
JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 12, NO. 1, FEBRUARY 2003 101

Adaptive Control for the Conventional Mode of
Operation of MEMS Gyroscopes
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Abstract—This paper presents adaptive add-on control algo-
rithms for the conventional mode of operation of MEMS z-axis gy-
roscopes. This scheme is realized by adding an outer loop to a con-
ventional force-balancing scheme that includes a parameter esti-
mation algorithm. The parameter adaptation algorithm estimates
the angular rate, identifies and compensates the quadrature error,
and may permit on-line automatic mode tuning. The convergence
and resolution analysis show that the proposed adaptive add-on
control scheme prevents the angular rate estimate from being con-
taminated by the quadrature error, while keeping ideal resolution
performance of a conventional force-balancing scheme. [838]

Index Terms—Adaptive control, averaging analysis, force-bal-
ancing control, gyroscope, MEMS.

I. INTRODUCTION

M OST MEMS gyroscopes are vibratory rate gyroscopes
that have structures fabricated on polysilicon or crystal

silicon, and mechanical main component is a two degree-of-
freedom vibrating structure, which is capable of oscillating on
two directions in a plane. Their operating physics is based on the
Coriolis effect. When the gyroscope is subjected to an angular
velocity, the Coriolis effect transfers energy from one vibrating
mode to another. The response of the second vibrating mode
provides information about the applied angular velocity. Ideally
in the conventional mode of operation, the vibrating modes of
a MEMS gyroscope are supposed to remain mechanically un-
coupled, their natural frequencies should be matched, and the
gyroscope’s output should only be sensitive to angular velocity.
In practice however, fabrication imperfections and environment
variations are always present, resulting in a frequency of oscilla-
tion mismatch between the two vibrating modes and a coupling
between the two mechanical vibration modes through off-diag-
onal terms in the stiffness and damping matrices. These imper-
fections degrade the gyroscope’s performance and cause a false
output [1], [2]. As a consequence, some kind of control is es-
sential for improving the performance and stability of MEMS
gyroscopes, by effectively cancelling “parasitic” effects.
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Traditionally, mechanical or electrical balancing has been
used to cancel parasitic effects [3]–[5]. Although this procedure
reduces the effect of a certain amount of imperfections, it is
time consuming, expensive and difficult to perform on small,
nail-size ( level) gyroscopes. An open-loop scheme [3] and
a feedback controller [6] for the quadrature error compensation
were proposed for an open-loop mode of operation. Both of
these methods utilize the fact that the responses of the Coriolis
acceleration and the quadrature error are 90 degree out-of-phase
with respect to each other. For a closed-loop mode of oper-
ation, two feedback control methods have been presented in
the literature that compensate fabrication imperfections and
measure angular velocity. One is a Kalman filter based preview
control [7] and the others are force-balancing feedback control
schemes [8], [9]. Although these feedback control techniques
increase the bandwidth and dynamic range of the gyroscope
beyond the open-loop mode of operation, they still are sensitive
to parameter variations, and angular rate estimate may be
contaminated by the quadrature error.

In this paper, we develop an adaptive add-on control scheme
for operating a MEMS z-axis gyroscope in conventional force-
balancing mode. This adaptive algorithm estimates the angular
rate and, at the same time, identifies and compensates quadra-
ture error, and may permit on-line automatic mode tuning. In the
next sections, the dynamics of MEMS gyroscopes is developed
and analyzed, by accounting for the effect of fabrication imper-
fections. The closed-loop mode of operation is reviewed in Sec-
tion III. In Section IV, an adaptive add-on control approach is
developed as an extension of conventional force-balancing con-
trol scheme, and the convergence and resolution analysis of the
proposed adaptive add-on controlled gyroscope is presented. Fi-
nally, computer simulations are performed in Section V.

II. DYNAMICS OF MEMS GYROSCOPES

Common MEMS vibratory gyroscope configurations include
a proof mass suspended by spring suspensions, and electro-
static actuations and sensing mechanisms for forcing an oscil-
latory motion and sensing the position and velocity of the proof
mass. These mechanical components can be modeled as a mass,
spring and damper system. Fig. 1 shows a simplified model of
a MEMS gyroscope having two degrees of freedom in the asso-
ciated Cartesian reference frames. Assuming that the motion of
the proof mass is constrained to be only along the plane by
making the spring stiffness in thedirection much larger than in
the and directions, the measured angular rate is almost con-
stant over a long enough time interval, and linear accelerations
are cancelled out, either as an offset from the output response or
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Fig. 1. Model of a MEMS z-axis gyroscope.

by applying counter-control forces, then the equation of motion
of a gyroscope is simplified as follows.

(1)

where and are the coordinates of the proof mass relative to
the gyro frame, , are damping and spring coefficients,

are the angular velocity components along each axis of
the gyro frame, and are control forces. The two last terms
in (1), and , are due to the Coriolis forces and
are the terms which are used to measure the angular rate.

As seen in (1), in an ideal gyroscope, only the component of
the angular rate along the-axis, , causes a dynamic coupling
between the and axes, under the assumption that

. In practice, however, small fabrication imperfec-
tions always occur, and also cause dynamic coupling between
the and axes through the asymmetric spring and damping
terms. Taking into account fabrication imperfections, the dy-
namic (1) are modified as follows [10].

(2)

Equation (2) is the governing equation for a MEMS-axis gyro-
scope. Fabrication imperfections contribute mainly to the asym-
metric spring and damping terms, and . Therefore these
terms are unknown, but can be assumed to be small. Theand

axes spring and damping terms are mostly known, but have
small unknown variations from their nominal values. The proof
mass can be determined very accurately. The components of an-
gular rate along and axes are absorbed as part of the spring
terms as unknown variations. Note that the spring coefficients

and also include the electrostatic spring softness.
Based on , and , which are a reference mass, length

and natural resonance frequency respectively, whereis a

proof mass of the gyroscope, the nondimensionalization of (2)
can be done as follows [11]:

(3)

where and are respectively theand axis quality factor,
, , ,
, , , and

.

III. CLOSED-LOOPMODE OFOPERATION

A. Strategy and Previous Work

Conventional mode of operation is classified by an open-loop
mode and a closed-loop mode. The measurement strategy of
both the open-loop and closed-loop modes is based on the same
physics, i.e. generating a Coriolis acceleration by driving a proof
mass in a constant amplitude oscillation along the drive axis and
inducing an oscillation along the sense axis, which is propor-
tional to the applied angular rate. The major difference between
the closed-loop and open-loop mode of operation lies in that
in the former the displacement of the sense axis is controlled
to zero, while in the latter it is measured. The benefits of a
closed-loop operation are more scale factor stability, higher lin-
earity and higher bandwidth, thus achieving better performance
than that in the open-loop mode of operation. However, the ef-
fect of the asymmetric damping term is not distinguishable from
the Coriolis acceleration term. Thus, this term still creates an
inherent zero-rate output as in the case of the open-loop mode
of operation. The process of conventional mode of operation is
based on the following equation:

(4)

where is the amplitude of -axis oscillation.

B. Force-Balancing Control

The force-balancing control strategy was originally devel-
oped for MEMS accelerometer control [12], where it has been
successfully applied, and it has been extended to MEMS gyro-
scopes [8], [9]. The basic idea behind the force-balancing con-
trol strategy is that, if the sense mode amplitude is regulated to
zero by feedback control action, then, since , (4)
yields in steady-state response,

(5)

This implies that applied angular rate can in principle be
inferred from the sense axis control output, under the as-
sumption that . The force-balancing control strategy
requires that the sense axis closed loop system be robust to pa-
rameter uncertainties and variations, and have minimal phase
shift so that the response of the system to the Coriolis accel-
eration and quadrature error can be distinguishable. A block
diagram of a sense axis force-balancing control is shown in
Fig. 2. is the sense axis gyroscope dynamics, is
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Fig. 2. Block diagram of the force-balancing control.

the compensator which will be subsequently designed,
is the modulated input

signal resulting from the Coriolis acceleration and quadrature
error, is the control output, is the measurement noise,
and is the Brownian input noise. Fig. 2 also includes a demod-
ulation block, which will be defined subsequently. The closed
loop sensitivity transfer functions for and are given by

(6)

where

The control design goal is to flatten the gain of the complemen-
tary sensitivity function for around the drive axis fre-
quency , i.e.

The compensator may be designed by various methods
such as -synthesis and for stability robustness, or using
classical control synthesis techniques. If the magnitude of the
closed-loop complementary transfer function from the an-
gular rate to the control output is flat around the drive axis fre-
quency, the gyroscope’s scale factor will remain constant in the
presence of drive or sense axis frequency variations. Moreover,
the gyroscope’s bandwidth can be increased up to the drive
axis frequency. The dynamic range and linearity are also im-
proved to the extent of the control authority, since the magni-
tude of the sensitivity transfer function from the angular
rate to the sense axis displacement is almost zero. Since, by (6),
the steady-state control signalcontains both the Coriolis and
quadrature error signals, a demodulation is needed for extracting
angular velocity information from the control signal. Eventu-
ally, the overall gyroscope performance will depend on the de-
modulation method used.

The steady state response of the control output of (6) is given
by

(7)

where

and

where it is assumed that . Suppose that the
phase delay is small, i.e. around the anticipated
drive frequency region. Then, the angular rate and quadrature
error may be demodulated from the control output by multi-
plying this signal by and , and filtering the
resulting signals with a low-pass filter. The demodulated sig-
nals become

where is the phase delay due to the low-pass filter,
and . Notice

however that, unless the is exactly zero, the estimation of
angular rate is contaminated by the unknown quadrature error
coupling term . Unfortunately, usually the quadrature error
is three or four orders of magnitude larger than the angular rate.
Although the quadrature error term can potentially be cancelled
out by initial calibration, it may vary during the operation of
the gyroscope. In the force-balancing approach, sense and drive
resonance frequency mismatch is not as critical a problem as
is in the open-loop operation, unless the gyroscope closed-loop
bandwidth is much larger than in the open-loop mode. Fig. 3
explains this fact graphically. When high resolution is required,
resonant mode matching is important to attain a consistent reso-
lution performance. However, in this case the bandwidth of the
gyroscope will be small. This is also the case in the open-loop
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Fig. 3. Mode mismatch does not have large effect on the resolution of a large
bandwidth system [see case (a)], but has a large effect on a small bandwidth
system [see case (b)].

mode, where mode matching is important in order to attain a
consistent scale factor. However, as opposed to the open-loop
operation mode, it is very difficult to tune the sense axis reso-
nant frequency, since phase information for mode matching is
lost in closed-loop operation mode.

IV. A DAPTIVE ADD-ON CONTROL

We investigate the use of an adaptive algorithm for esti-
mating angular rate and at the same time, identifying and
compensating quadrature error, and possibly attaining mode
match in an on-line fashion. Note that the effect of variations
in drive or sense axis frequencies is not observed explicitly in
the control output of a conventional force-balancing system.
The idea behind the use of adaptive add-on control is to make
the nominal control output of the conventional force-balancing
system equal to zero by adding an additional outer loop. The
add-on control outer loop is composed of a band-pass filter, a
parameter adaptation law and a modulation part. Fig. 4 shows
a block diagram of force-balancing system with the adaptive
add-on control.

The modulated input signal in the (6) is rewritten in re-
gressor form as

(8)

where is assumed to be an unknown parameter
and is the measurable regressor. Suppose that the
input signal is estimated by a parameter adaptation algorithm,
then its estimate signal and errors are

(9)

where the parameter estimate errors are ,
and . The control error dynamics is

(10)

If the error signal passes through a band-pass filter ,
then

(11)

where and
. The following theorem holds.

Theorem 1: Assume that and are constant. Suppose
that a conventional force-balancing closed loop system is stable
with a controller . If a band-pass filter is designed such that
the phase delay from the modulated input signalto the output
of a band-pass filter is less than 90for a drive axis frequency

, and the parameter estimatesand are updated by the
following adaptation laws:

(12)

then the angular rate and quadrature error can be esti-
mated correctly, i.e., , , where and are
positive adaptation gains.

Proof: Since the propagation equation of the stochastic
expectation has the same form as the deterministic counterpart,
we can consider the deterministic case, i.e. and .
Usually, and are not SPR (strictly positive real),
so it is difficult to prove the stability of the closed-loop system
with an adaptation loop. Here, we make use of the fact that the
driving signal is a single frequency sinusoid, and take an aver-
aging approach [13]. Assuming that the applied angular rate and
quadrature error are constant, then (12) is equal to

(13)

Assuming that estimate error dynamicsis slow, from (11), the
steady-state dynamics of is approximately given by

(14)

where is a phase delay from the modulated input signalto
the output of the band-pass filter. Substituting (14) into (13) and
taking averages result in

(15)

where

We have used the fact that the products of sinusoids at different
frequencies have zero average. A sufficient condition for the
system in (15) to be asymptotically stable is that the cross-cor-
relation matrix be positive-definite. This is achieved if

. Therefore, if , the convergence
of parameter errors to zero is guaranteed, and the stability of
the system is proven.

If we carefully design a compensator and a band-pass
filter so that phase delay is as small as possible, the
angular rate estimate dynamics will be almost decoupled from
that of the quadrature error estimate. In this case, the quadra-
ture error estimation transient response will not significantly af-
fect the transient response of the angular rate estimate and vice
versa. Although the quadrature error estimate dynamics affects
that of the angular rate estimate, this only happens during the
transient period. This is the main advantage of this scheme over
the conventional force-balancing control, where the angular rate
estimate is contaminated by the quadrature error term, unless it
is perfectly compensated.
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Fig. 4. Block diagram of the adaptive add-on control Parameter Adaptation Algorithm (PAA).

A. Performance Expectation

The bandwidth of a conventional force-balancing controlled
gyroscope is defined by the cutoff frequency of the low-pass
filter used in the demodulation process. On the other hand, the
bandwidth of the proposed force-balancing controlled gyro-
scope with adaptive add-on control is defined by the adaptation
gain . From (15), assuming that , its bandwidth can be
estimated by

(16)

Of course, the actual maximum bandwidth is also limited by
the band-pass filter. Therefore, the adaptation gainshould be
selected so that the bandwidth estimate given by (16) is lower
than half of the frequency pass-band of the band-pass filter.

The ideal resolution of a conventional force-balancing gyro-
scope is defined by

(17)

where and are, respectively, power spectral density of
the position sensing and Brownian noises. In reality, the ac-
tual sharpness of the low-pass filter in the demodulation process
and aliasing affect resolution performance, and it may be much
worse than the estimate given by (17). In the case of the adaptive
add-on control, resolution is a function of the adaptation gain
and the pass-band of the band-pass filter . In order to
accurately estimate resolution of nominal system, consider the
following state-space realization of and :

Then, the (14) and (15) are realized the following state-space
form.

(18)

TABLE I
KEY PARAMETERS OF THEGYROSCOPE

TABLE II
CONTROLLER PARAMETERS FOR THESIMULATION

where

The covariance of can be computed by solving the
following covariance propagation equation:

19

where . The standard deviation of the angular
rate estimate error, or resolution , is obtained from the covari-
ance matrix , and is computed by

(20)

where , and is a dimension of . Now, we in-
vestigate a relationship of resolution performance between con-
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Fig. 5. Time response of angular rate estimate to the 5 deg/s step input.

ventional force-balancing and adaptive add-on force-balancing
schemes. If we substitute (11) to (13), then

(21)

The stochastic expectation equation of (21) is given by
, where denotes stochastic expectation.

Define the expectation error as , then

(22)

where we have utilized the assumption that the dynamics ofis
slow. Thus, the transfer function from noises tois given by

(23)

If we assume phase delay and consider only the angular
rate part, then (23) is simplified as

(24)

Equation (24) can be interpreted as follows: The noise that con-
taminates the angular rate estimate is a low-pass filtered signal
of the demodulated noise signals, passed through shaping fil-
ters and . These are the same noise properties
observed in a conventional force-balancing control using a de-
modulation process. Therefore, (17) can be also used to calcu-

late the upper estimate of the resolution for the adaptive add-on
controlled gyroscope.

Because the shape of the frequency response of is the
inverse of that of , the power of the noise in band-pass
filtered control output signal is minimal when .
Thus, the mode tuning problem may be formulated as follows:

(25)

where stands for the stochastic expectation. Note that the
noise properties of the angular rate estimate such as standard
deviation can easily be calculated by measuring control output
signal .

V. SIMULATIONS

A simulation study using the preliminary design data of the
MIT-SOI MEMS gyroscope was conducted, to test the analyt-
ical results and verify the predicted performance of the adap-
tive add-on controlled gyroscope presented in this paper. We
assumed that the drive and sense axis resonant frequencies are
matched and the magnitude of quadrature error is 0.1% of nom-
inal resonant frequency. The data of some of the gyroscope pa-
rameters in the model is summarized in Table I. The numerical
values for the controller used in the simulation is summarized
in Table II. Notice that the numerical values in Table II and the
simulation results are shown in nondimensional units, which are
nondimensionalized based on the proof-mass, length of one mi-
cron and the -axis nominal natural frequency.

The estimate of the angular rate response to the step input an-
gular rate is shown in Fig. 5. In this figure, the upper and lower
bounds of the analytically estimated standard deviation are also
plotted. The estimated standard deviation with (20) is 0.56 deg/s
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Fig. 6. Time response of angular rate estimate to the 5 deg/s sinusoid input at 50 Hz.

Fig. 7. Time response of quadrature error estimate.

at 50 Hz of bandwidth. Fig. 6 shows the estimate of angular rate
response to the sinusoidal input angular rate, and Fig. 7 shows the

time response of the quadrature error estimate. These simulation
results well match the theoretical results obtained in this paper.
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VI. CONCLUSION

For a closed-loop mode of operation, an adaptive add-on con-
trol scheme was proposed. The idea behind this add-on control
is to achieve a zero nominal control output in a conventional
force-balancing system by adding an additional outer loop. The
proposed outer loop is composed of a band-pass filter, a pa-
rameter adaptation algorithm, and an algorithm that generates
estimates of the gyroscopic inputs and other perturbation in-
puts due to fabrication defects. This parameter adaptation algo-
rithm estimates the angular rate and, at the same time, identifies
and compensates quadrature error, and may permit on-line au-
tomatic mode tuning.

The convergence and resolution analysis of the adaptive
add-on controlled gyroscope was presented. This analysis
shows that the proposed adaptive add-on control scheme pre-
vents the angular rate estimate from being contaminated by the
quadrature error, while keeping ideal resolution performance
of a conventional force-balancing scheme. Simulation results
were presented which corroborate the analytically derived
performance. However, both the open-loop and closed-loop
modes are inherently sensitive to some types of fabrication
imperfections which can be modeled as cross-damping terms,
which produce zero-rate output.
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