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Emergency Braking Control with an Observer-based

Dynamic Tire/Road Friction Model and Wheel

Angular Velocity Measurement

JINGANG YI1, LUIS ALVAREZ2, XAVIER CLAEYS3

AND ROBERTO HOROWITZ4

SUMMARY

A control scheme for emergency braking of vehicles is designed. The tire/road friction is described by a

LuGre dynamic friction model. The control system output is the pressure in the master cylinder of the

brake system. The controller utilizes estimated states for a feedback control law that achieves a near

maximum deceleration. The state observer is designed using linear matrix inequality (LMI) techniques. The

analysis shows that using the wheel angular speed information exclusively is not sufficient to rapidly

estimate the velocity and relative velocity, due to the fact that the dynamical system is almost unobservable

with this measurement as output. Findings are confirmed by simulation results that show that the estimated

vehicle velocity and relative velocity converge slowly to their true values, even though the internal friction

state and friction parameters converge quickly. The proposed control system has two main advantages when

compared with an antilock braking system (ABS): (1) it produces a source of a priori information regarding

safe spacing between vehicles that can be used to increase safety levels in the highway; and (2) it achieves a

near optimal braking strategy with less chattering.

1. INTRODUCTION

In recent years, important research has been undertaken to investigate safety in both

manual traffic and automated highway systems (AHS) when highway densities are

significantly increased. One important issue that requires more careful analysis is the

influence of the tire/road interaction on the braking capabilities of the vehicle and,
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therefore, on the overall highway safety. From the perspective of emergency braking,

there are two main factors that determine this braking capacity: tire/road friction and

available braking torque. Both are difficult to determine precisely due to modeling

complexities and variations in the operating conditions.

There is a significant amount of research in tire/road friction modeling and

estimation for individual vehicles. The model given in [1], known as the ‘‘magic

formula’’, gives a good approximation to experimental results of the relationship

between friction coefficient (�) and longitudinal slip (�), and is widely used in

automotive research and industries. However, this model is complex and its

parameters are generally difficult to calibrate and identify. In [2] and [3] identifiable

pseudo-static parametric friction models, namely ��� curves, are presented. The

parameters in these models lack a physical interpretation, but can be identified

through on-line adaptation. A very nice property of the model given in [3] is the

under-estimation of the friction coefficient under normal driving conditions, which

guarantees vehicle safety.

In recent years, dynamic friction models, such as the one presented in [4], have

been proposed to capture the friction mechanism. These models have been used

successfully to identify and compensate the friction in mechanical systems. In [5], a

first-order friction dynamic model, called the LuGre model, was first introduced to

replicate the tire/road interface. This model was used in [6] to estimate the tire/road

friction coefficient under different road conditions.

The goal of this paper is to design an emergency braking controller using a

dynamic friction model under various tire/road conditions. In [7], the authors

assumed that the friction internal state in the dynamic friction model and the vehicle

longitudinal velocity information are measurable, which is not true in reality. In this

paper, an observer will be constructed to estimate these state variables using only the

measurable wheel angular velocity. The emergency braking controller then utilizes

the estimated state variables and underestimation of longitudinal slip is achieved for

vehicle stability. The difference of this paper from [6] is that we consider an adaptive

emergency braking controller design using the observer-based dynamic friction

model while in [6] an observer is constructed to detect the tire/road conditions under

normal traction conditions.

The paper is divided in six sections. Section 2 describes the system dynamics.

Section 3 discusses the control objectives for emergency braking maneuvers. Some

tire/road characteristics are also discussed in this section. A compensator, which

combines an adaptive controller with an observer, is presented in Section 4. A linear

matrix inequality (LMI) technique is used to calculate the observer gains. Simulation

results for this compensator are illustrated in Section 5, along with discussions of the

limitations of schemes to estimate the longitudinal velocity based only on wheel

angular velocity measurements. Finally, Section 6 contains concluding remarks and

directions for future work.
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2. SYSTEM DYNAMICS

In this paper only the longitudinal dynamics of the vehicle are considered. We assume

that the four wheels of the vehicle apply the same braking force. For simplicity, we

also assume that the road has no slope and that the weight of the vehicle is distributed

evenly among the four wheels. A quarter vehicle model is used and we consider a

modified lumped LuGre friction model as follows:

_zz ¼ �vr � � �0jvr j
hðvrÞ z

J _!! ¼ �rFx � u�
m _vv ¼ 4Fx � Fr;

8<
: ð1Þ

where z is the friction internal state, vr ¼ v� r! is the relative velocity, hðvrÞ ¼
�cþð�s � �cÞe�j

vr
vs
j1=2

, �s is the normalized static friction coefficient, �c is the nor-

malized Coulomb friction, vs is the Stribeck relative velocity, u� is the traction/

braking torque, Fx the traction/braking force given by the tire/road contact, Fr the

rolling resistance, m the vehicle mass, J the tire rotational inertia, and the parameter �
is used to model the effect of different tire/road Coulomb friction coefficients. The

braking force Fx is given by:

Fx ¼ Fnð�0zþ �1 _zz� �2vrÞ;

where �0 is the rubber longitudinal stiffness, �1 is the rubber longitudinal damping,

and �2 is the viscous relative damping. Fx is a negative number in the case of braking

and Fn ¼ mg=4. According to [8], the rolling resistance can be modeled as:

Fr ¼ �vmgv;

where �v is the rolling resistance coefficient and g is the gravity constant.

Defining the state variables as:

x1 :¼ �0z; x2 :¼ v; x3 :¼ vr ¼ v� r!;

the system dynamics [Equation (1)] are rewritten as:

_xx1 ¼ �0 _zz ¼ ��0x3 � ��0f ðx3Þx1; ð2Þ

where f ðx3Þ ¼ x3

hðx3Þ; here we use the fact that x3 ¼ vr ¼ v� r! � 0 during braking

and

_xx2 ¼ g½x1 þ �1ð�x3 � �f ðx3Þx1Þ � �2x3	 � g�vx2: ð3Þ
For the state variable x3 we have:

_xx3 ¼ _vv� r _!! ¼ 
½x1 þ �1ð�x3 � �f ðx3Þx1Þ � �2x3	 � g�vx2 þ
r

J
KbPb; ð4Þ

where 
 ¼ gð1þ mr2

4J
Þ. In the above equation we use the formula u� ¼ KbPb, where Kb

is the brake system gain and Pb the brake pressure, which is the controlled variable.
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For most vehicles, we can measure the angular velocity of each wheel:

y ¼ ! ¼ 1

r
ðx2 � x3Þ: ð5Þ

3. CONTROL DESIGN OBJECTIVES

The tire/road friction coefficient is defined by the ratio of traction/braking force (Fx)

and the normal force (Fn) at the tire/road interface, that is:

� :¼ Fx

Fn

:

� is a complex function of the vehicle longitudinal slip and other factors, such as tire

and road conditions and vehicle velocity. The longitudinal slip � is defined by:

� :¼
v�r!

v
v 6¼ 0; braking;

r!�v
r! ! 6¼ 0; traction:

�

The pseudo-static relationship between � and �, usually called a pseudo-static

curve, is shown schematically in Figure 1 for a given vehicle velocity and a set of

Fig. 1. A schematic of pseudo-static tire/road friction model (braking case).
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tire/road conditions. As shown in the figure, the maximum friction coefficient, �max is

achieved at a particular longitudinal slip, denoted as maximum slip �max 2ð0; 1Þ.
When the vehicle slip satisfies � � �max, the vehicle motion is stable; otherwise, it is

unstable. Moreover, the �� � curve varies under different tire/road conditions,

vehicle normal forces, velocities, etc. Therefore, the maximum friction coefficient

�max and maximum slip �max will change under varying environmental and vehicle

conditions.

The objective of an emergency braking maneuver is to bring the vehicle to stop as

quickly as possible. We need to design a braking controller that achieves a vehicle

longitudinal slip close to �max while keeping the vehicle stable. In [9], a traction

control was designed to force the slip to track �max, assuming that �max is known and

fixed. In [10], a sliding mode controller and friction force observer achieve maximum

friction force using an extremum seeking technique.

In this paper, we will use the LuGre dynamic tire/road friction model to estimate

the maximum slip �max by means of an equivalent pseudo-static model. Assume that

the vehicle velocity v is constant and the normal force is uniformly distributed on a

rectangular tire/road contact patch. We can solve a distributed LuGre tire/road fric-

tion model and obtain following pseudo-static relationship between � and �, as in [7]:

�ð�; v; �Þ ¼ hðvrÞ
�

�
1þ 2�

hðvrÞ
�0�Lj�j

�
e
��0�Lj�j

2hðvr Þ � 1

��
þ �2vr; ð6Þ

� ¼ vr

r!
¼ �

1� � ; � ¼ 1� �1�j�j
r!hðvrÞ

;

where L is the length of the tire/road contact patch.

Figure 2 shows that the equivalent pseudo-static �� � curve in Equation (6) fits

the experimental data given in [11].

Remark 1 In [6], the friction curves are plotted when only the parameter � is

varied. The plots indicate that variation of parameter � can capture different shapes of

friction curves under various road conditions, which was reported in the literature.

The analysis of the LuGre model shows that the most critical model parameter is �0,

and � tries in some way to capture the variations of this parameter. The variations of

contact patch length L, due to change and shift of vehicle mass, can be absorbed

through the friction model parameters, such as �0. In this paper, we only consider the

variation of one parameter � for simplicity.

Thus, assuming that v and � are known, we can calculate the maximum slip �max by

solving for it numerically from the equivalent pseudo-static model Equation (6):

�max ¼ arg max
�
f�ð�; v; �Þg:

Note that the internal friction state z and the vehicle longitudinal velocity v are

assumed not to be measurable, and the tire/road condition (�) is unknown. It is
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therefore difficult to obtain �max for current vehicle design. It is necessary to construct

an observer to estimate these variables, so that near maximum deceleration can be

achieved around �̂�max. �̂�max can be determined from the estimated velocity (v̂v) and

parameter (�̂�), that is:

�̂�max ¼ arg max
v̂v;�;�̂�

f�̂�ð�; v̂v; �̂�Þg; ð7Þ

if we can guarantee that v̂v ! v and �̂�! �.
Another important control objective is to achieve the underestimation of slip

during an emergency braking maneuver, namely to ensure �̂�maxðtÞ � �maxðtÞ for

vehicle stability and to preserve the traffic safety.

In the following sections, we will describe an observer-based emergency braking

controller design that satisfies these control objectives.

Fig. 2. Comparison of the dynamical model and the magic formula for a tire tested in braking with

v ¼ 30 mph and � ¼ 1 in the model.
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4. OBSERVER-BASED BRAKING CONTROLLER DESIGN

In this section, we formulate the design of a controller, based on the available angular

velocity output. Arrange the system dynamics, Equations (2), (3), (4), and output

measurements [Equation (5)] as follows:

_xx ¼ Axþ B1� ðxÞ þ B2u

y ¼ Cx;

�
ð8Þ

where

x ¼
x1

x2

x3

2
64

3
75; A ¼

0 0 ��0

g �g�v �gð�2 þ �1Þ

 �g�v �
ð�2 þ �1Þ

2
64

3
75; B1 ¼

��0

�g�1

�
�1

2
64

3
75; B2 ¼

0

0
r
J

Kb

2
64

3
75;

C ¼ 0 1
r
� 1

r

� �
;  ðxÞ ¼ x1f ðx3Þ; u ¼ Pb:

Since the internal state z, given by the LuGre model, and the vehicle longitudinal

velocity are unavailable, we must design an observer to estimate these states. We

therefore construct the following model-based nonlinear observer:

_̂xx̂xx ¼ Ax̂xþ B1�̂� ðx̂xÞ þ B2uþ Lðy� Cx̂xÞ þ B1G; ð9Þ

where G is a tuning function to be determined subsequently.

The following assumptions are made for the system of Equation (8) and observer

of Equation (9):

(i) ðA; B1Þ is controllable and ðA; CÞ is observable;

(ii) f ðx3Þ is non-negative and bounded and f 0ðx3Þ is bounded, that is,

0 � f ðx3Þ � fmax � �2 <1; jf 0ðx3Þj � �3 <1; 8x2D1 � R: ð10Þ

(iii) The unknown parameter � is bounded, that is:

0<� � �max: ð11Þ

(iv) The map w 7! � of the system

_�� ¼ ðA� LCÞ� þ B1w

� ¼ C�

�
ð12Þ

with ðA� LCÞ Hurwitz, is strictly passive; moreover, 9�1 > 0 a constant, and

9P ¼ PT > 0 such that:

ðA� LCÞT Pþ PðA� LCÞ þ ð�2
1 þ �4ÞI< 0; ð13Þ
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as well as

PB1 ¼ CT ; ð14Þ

where �4 ¼ 2�max�2

r
> 0.

Theorem 1 Under assumptions (i)–(iv) there exists an adaptive emergency braking

controller that achieves

�̂�! �̂�max

asymptotically for the system of Equation (8) using the measured angular velocity !,

where the estimated slip �̂� :¼ x̂x3

x̂x2
¼ v̂v�r!̂!

v̂v
and �̂�max :¼ �̂�maxðv̂vr; v̂vÞ is the longitudinal slip

corresponding to the estimated maximum friction coefficient �̂�max in the pseudo-static

relationship between � and �, given by Equation (6).

Proof Define ~xx :¼ x� x̂x, ~yy :¼ y� ŷy ¼ C~xx and ~�� :¼ �� �̂�, then the error dynamics

for the system is:

_~xx~xx ¼ ðA� LCÞ~xxþ B1½� ðxÞ � �̂� ðx̂xÞ	 � B1G: ð15Þ

Define the dynamic surface ~ss as:

~ss :¼ x̂x3 � �̂�maxx̂x2;

and differentiate ~ss:

_~ss~ss ¼ _̂xx̂xx3 � _̂xx̂xx2�̂�max � _̂
��̂��maxx̂x2

¼ r

J
KbPb � �1ð
� g�̂�maxÞf ðx̂x3Þ�̂�þ

þ fð
� g�̂�maxÞ½x̂x1 � ð�2 þ �1Þx̂x3 � ð1� �̂�maxÞg�vx̂x2	 þ

þ ðl3 � l2�̂�maxÞ~yyg � �1ð
� g�̂�maxÞG � _̂
��̂��maxx̂x2

¼ dKbPb þ �1ðx̂xÞ�̂�þ �2ðx̂xÞ þ �3ðx̂xÞG; ð16Þ

where d ¼ r
J
,

�1ðx̂xÞ ¼ ��1ð
� g�̂�maxÞf ðx̂x3Þx̂x1;

�2ðx̂xÞ ¼ ð
� g�̂�maxÞ½x̂x1 � ð�2 þ �1Þx̂x3	 þ

þ ðl3 � l2�̂�maxÞ~yy� _̂
��̂��maxx̂x2 � ð1� �̂�maxÞg�vx̂x2;

�3ðx̂xÞ ¼ ��1ð
� g�̂�maxÞ;

and l2; l3 are the second and third elements of the gain vector L2R3.
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Consider the following Lyapunov function candidate:

V ¼ 1

2
~ss2 þ 1

2�
~��

2 þ ~xxT P~xx;

where � > 0. Then

_VV ¼ _~xx~xxT P~xxþ ~xxT P _~xx~xxþ ~ss_~ss~ssþ 1

�
~��
_~��~��

¼ ~xxT ½ðA� LCÞT Pþ PðA� LCÞ	~xxþ 2~xxT PB1½� ðxÞ � �̂� ðx̂xÞ	þ

þ 1

�
~��
_~��~��þ ~ss_~ss~ss� 2~xxT PB1G:

Notice that

� ðxÞ � �̂� ðx̂xÞ ¼ ~�� ðx̂xÞ þ �½ ðxÞ �  ðx̂xÞ	;

and use fact in Equation (14) to obtain:

_VV ¼ ~xxT ½ðA� LCÞT Pþ PðA� LCÞ	~xxþ 2~yy~�� ðx̂xÞþ

þ 2~xxT PB1�½ ðxÞ �  ðx̂xÞ	 þ
1

�
~��
_~��~��þ

þ ~ss½dKbPb þ �1ðx̂xÞ�̂�þ �2ðx̂xÞ þ �3ðx̂xÞG	 � 2~xxT PB1G: ð17Þ

Let the control input be:

u ¼ Pb ¼
1

dKb

½��1ðx̂xÞ�̂�� �2ðx̂xÞ � �3ðx̂xÞG � �~ss	;

where � > 0, then Equation (16) becomes:

_~ss~ss ¼ ��~ss: ð18Þ

Using Equations (14) and (18) and letting:

_̂
��̂�� ¼ 2�~yy ðx̂xÞ; ð19Þ

we obtain from Equation (17):

_VV ¼ ~xxT ½ðA� LCÞT Pþ PðA� LCÞ	~xxþ
þ 2~xxT PB1�½ ðxÞ �  ðx̂xÞ	 � �~ss2 � 2~yyG:

Note that

 ðxÞ �  ðx̂xÞ ¼ x1f ðx3Þ � x̂x1f ðx̂x3Þ ¼ f ðx3Þ~xx1 þ x̂x1f 0ðx�3Þðx3 � x̂x3Þ; ð20Þ
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where x�3 is a value between x3 and x̂x3 derived by applying the Mean Value Theorem to

the smooth function f ðxÞ ¼ x
hðxÞ. Moreover, by Equations (10), (11) and (20):

_VV � ~xxT ½ðA� LCÞT Pþ PðA� LCÞ	~xxþ 2~xxT CT�max�2~xx1þ
þ 2�3�maxj~yyjjx̂x1jj~xx3j � �~ss2 � 2~yyG

¼ ~xxT ½ðA� LCÞT Pþ PðA� LCÞ	~xxþ 1

r
�max�2ð2~xx1~xx2 � 2~xx1~xx3Þþ

þ 2�3�maxj~yyjjx̂x1jj~xx3j � �~ss2 � 2~yyG

� ~xxT ½ðA� LCÞT Pþ PðA� LCÞ	~xxþ �4

�
~xx2

1 þ
1

2
~xx2

2 þ
1

2
~xx2

3

�
�

� �4

2

�
j~xx3j �

�3r

�2

j~yyx̂x1j
�2

þ �4

2
~xx2

3 þ
�4

2

�
�3r

�2

�2

x̂x2
1~yy

2 � �~ss2 � 2~yyG

� ~xxT ½ðA� LCÞT Pþ PðA� LCÞ þ �4I	~xx� �~ss2�

� �4

2

�
j~xx3j �

�3r

�2

j~yyx̂x1j
�2

þ ~yy

�
�4

2

�
�3r

�2

�2

x̂x2
1~yy� 2G

�

� ��2
1k~xxk

2 � �~ss2 � �4

2

�
j~xx3j �

�3r

�2

j~yyx̂x1j
�2

þ ~yy

�
�4

2

�
�3r

�2

�2

x̂x2
1~yy� 2G

�
:

If we choose G such that:

G ¼ �4

4

�
�3r

�2

�2

x̂x2
1~yy; ð21Þ

then

_VV � ��2
1k~xxk

2 � �~ss2 � �4

2

�
j~xx3j �

�3r

�2

j~yyx̂x1j
�2

� 0:

Using Barbalat’s Lemma, we can conclude that

~ss ! 0; ~xx ! 0; as t !1:

Thus, by definition of ~ss and � we have

�̂�! �̂�max; as t !1:

Remark 2 To compute the controlled input Pb we need to know �̂�max and
_̂
��̂��max. We

use Equation (7) to calculate the estimated maximum slip �̂�max under current estimated

vehicle velocity and tire/road conditions.
_̂
��̂��max is then calculated numerically.

Remark 3 The adaptive nonlinear observer structure presented in this paper is

similar to the scheme presented in [12], although the results in [12] require an
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additional Lipschitz assumption on the function  ðxÞ, and the condition of Equation

(14) is replaced by BT
1 PC? ¼ 0, where C? is the projection onto null(C).

Remark 4 The tuning function G given by Equation (21) is a linear function of ~yy
and appears both in the observer and the control input. Compared with the tuning

function in [6], Equation (21) does not require switching in the control input, and

therefore produces a smoother control.

Remark 5 Assumptions (i) through (iv) must be satisfied by the system dynamics

described by Equation (8) for the theorem to hold:

(i) Regarding assumption (i), we can calculate the observability matrix:

O ¼
0 1

r
� 1

r
g�


r
0 a

r


a
r

� g�va
r

ðg�
Þ½
ð�2þ�1Þ2þ�0	
r

2
64

3
75;

where a ¼ ð�2 þ �1Þð
� gÞ, thus rankðOÞ ¼ 3, and (A,C) is an observable pair.

Similarly, the controllability matrix C ¼ B1 AB1 A2B1

� �
satisfies rankðCÞ ¼

3. Hence, assumption (i) always holds;

(ii) To see that assumption (ii) is always satisfied, we have:

0 � f ðx3Þ ¼
x3

hðx3Þ
� x3

�c

� �maxvmax

�c

¼ �2;

and

jf 0ðx3Þj �
1

�c

�
1þ

�
�s

�c

� 1

��
1þ 1

2

�
vmax

vs

�1=2��
¼ �3:

(iii) Assumption (iv) is satisfied by construction. As for (iv), we have to pick an

observer gain L and a positive symmetric matrix P such that following

optimization problem is feasible:

max �1

s:t: : ðA� LCÞT Pþ PðA� LCÞ þ �2
1I þ �4I< 0

PB1 ¼ CT ; P ¼ PT > 0 and �1 > 0

8<
:

This can be calculated by linear matrix inequality (LMI) algorithms, such as

those presented in [13].

5. SIMULATION RESULTS AND DISCUSSIONS

In the following simulation example we use the parameters from the LeSabre cars

used by the California PATH program. These parameters are: M ¼ 1701:0 Kg,
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�v ¼ 0:005 N � s2/m2, J ¼ 2:603 Kg � m2, r ¼ 0:323 m. We also take the road LuGre

friction parameter in Equation (1) to be � ¼ 1 and the braking gain Kb ¼ 0:9. The

nominal values of the parameters in the dynamic LuGre friction model are the same as

those in [7].

We simulate an emergency braking maneuver with a vehicle initial velocity of

v ¼ 30 m/s and the designed observer-based controller. The initial condition for the

observer dynamics is x̂xð0Þ ¼ ½0 29:5 0	T and the true state is xð0Þ ¼ ½0 30 0:5	T ;

namely we use the measurement r!ð¼ 29:5 m/sÞ as the initial condition for v̂v. Figure 3

shows the time responses of the real state vector x and estimated state vector x̂x, while

Fig. 3. Estimated and real state variables.
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Figure 4(c) shows the time response of the estimated friction parameter �̂�. Figure 4(a)

shows the time response of the controlled pressure P while Figure 4(b) shows

the controlled sliding surface ~ss. Figure 4(d) illustrates the difference, ~yy, between the

measurement y and output of observer ŷy. From these figures we can see that the

estimated state ẑz and parameter �̂� converge to their respective true values quickly, and

that the controlled input (pressure P) remains within its feasible domain, enabling the

vehicle to come to a quick halt (decelerating at around 10 m/s2). This example verifies

the results of the previous section. However, the simulation results also reveal that the

estimated states v̂v and v̂vr do not converge to their true states during the braking

process, remaining within a constant offset, even though the vehicle achieved its

maximum estimated deceleration level, which is based on estimated states, as shown

by Figure 4(b).

In what follows we present a formal explanation of the above simulation

results.

Fig. 4. (a) Controlled braking pressure P. (b) Sliding surface ~ss. (c) Estimated friction parameter �̂�.

(d) Measurement error ~yy (rad/s).
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From the state error dynamics of Equation (15) we find that

_~yy~yy ¼ � 1

r
½l2 � l3 þ �1ðg� 
Þg	~yyþ f1ð~xxÞ; ð22Þ

where f1ð~xxÞ¼ ðg� 
Þ½ð1� �1�f ðx3Þ	~xx1 � �v~xx2 � ð�1 þ �2Þ~xx3 � �1½�f ðx3Þ� �̂�f ðx̂x3Þ	x̂x1

and g ¼ �4

4
ð�3r
�2
Þ2x̂x2

1. In our example, we chose a relatively large value for the gain L

with l2 > l3 (L ¼ ½�400 � 60 � 500	T ). As a consequence, ~yy ! 0 quickly. Similarly,

we can also assume that ~��! 0 quickly, due to our choice of a high adaptation gain

ð� ¼ 200Þ and the presence of persistence of excitation, which we observed in the

numerical example. The analysis for absence of persistence of excitation is in

progress.

Using the approximation ~yy � 0 and ~�� � 0, we now analyze the dynamics of the

state errors of Equation (15) and obtain

_~xx~xx ¼ �AAðx3Þ~xx; ð23Þ

where

�AAðx3Þ ¼
��0�f ðx3Þ 0 0

g½1� �1�f ðx3Þ	 �g�v �g�2


½1� �1�f ðx3Þ	 �g�v �
�2

2
4

3
5:

Notice that �0 ¼ 280, �̂� � 1 and v
�c
� f ðx3Þ > vr

�s
. We can therefore conclude that

~xx1 ! 0 quickly with a decay rate of around �0�f ðx3Þ during the beginning of the

braking process, due to the fact that vr is large. This explains why the estimated state

x̂x1 converges quickly to the real state x1. In the case of the state estimates x̂x2 and x̂x3,

from Equation (23) we find that the eigenvalues of matrix �AAðx3Þ associated with these

two states are:

s2;3 ¼
�ðg�v þ 
�2Þ  

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�vÞ2 þ ð
�2Þ2 þ 4g2�v�2

q
2

:

Since �v and �2 are very small,

�1 ! s2;3 < 0; 8t � 0:

The rate of decay for ~xx2 and ~xx3 is small and the eigenvector associated with s2 is

around w2 � ½0 1 1	T .

Figure 5 shows a sketch of the trajectory portrait of the approximate nonlinear

system in Equation (23). For any initial condition P0 ¼ ð~xx1ð0Þ; ~xx2ð0Þ; ~xx3ð0ÞÞ2R3,

the flow trajectory will quickly approach the ~xx2"~xx3 plane because of the rapid

convergence of ~xx1 (s1 is large). Moreover, the trajectory will converge to w2 on the

~xx2"~xx3 plane if ~xx2ð0Þ> 0 and ~xx3ð0Þ> 0, as shown in Figure 5. Thus, if we pick

~xx2ð0Þ � 0; ~xx3ð0Þ � 0; ð24Þ
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then

maxf~xx2ð0Þ; ~xx3ð0Þg � ~xx2ðtÞ � ~xx3ðtÞ � 0; 8 t � t0:

where t0 is fairly small and depends on the convergence rate and initial conditions

of ~xx1ðtÞ.
When the angular velocity is the only measurement available to the control system

and a state observer is designed, the angular velocity estimation error can be ex-

pressed as:

~!! ¼ !� !̂! ¼ 1

r
ðx2 � x3Þ �

1

r
ðx̂x2 � x̂x3Þ ¼

1

r
ð~xx2 � ~xx3Þ: ð25Þ

It should be noticed that ~!! ¼ 0 does not imply that ~xx2 ¼ ~xx3 ¼ 0 but that ~xx2 ¼ ~xx3.

Vector w2 in Figure 5 belongs to the surface where ~!! ¼ 0. It is important to remark

that this limitation obeys the relation between x2 and x3 and is not dependent on the

dynamic friction model or observer structure that was used in this paper.

Note that, by Theorem 1, we obtained �̂�! �̂�max and �! �max, due to the fact

x̂x ! x. However, since the states x̂x3 and x̂x2 converge slowly, there will be some error

between � and �̂�. This error can be estimated as follows:

0<�ðtÞ � �̂�ðtÞ ¼ x3

x2

� x̂x3

x̂x2

¼ x2~xx3 � x3~xx2

x2x̂x2

� ðx2 � x3Þ~xx2

x2x̂x2

¼
�

1� x3

x2

�
~xx2

x̂x2

ð26Þ

� ð1� �ðtÞÞ�ð0Þx2ð0Þ
x̂x2ðtÞ

; 8t � t0: ð27Þ

Fig. 5. A schematic trajectory plot for nonlinear system _~xx~xx ¼ �AAðx3Þ~xx.
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Note that in general �ð0Þ � 3% during normal driving conditions before braking. As a

consequence, the slip estimate error is small. Similarly, it can be shown that

�max � �̂�max will also be small after the state ~xx1 ! 0. Therefore, the proposed control

system will achieve a near maximum deceleration level, in spite of the fact that state

estimation errors ~xx2 and ~xx3 converge slowly.

Remark 6 It should be noticed that by the controller design, we can always

guarantee the underestimation of longitudinal slip �ðtÞ as shown in Equation (27).

This is a very important property, which helps to preserve the vehicle safety and

stability on the highway, since the safe inter-vehicle space depends on the estimation

of maximum acceleration and deceleration.

6. CONCLUSIONS

In this paper we first discussed emergency braking control under unknown tire/road

conditions and system states, based on a dynamical friction model and the assumption

that the only available measurable signal for the controller is the wheel angular

velocity. The braking pressure controller is determined based on the estimation of

system state variables and the unknown friction parameter. The simulation results

show that the vehicle can be stopped quickly with near maximum deceleration by

applying this controller. The asymptotic convergence of the estimated states and

parameter estimates has been proven. Moreover, it was also shown that the friction

properties can be estimated and near maximum deceleration achieved, in spite of the

slow convergence rate of the vehicle velocity and wheel relative velocity error

estimates. Fortunately, both automated highway systems (AHS) and manual traffic

applications rely on various other measurements to guarantee safety (e.g., radar

sensors and human perception). Thus, the control system does not need an accurate

estimate of the vehicle velocity. Simulation tests conducted so far suggest that the

proposed control scheme, based on an observed dynamic friction model, achieves

near maximum deceleration in a faster and more stable manner than previous static

approaches.
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