaady axes. This
values represent the resulting steady-state covariance. Except™gans that for applying the proposed adaptive operation scheme
the fact that control gain variations make slight changes in ¢ MEMS gyroscopes, a new gyroscope should be designed so
covariance matri¥P,, only the angular rate adaptation gajp ~ that equal movements in theandy axes allow. Figure 7 shows a
significantly affects the variance. This implies that the resolutigfPmparison between a conventional mode and an adaptive mode
can be adjusted with the angular rate adaptation gain indep&h-operation. Detailed description of the design and fabrication
dently, without significantly affecting the other dynamics of th@rocess of a new MEMS gyroscope is in Rf0].
fabrication imperfection estimates. The resolution performance of
the observer-based adaptive controlled gyroscope is almost e Simulations
same as the one that would be obtained if the power spectral

dery o ey messremen nose 1 dely Ghen b 4t SDURLER Sudy usng he rlmity desn e f e

results presented in this paper and verify its predicted perfor-
C Advantages of Adaptive Mode of Operation. The main mance. The data of some gyroscope parameters in the model are
advantages of the adaptive mode of operation, proposed in thisnmarized in Table 2. For simulation purposes, we allowed
paper, include self-calibration, large robustness to parameteb% parameter variations for the spring and damping coefficients
variations, and no zero-rate output. Moreover, because a singled assumed-1% magnitude of nominal spring and damping
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Fig. 6 Variance variations of angular rate estimate error
tation gain g, (b) control gains vy, ,, (c) spring coefficient adaptation gain

damping coefficient adaptation

nondimensional time

f)z due to (a) angular rate adap-
YR, and (d)

coefficients for their off-diagonal terms. Notice that the simulatioatandard deviation are also plotted. Figure 10 shows the estimate
results are shown in nondimensional units, which are nondimeni- angular rate response to sinusoidal input angular rate. These
sionalized based on the proof-mass, length of one micron, asichulation results support the theoretical results obtained in this

x-axis hominal natural frequency.

paper.

Figure 8 shows the time responses of the estimation errors for
the various gyroscope parameters. The estimate of angular rate Conclusions

response to step input angular rate is shown in Fig. 9. In this
figure, the upper and lower bounds of its analytically estimateHjC

} 1 actuation

I& sensing

sensing actuation

I

(a) conventional mode (b) adaptive mode

Fig. 7 Comparison between a conventional and an adaptive
mode

Table 2 Key parameters of the gyroscope

Parameter Value
mass 5.095< 10 kg
x-axis frequency 4.17 KHz
y-axis frequency 5.11 KHz

Quality factor 10*
Brownian noise PSD 1.47x10°%6N? s
Position noise PSD 1.49x10° %' m?s
Velocity noise PSD 2.94x10 2 (m/sy¥ s

808 / Vol. 126, DECEMBER 2004

Dynamic analysis of typical MEMS gyroscopes shows that fab-
ation imperfections are a major factor limiting the performance
of the gyroscope. Thus, the main purpose of gyroscope control
should be to null out these imperfections and cross-couplings ef-
fectively during the operation of the gyroscope. However, the mo-
tion of a conventional mode-matcheehxis gyroscope does not
have sufficient persistence of excitation and, as a result, all major
fabrication imperfections cannot be identified and compensated
for in an on-line fashion. Moreover, some types of fabrication
imperfections, which can be modeled as cross-damping terms,
produce inherent zero-rate outg@RO).

An analysis technique for identifying-axis gyroscope operat-
ing conditions, which permit the on-line compensation of fabrica-
tion imperfections and self-calibration, was developed. It showed
that the motion of a mode-unmatched gyroscope, in which the
resonance frequency of theaxis is different from that of thg
axis, has sufficient persistence of excitation to permit the identi-
fication of all major fabrication imperfections as well as “input”
angular rate. Based on this analysis, new operation strategies were
formulated for MEMS gyroscopes with two unmatched oscillatory
modes. A new adaptive control algorithm with velocity estimation
was developed, which operates with only measurements af the
andy positions of the proof mass. The parameter adaptation algo-
rithm (PAA) in the adaptive controller simultaneously estimates
the component of the angular velocity vector, which is orthogonal
to the plane of oscillation of the gyroscoie z axis) and the
linear damping and stiffness model coefficients. The convergence
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Fig. 8 Parameter estimation errors:  (a) damping coefficients and  (b) spring coefficients
and resolution analysis presented in the paper showed that tiadibration, and a large robustness to parameter variations, which
proposed adaptive controlled scheme offers several advantagescaused by fabrication defects and ambient conditions.

over conventional modes of operation. These advantages include A simulation study using the preliminary design data of the
larger operational bandwidth, absence of zero-rate output, sé¥iT-SOI MEMS gyroscope was conducted, to test the analytical
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Fig. 10 Time responses of angular rate estimate to the 5° /s
sinusoid input at 50 Hz

results derived in this paper and to verify the predicted perfor-
mance of the different proposed controlled schemes. Simulatidf
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Nomenclature

AVG()

average of(-)

db/dt = time derivative of a vectob in the frame{al
Cp, Co parasite and nominal sensing capacitances
d;, dy damping coefficients
| identity matrix
ki, k, = spring coefficients
kg Boltzmann’s constant
m = proof mass
Qx, Qy quality factors ofx andy axis
Ruire» Ramp = Wiring and amplifier resistances
absolute temperature
Vo, Vbe nominal and dc voltages
Xo, Yo amplitudes ofx- andy-axis oscillation
Qy, Qy, Q, = angular velocity components alongy andz
axis of the gyro frame
Ty, Ty control forces along andy axis of the gyro
frame
Ama{:) = maximum eigenvalue of-)
|- = norm of vector or matrix
(-)T = transpose of-)
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