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Passive Velocity Field Control (PVFC):
Part Il—Application to Contour Following

Perry Y. Li, Member, IEEEand Roberto HorowitzMember, IEEE

Abstract—in contour following applications, the various degrees Tracking Desired
of freedom of a mechanical system have to be well coordinated, e11o position
but very often, the speed at which the contour is followed is not
critical. Moreover, in the context of machining, the system has to
interact closely with its physical environment. When the contour
following task is represented by a velocity field on the configura-
tion manifold of the system, the coordination aspect of the problem
is made explicit. The passive velocity field control (PVFC) scheme
developed in the Part | companion paper [7] can then be applied Contour
to track the defined velocity field so that the desired contour is fol- Error
lowed, and to ensure that the interaction of the closed-loop system
with the physical environment is passive to enhance safety and sta-
bility. Unfortunately, for some contours, an encoding velocity field
on the configuration manifold does not exist or is difficult to de-
fine and, as a consequence, the PVFC cannot be directly applied.
For systems whose configuration manifolds are compact Lie groups
and the desired contour is represented by a parameterized trajec- ) ] ]
tory, a general methodology is developed, using a suspension techthe radial reduction phenomenon where the radius of the actual
nique, to define a velocity field on a manifold related to the con- contour is smaller than the desired one. Fig. 1 illustrates the sit-
figuration manifold of the system for which PVFC can be applied. jation.

With this strategy, timing along the contour can be naturally varied As an alternative, it is proposed in Part | of this paper [7] and

on-line by aself-pacingscheme so that the contour tracking perfor- . L - .
mance can be improved. The experimental results for a 2 degree of IN [6] that coordination critical tasks, such as contour following,

freedom robot following a Lissajous contour illustrates and verifies can be encoded bytane invariantvelocity fieldV : G — T'G
the convergence and robustness properties of the PVFC method- on the configuration spacg. An appropriately designed ve-

Actual
K Position

Desired Contour

Fig. 1. Inatimed trajectory based controller, the system may leave the desired
contour to keep pace with the moving trajectory.

ology. locity field, which defines a desired velocity for each configu-
Index Terms—Coordination, lie groups, passivity, self-pacing, ration of the mechanical system, guides the system to approach
suspension, velocity field. the contour in a well behaved manner.

To encode a contour following task, the velocity field should
have the following properties:
i) its value at each point of the contour must be tangent to
the contour;
ii) the flow of the field has a limit set which is contained in

. INTRODUCTION

HE manipulation task of a mechanical system is tradition-
ally specified by means of a desired timed trajectory in
the workspace. The control objective is to track this trajectory the contour

atevery instant of ime. In many contour following application.‘qzig. 2 shows a velocity field for the task of tracing a circle on

the actual timing in the desired trajectory is unimportant com ) . .
L A . a rectangular configuration space. Notice that the flow of the
pared to the coordination and synchronization requirement t%le

tween the various degrees of freedom. For example, in mach €ld, which is determined by tracing the arrows, converges to

tﬁg circle, and that the arrows are tangent to the circle
deburring, the machine is required to traverse the contour at ' 9 )

maximum speed without exceeding the limits on the force ex- etq(?) € ¢ be the trajectory of the mechanical system. The

perienced by the deburring tool. The requirement that the V§IOC'W field tracking control objective is to cause theve-

chine be at a position specified by a predetermined trajectory af ¥ "ed tracking eroreq (8) = 4(t) — aV(q(£)) to vanish

. . : - . ’for somea > 0, thus enabling the contour to be followed
each time may be an overly stringent imposition. Indeed, it hgg mptotically. Notice that the mechanical system is not re-
been demonstrated in [2], [11] that in the presence of uncertainy 1P - Y

. . : ; -guired to be at a particular position at each time. Instead, the
ties, trajectory based contour tracking algorithms tend to exm@'leflocity field guides the robot to approach the contour in a well

behaved manner.
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Fig. 3. Contour of the desired parameterized trajectory.

Fig. 2. A velocity field for the task of tracing a circle on a rectangular

configuration space.

s(F.,§) defined to be the action df. on g, (I, ¢), which is

nonzero tangent and any velocity field must command the me-
chanical system to stop at the intersection.
In this paper, this difficulty is overcome by using a param-

the environment mechanical power input to the system, then @{@_rized trgjectory description of the contour. A parameterized
control scheme also maintains the passivity of the closed-loBB/ECtory Is a curvery : 7 — g whereI C R andg is the
system with respect to this supply rate in the sense that: for ginfiguration space of the mechanical system. It reduces to the

F.(-)andt > 0

/0 S(B(r), 4(r))dr > — 2.

1)

traditional desired trajectory I is time. A suspended system
is then defined so that the configuratigft) of the mechanical
system and the parameterizatiaft) € Z of the contour are co-
ordinated. This is achieved by definingjime invariantvelocity
field on the suspended configuration spéce= G x 7 using the
concepts of gradient vector fields [4] agelf-pacing The basic

One advantage of maintaining passivity is that the coordinatiadea behindself-pacingis to increase or decrease the desired
requirements of the contour following task becomes naturaligte of the progression of the parameteelative to the desired
embedded in the feedback system and will be decoupled fremeed of the mechanical system, based on the deviation of the
the speed at which the contour is followed. The speed, deteonfigurationg from the desired locatiom (7). The general
mined by the scala#, is a function of the energy storage presergrocedure for the design of such a velocity field will be devel-

in the feedback system. The latter can be controlled by a variefyed for mechanical systems with compact Lie groups as their
of additional control loops taking into account other envirorconfiguration spaces. These constitute a wide class of impor-
ment factors, such as the magnitude of the interaction force.tamt mechanical control systems including revolute jointed ma-
the context of machining (e.g., cutting, deburring), where conipulators, satellites, and underwater vehicles. Under the same
tour following problems are frequently encountered, the robassumption, we show that the mechanical system converges to
or the machine tool has to interact closely with its workpiecéhe parameterized trajectory. Extensive experiments have been
If the closed-loop control system is passive with respect to thenducted for a 2-link revolute jointed serial robot following
environment mechanical power, the energy in the system is lithe Lissajous figure in Fig. 3 to validate the proposed method
ited to the initial energy of the system and the additional eand to illustrate the convergence and robustness properties of
ergy input from the environment. Since the physical enviromhe PVFC as presented in [7].

ments with which the machine interacts are often passive themThe rest of this paper is organized as follows: in Section I,
selves, stability and safety can be enhanced. For these reasaedriefly review the PVFC algorithm and its properties, which
the PVFC algorithm in [6], [7] is a good candidate for contouare developed in detail in [6], [7]. In Sections III-IV, we con-

following applications.

structively show that a contour following problem in which the

In order to apply PVFC to contour following, a contour eneontour is described by a parameterized curve reduces to the ve-
coding velocity field must first be defined. Unfortunately, fotocity field following problem, so that PVFC can be applied. In
many desired contours, such a velocity field is either difficult t8ection Ill, this procedure is performed for a 2 DOF SCARA
define or may not even exist. The latter can happen when ttedot whose configuration space is the 2-torfi$, to illustrate
tangent to the contour is not unique. For example, the centbe method. In Section IV, the procedure is generalized to me-
point of the Lissajous contour in Fig. 3 does not have a unigabanical systems with compact Lie groups as their configuration
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spaces, and the main convergence results are also presented. E]} Defining a coupling contral™ in (4) of the form
perimental results are given in Section V. Section VI contains
concluding remarks. T =qq | (qa);

Throughout the paper, unbold letters or symbols denote el- T =G(q4, 40)qe + YR(da, 90 )4a @)
ements in a manifold, respective bold letters and symbols de-
note their coordinate representations. Thus, the coordinate rep- Where

resentation ob € TG isv = [v},+2,...,v"]T so thatv = ¥ gain constant;
" 'd/dq', whered/dq' are the coordinate basis vectors. % time varying two-form;
(F,v) denotes the action of the co-vector (or 1-forfapn the | contraction operator,

tangent vector (or a vector field) ((v,w)) denotes the inner  G(da;4a) @andR(qa,qa)  skew-symmetric matrices.

product defined by some Riemannian metric (sometimes wi¢th, G(qq;q.) and R(qa,q.) depend on the augmented

subscripts to signify the inertia metric that defines it). velocity field V,(gq). Their exact definitions can be found in
[6] and [7]The closed-loop system consisting of the augmented

Il. REVIEW OF PASSIVE VELOCITY FIELD CONTROL (PVFC) ~ System (4) and the coupling control (7), is given by

In this section, we briefly review and summarize the design MV G, = FY. (8)
procedure for and properties of PVFC. The readers are referred ‘
to [6], [7] for details. The key passivity and convergence properties of PVFC are sum-

We consider a-degree of freedom fully actuated mechanicdanarized below: o
system with configuration spagesubject to both control forces  Theorem 1[6], [7]: The closed-loop system (8) consisting of
T and environment forces... Its dynamics can be expressedhe augmented system (4) and the coupling control (7) has the

geometrically in terms of a Levi—Civita connection [7] following properties.
1) The closed-loop affine connectioi®” is compatible
MV, q=T+F, 2 with the augmented inertia metrid @ so that the kinetic
energy of the augmented systemin (5) satisfies
or in terms of coordinates as p
. . o . o T .
M@ + Cla ) — T+ F. . Za(dalt)) = (L) = TV(B4(2). ©

2) The controlled system is passive with respect to the
supply rates(F.,¢) = (T¢, ¢) = TT4.

3) For eachr € R, define thex-velocity field error to be
€a = qo — Vau(ge). Then, as long as a > 0 wherevy
is the feedback gain in (7§, = 0 is a Lyapunov stable

whereV is the Levi—Civita connection associated with the in-
ertia metricM, M(q) andC(q, q) are the inertia matrix and
Coriolis matrix in coordinates.

GivenV : G — TG, the desired velocity field that the system

is supposed to track, the design methodology presented in [7] solution if . = 0, i.e., in the absence of environment
consists in the following three steps. forces ' T

1) Defining an augmented system as a product system withg) | et 3(¢) be related to the kinetic energy of the system via:
configuration spacé, = ¢ x S*, between the plant (2)

and a fictitious flywheel . Ra(Ga(t
yw B(t) = sign(vy) % (20)
oea MV :q T I,
MV, da = <Mféj’3+1> = <Tn+l> + < 0 ) (4) Therefore, because of (9)(¢) = 3(0) = g whenF, =
—_— —— 0. In this case, we also have
Tn, Fen
1o — BValqs), andg — BV (q), 11
whereq, = (¢, ¢"**) and M are the configuration and e PValta) 1= Vi) 1D
the inertia Riemannian metric di, for the augmented globally and exponentially, except from a set of initial
system. In coordinates, the latter is givenklf(q) = conditions of measure 0.
diag(M(q), M) € ROFD*FD Afe defines the ki-  Remark 1:The exponential velocity field convergence
netic energy of the augmented system via: property is established using the following Lyapunov function,
1 which will be useful for establishing the contour following
Kalda) = {({da> Ga))a = =4 M*(qq)da (5) convergence result in Section IV:

2

where({-, -)}, denotes the inner products defined by the W;p(t) := %((eﬂ, €g))a = %eE(t)M“(qa(t))e@(t) (12)
inertia metricM ®.

2) Defining an augmented desired velocity field of the formwherecs(t) = G.(t) — B(t)Va(qa(t)). Wp(t) satisfies
V(ga) = (V(q), V"' (q)) € TG,, such that the kinetic . _
energy of the augmented system is a constant Wis(t) = —4EyBut)Wis(D), (13)

1 ¢ 1 a2 o wheren(t) > 0 is a nondecreasing function, apg0) = 0
ra(Va) = SVH@M(@V(Q) + My (V)" = E. (6) if and only if g,(0) = —sign(v)3Va(ga(0)). Therefore, the
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rate of convergence is given Ry E in the neighborhood of

C’g = 0. O _________________________
In addition, the PVFC has the following robustness proper- q!

ties, which shall be verified from the experimental results in

Section V. The readers are referred to the companion paper [7]

for details.

1) If the environment force is in the directidif’ = §(¢)P¢,
where P* = M*V, is the desired momentum ad¢k) €
R, then its effects on the velocity field tracking error given
by es := ¢, — B(t)Va(g.(t)) with 5 defined in (10), can q
be ehmm_ated if the feed.ba.lck gainis sgfﬂuently Iargg. Fig. 4. A two link direct drive robot.
2) Ifthe environment force is in the direction that annihilates
Vo, l.e, (FE,V,) =0, then the velocity tracking erress
will be ultimately bounded. R2*2 being the inertia matrixC(q, ¢) € £2*? being the Cori-
3) As the energy of the system increases (i) in- olis matrix, T € R* represents the control forces, afid € ®?
creases), the lower bound for the gaimeeded in 1) as represents the environment forces.
well as the ultimate bound in 2) both decrease. Thus, weThe suspended system (14) corresponds to a mechanical
expect that the performance of the system to improve 8sstem with configuratioj = <q> and inertia and Coriolis
the speed of the system is increased. T

Link 2

2

matrices

I1l. APPLYING PVFC TO CONTOUR FOLLOWING: AN

ILLUSTRATIVE EXAMPLE IN 72 M(q) = <Mé<1) (1)> . T(q,4) = <CO($ a) 0n0><1>

In this and the next sections, we discuss the application of
PVFC to contour following problems. Since the design of a con- , , _ F.
tour encoding velocity field may be difficult and for some contnder the influence of the environment fole = | | and
tours impossible, we develop a general methodology to achieve
contour following by representing the contour as a paramet&f"
ized trajectory, instead of just a set of points. A parameterized
trajectory is a curvery : 7 — G whereZ C R andg is the Mia)a + Cla.a)a = T+ F 15
configuration space of the manipulator.dfis time, then the (@a+Cla,q)jq="T+F.. (15)

parameterized trajectory reduces to the traditional desired nﬁfe next steps will be 1) to define a suitable velocity field for
]e(fl'f?]ry'k id 00 d icall tend th hani the suspended mechanical system that encodes the contour fol-
e key ideas are to i) dynamically extend the mec aniqg ing task, and 2) to apply PVFC to ensure that this velocity

system to include the pgrameterof the parametenzed. 8- field is tracked. Thus, PVFC will control the dynamics of both
jectory as another coordinate, formingaspendegystem; ii) the mechanical system itself and of the parameterization
design a velocity field on the suspended system configuration

space in order to require that the mechanical system and the pa- N _
rameterr are coordinated,; iii) apply the PVFC methodology t§' Velocity Field Design o™ x 7 _
the suspended system. Following [4], the velocity field will be Itis now necessary to design a velocity fieldGn= G x Z,
designed so as to be related to a gradient vector field of a pot#e configuration space of the suspended system in (15), given a
tial function. parameterized trajectony, : Z — G. Using the joint angles as

To illustrate the procedure, we first consider the two-link maoordinates, lex,(7) = [z}(7), z3(7)]" be the desired param-
nipulator in Fig. 4 where is the torus7?, identified with eterized trajectory in these coordinates. Define the angle error
[0,27) x [0, 27). Hence, the joint anglag = (¢', ¢*)T inFig. 4 functionE : 72 x T — 7 to be
will be the coordinates of the system. The more general case
where the configuration manifold is a compact Lie group will E(q,7) = <E1(q, T)) __ <(q1 — (7)) mod 27r> .

trol torqueT = <TT ) Equation (14) can be written as

be presented in Section IV. T\ E*q.m) ) T \(¢* = 23(7)) mod 27 16)
16
A. Suspension Next, we define a potential functidif : 72 — R by
First, we form a suspended system by forming a product
system from the original dynamical system and the dynamics {/(E) .= 1 [h1(1 - cos(EY)) + ho(1 — cos(EQ))] (17)
of the evolution of the parameterizatienc 7: 2

M(q) Op,x1 q C(q,9)q T F. wherehy, h are positive constants, add is theith compo-
O1xn 1 T + 0 —\7 + 0 nent ofE. Notice thatl/ attains its minimum whenos(E!) =

(14) cos(E?) = 1 and increases agdeviates more from the desired
where the first row in (14) corresponds to the dynamics of thecationx,(r). Thus,U(F) is a measure of the tracking perfor-
two link robot withq € R? being the coordinatedyI(q) € mance.



1364 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 46, NO. 9, SEPTEMBER 2001

The velocity fieldV on G is defined to be a linear combina-controller will now have 3 internal states:+, and the fictitious

tion of two terms as follows: flywheel velocity.¢” . Notice that the flywheel configuration
dal itself, g *1, is not needed (see [6], [7] for details).
INGATING
V(@ := | V¥ ) =M@ | draqy C. Self-Pacing
Vr 1

Notice that (19) is independent &f (q). However, it would
hy sin E* take some time for the angle erdBrto decrease to an acceptable
—X2(q) | h2sin E? (18) level. If the speed of the progression parameéterarge, a large
0 portion of the contour will be tracked poorly. We can decrease
this portion by decreasing In general, the relative magnitudes
Cof A1(q) and A2 (q) control the speed of progression of the de-
sired parameterized contour relative to the rate of convergence.

whereA;, X> : G — Rt are positive bounded functions. Th
rationales for this definition oV in (18) are as follows.

* The first term in (18) satisfies The idea ofself-pacingis to exploit this relationship to
. ) ) da} improve contour following performance. One possibility is to
e 95 & » d_g(T) 0 make )\, (§) and \»(q) depend on the value of the potential
or  orr op | Y M@ a7y = <0> function U(E(q, 7)) in (17), which measures the deviation of
o¢t 9¢® o7 1 the configuration from the desired location, so that the velocity

. : o field emphasizes the action that decreases the tracking error
Therefore, it is a precompensation term coordinating tr\]/vehen U(E) is large. Consequently, when the tracking error
dynamics ofg and so that ifq of the suspended system. ge-. d Y. g

(15) is in this directionE(g(t)) will remain unchanged. is large, the desired trajectosy; would progress at a slower

« For the second term, notice that thgdq* and 8/94¢> speed. For examplé, (), A»(q) can be:
components are in fact

7 A(@) =exp(—R - U(E(q,7)))
( a )= (1sme) Xo(@ =2- ep(-R-U(E@.7)  (2D)
By hesin(E?)

whereR > 0 is the self-pacing parameter such that/an-
at?Peases, the emphasis on eliminating contour following error is
also increased.
The experimental results of this control scheme are presented

which can be shown to be the gradient vector field for
appropriate metric o 2. Indeed, if the direction ofj is
opposite to it

d oU \ 2 oU \ 2 in Section V.
—U(E®) = = 2@ | — _— <0.
% u(e) Mq){(aEl) +(552) }_o
IV. GENERAL CASE WHEREG |Is A COMPACT LIE GROUP
« The combined effect of the two terms in (18) is thaj i Inthis section, we generalize the procedure of applying PVFC
AV for somes > 0 (as expected from (11) in Theoremto contour following problem, given in Section I1I to the generic
1), then setting when the configuration space is a compact Lie Group.
. U The design procedure for the velocity field is motivated by the
E=-3)(q) <%Eb} ) (19) navigation function approach to real-time path planning intro-
OE? duced in [4].
so that Before we proceed, let us recall some differential geometric
) ) concepts and notations.
d _ ou ou A smooth manifoldg is a Lie Group if it has a group struc-
—U(E®®)) = -8\ — — <0.
dt (@) Aha(d) { <8E1> + <8E2> } - ture. Specifically, there exist 1) a smooth group operation

(20) (q1,92) — @1 - @2 € G, 2) an identity elemenid € G such that
Becausd/(E) is lower bounded, (20) implies that(E(¢)) ¢ -id = id-q = ¢ Vq € G, and 3) a smooth inverse operator
converges. The potential functidA(E) in (17) ensures that, denoted by; — ¢! € G'suchthay- ¢t = ¢! - ¢ =id.
as long as3A2(q) is uniformly positive,EE must converge to  The group operator defines a family of left and right transla-
a critical point ofU/, which are characterized l§y’ = O or«, tion operators. Fot € G, theleft translation by is denoted by

i = 1,2. However, since the only stable critical pointi8 = L, :G — G, L,b = a - b, and theright translation bya is de-
E? = 0,q = BV implies thatq(t) — x4(7(t)) from almost noted byR, : G — G, R,b=1b-a.Hence,L,b= Rya=a-b.
anywhere. Let f : M — N, thepush forwardof f, denoted byf, :

Once a velocity field org x 7 is designed, the PVFC ma-T M — TN maps a tangent vector at € M to a tangent
chinery summarized in Section Il can be applied to shs- vector atf(m) € N such thatifg : N' — R, L;, g =
pended systenin (15) to track the velocity field (18). Since theL,, (g o f), whereL, s denotes the Lie (directional) derivative
passive velocity field controller involves augmenting the systeaf s : M — R in the directionv € T M.
to be controlled by the dynamics of a fictitious flywheel with Let g : G — R, we shall use the notatior] ¢ to denote
configuration spacé?, the configuration space of such an augthe 1-form such that for alb € 7°G, the action ofd g on v is
mented system becomgs = Gx S = GxZxSt. Theoverall (dg,v) = L.g.
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Given f : G — R, and let{{(v,w)) be the inner products identity from almost everywhere. Following [4], ravigation
that define a Riemannian metric ¢n Thegradient vector field functionas defined below possesses the sufficient conditions.

grad f : G — TG is defined by

Definition 1: The twice differentiable functio® : G —

is a navigation function if it has the following properties:

<<grad f’ U>> = <d f’ U>, Vv € TG.

A. Suspended System

1) all the critical points{E. € G : dU(E,;) = 0}) are

nondegenerate, i.e., the Hessian (which is the matrix of
second derivatives) in any coordinate system, at each crit-
ical point has nonzero eigenvalues;

The suspended system is formed in exactly the same way a<) it has a unique minimum at the identiiy with value 0.

in Section lll, i.e.,

Remark 2: The navigation function is defined so that all

the critical points are isolated, and only the global minimum is

stable. This together with the compactnes§ ehsures that the
negative gradient flow of/(-) converges to a critical point, and

to the global minimum from almost everywhere. A navigation

MV (T F,
()= (2)+(5) e
which can be rewritten as
MV.q=T+F.. (23)

function is in fact a Morse-Bott function [3] whose definition
also requires that/ :
However, sincg; is assumed to be compact, this is automatic.

G — X have compact sublevel sets.

Examples:

whereg = (¢,7) € G = G x Z is the configuration of the sus-
pended system\/ is its inertia metric, and’ is the Levi—Civita
connection associated with/. In coordinates)M is given by
M(q) = diag(M, 1), T and F. are the control and environ-
ment forces for the suspended system.

B. Velocity Field Design

Assumption 1:The configuration space of the mechanical
system is a compact Lie grou, The desired contour is defined
by a parameterized curve; : Z — G whereZ C R is the do-
main of the parameterization, and the derivatide,/dr)z, :

7 — TG is uniformly bounded.

The geometries of many robotic systems (see, for example,
[8]) can be naturally described in terms of Lie Grougseing
compact can be considered equivalengtdeing closed and
bounded when embedded RY for some sufficiently large.

The assumption foF to be compact may be relaxed in many sit-
uations, as long as some of the boundedness conditions, which
will become apparent, are satisfied.

To generalize the velocity field design procedure in Sec-
tion 111-B, we need to define

* agroup error functioF(¢,7) € G;

 a potential function : E — %R with the appropriate
properties;

+ a vector field onG which leaves the erroF invariant,
corresponding to the first term in (18); and the gradient
vector field ofUU, corresponding to the second termin (18).

1) Group Error Function and Navigation FunctionLetz, :
7 — G, whereZ C R, be the parameterized trajectory on a Lie

groupg. Sinceg is a Lie group, a natural definition of the group  2)

error function is

E:GxI—G, E(q1)=q x;'(r)€g. (24)
Similarly, one can choose to defid# q, 7) := = *(7)-q. How-
ever, the formulae given below will have to be properly adjusted.
Next, the potential function in (17) must be generalized. A
functionU : G — R must be defined so that the flow of the
gradient vector field of the function must convergeédce G, the

1) For the control of satellite orientation, the configuration

space of the satellite i§ = SO(3), with each element
q identified with a 3x 3 real orthogonal matrix with de-
terminant 1. The group action is the matrix multiplica-
tion and the identity element is the identity matrik,
T,50(3) can be identified wit{gw | w € so(3)} where
so(3) is the space of & 3 skew symmetric matrices. The
error function can be defined to be

E(q,7) = qz;'(r) = qza(r)’ (25)

wherezy : T — SO(3) is the desired parameterized tra-
jectory. Following [4], a navigation function ovéfO(3)
can be defined as follows. Lé? € R**2 be a sym-
metric matrix with distinct eigenvalues; < 72 < 73
and(wy + m2)(m + 73)(7ws + 72) # 0. The navigation
function is defined to be
1

U(B) = —trP(l - E) (26)
wheren’ = 73 + w3 — w1 ThusE € SO(3) is a critical
point of U(+), iff

tr(PEw)=0 VYwé€ so(3).

This is soiff P F' is symmetric for which there are exactly
four instances. Of these instances, it can be shown [1] that
E = I is the only critical point at whicll/ has a positive
definite Hessian (i.e., a minimum).

For revolute jointed robotg; is then-torus7™ = S! x

---x 8! (ntimes), wheres'! is the circle. Each element of

7™ can be identified withy = (¢77', ..., /4" )T where
¢" € Ris the angle of théth joint andj = +/—1. The
identity elementof ™ is[1,- - -, 1]* and the group action
is given by

e’ ois! eiw'+s")

S o i)
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Letg = (g, 7) with ¢ = (77", ... e79")T andz4(r) = whereA, denotes the pushforward of the mapExpanding the
(e#*a(™), .. ei*i())T pe the desired parameterized traexpression foi, W, we obtain
jectory. The error function can be defined to be

E.W = (nglm)* We + (L), o (inv), o (z4). Wz

eiet (@
E(q) = ( : ) , e =(d —al(r). (@27 = (nglm) W = (Lg), © (ngl(r))
Cjeﬂ((—l) * *
) o] (Rm(;l(_’_)) o] (.Td)*WI
Sincee’ is 2 periodic, it is equivalent to the error func- .
tion in (16) whenn = 2. A navigation function can be = (ngl(f)) [Wg - (Lq.x;(r)) ° ($d)*WI:|
defined to be : :
= (B, 1) Wo — (Le@), o @a)Wz]  (29)

U(E) =Y hi (1—cos(c")) (28) o _ o
= which is the required result. In the above derivation, we used the
T fa‘Ct tha’t(La)* o (Rb)* = (Rb)* o (La)*' (Iiuib)* = (La)* o
whereE = (ejfl, e ejfn) , andh,’s are positive con- (L), the formula forinv, andE(g) = q -z, (7). u
stants. Define the desired velocity field o6/ := G x Z, V =

T
The global minimum ofU/(-) is 0 and it corresponds to(Vg:Vz)™ whereVg € TG andVz & T7 for the parameter-
E' = 0, for eachi. Other critical points are characterized by?€d trajectoryzy : 7 — G by

sin(¢’) = 0, i = 1,...,n. The Hessians are given by the v
matrix diag(cos(e!), . .., cos(e™)) so that it is positive definite Vg = <VG>
iff €%, €%,...,¢" are multiple of 2r, corresponding to the z
identity element which is also the global minimum. “7\(9) < (Lrg), (za), 1T>
2) Gradient Vector Field oiy: We need to define a vector 1y
field V : G — TG such that (@) <(Rmd(f))* grad U(E(q)))
0
(EV)(@) = A2(q) grad U(E(7)) 7 =(q,7) (30)

whereE, denotes the pushforward of the map: G — G. To

define a gradient vector field, a Riemannian metric is necessaf{jléré1- € 7-Z denotes a unit velocity vector and(7) and
Let A2(g) are gain functions, defined so that

<<'7'>>VZT§XT§—>§R Xlz)\l((j)>0 XQE)\Q(Q_)26>O.

be such a metric, which may not be related to the Riemanni@® enableself-pacing A1(g) and Az(g) can be defined in the
metric that defines the inertia of the suspended system. same way as in (21).

_ Lemmal:LetW(q) = (Wg(q), Wz(7)) be avectorfieldon  proposition 1: Let V' = (Vg, V) be the velocity field de-
g whereg = (g,7), Wg(q) € T,G andWz(g) € T-Z. Then fined in (30), withV; andV; being the components IG and

inTZ ively, then f 4
EW(g) = R[m(;l(f)]* [Wg(q) _ (LE@))* (za). Wz(ﬁ))] in respectively, then for eache G

where E, denotes the pushforward of the error functibh: (E.V(2)) = —A2(q) grad U(E(9))- (31)
G — G,and(Lgy),, (xa),, (Rsy), denote the pushfor-
ward of the mapd. g(5), x4, and R, ,(-. L and R are, respec-
tively, the left and right translation operators.

Proof: Let W € T;G be W = (Wg, Wz) whereg = d
(¢,7), Wg € T,G, andW; = T,.Z. Denote the inverse map by HEa®) = —22(q) grad U(E(q))-
inv:G — G,q— ¢ Notice that ifv € T,G

Hence, ifg = V(q), E(q(t)) evolves in the direction of the
negative gradient field of/(£), i.e.,

_ Proof: This is a direct consequence of Lemma 1 applied
inv,v =~ (Ly-1), o (By-1), v to the velocity field in (30). m

In matrix Lie groups, this is the familiar expression fdr € Examplgs: i ) i
R d(A) = —A~'dAA~. Let us rewrite the error func- 1) Returning to the satellite orientation example wh@re-

tion in (24) as SO(3), let us define a Riemannian metric 8(3) as fol-
lows: letgws, qws € T,50(3), wherew; , w» are 3x 3 skew
E@ =q -z (1) = Ro—1q= Ly(z (). symmetric matrices
The push forward operator is essentially a derivative operator. {{qw1, qu2))v = tr [wlTwQ].

Therefore, using the product rule &¥g), we have

_ Let the error and navigation functions be defined as in (25),
EW = (ngl(f))* Wg + (Lg oinvoxy) Wz (26), andgrad U(E) = Ew wherew is a 3x 3 skew-sym-
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metric matrix to be determined. For any skew symmetric and\;, A, : G — Rt are positive scalar bounded functions.
3 x 3 matrix¢ |
1 Remark 3: Obstacle avoidance can also be incorporated by
trwt¢ = (dU(E), E¢) = —— tr PEC. defining suitable navigation functions. In this case, the naviga-
T tion function should be defined such that its value is large at the
From this and the fact that A¢ = —trAT¢, we obtain locations of the obstacles, or the configuration space be punc-
tured at those locations. Readers are referred to [9] and [10] for
Lt PE- ETP details of this approach.
27!

or C. PVFC Applied to the Suspended System

1 The PVFC summarized in Section Il can now be applied to
gradU(F) = 2_7H(EPE - P). then + 1 degree of freedom (DOF) suspended system in (23)
to track a multiple of the desired velocity field (30). Thet 2
Letzq4(r) € SO(3) be the desired parameterized trajectoryDOF closed-loop system that results has configuration space of

There exists) : Z — so(3) so that G, = G x S! after augmenting the+1 DOF suspended system
(23) by the fictitious flywheel, and incorporating the coupling
ixd( ) = 2q(7) - Q7). control (7) (which depends oW : G — T°G in (30)). Its dy-
dr namics will be given by (8) with the augmented inertia metric
The desired velocity field in (30) is then given by: : M® given in coordinates bM*(q,) = diag(M, M) where
S0(3) x T — TSO(3) x TT M(q) is the inertia matrix for the suspended system, &hdis
the inertia of the fictitious flywheel.
_ | E(Qza(T)Qr) The contour following result is given in the following the-
(@) =\(a) 1 orem.
(L (EPE — P)zy(r) Theorem 2: Consider the closed-loop system (8) that results
— A2(q) < 0 ) from the suspended system (23) under the control of the passive
Q velocity field controller defined in Section Il, and with the de-
=A1(q) <q 1(T)> sired velocity fieldV : G — TG given by (30).
\ - - In the absence of environment force, i E.,= 0, the param-
_ Aa(a) <q [za(7)T Pq — ¢" Pxa(7)] ) eterized trajectory tracking errdf(g(¢)) in (24) converges to
27! 0 one of the critical points of the navigation functioif £/). From
) ~ almost every initial condition(0) € 7'G, E(g(t)) in fact con-
since E(q) = gz verges tad € G, the identity element. Henagt) — z4(7(t))
2) Consider again the revolute jointed manipulator exampig)m aimost everywhere.
e Asymptotically, the speed of the progression parameter is
whereG = T™, then-torus. Letz,(r) = : . .
@m - given by7 = 8A1(q), whereg = sign(vy)1/ka(da)/E, ka(da)

the desired parameterized trajectory to be followed. Defifi the kinetic energy of the augmented system in (s the
the error functionZ(g) and the navigation functioty( ) constant used to construct the augmented velocity figldh

gt (6), andA;(g) is the gain parameter in (30).
asin (27), (28). For each= : , identify an element Proof: We prove this theorem in a coordinate independent
" manner.
g1 Let {{-,-)), be the inner product defined by the augmented
“ v inertia metrichA#, and{{(-, -))y- be the Riemannian metric gh
of 7,G by o - Letthe Riemannian metric cibe used to compute the gradient vector figithd I/(E). Further,
et define two types of norms oG, ||c|l. := ({c,e))s/?, and
1/2
! lellv == (v, v))/
. . o “LL First, recaII from Theorem 1 that wheii = 0, 8(¢) = 8
o L '_ Z vw is a constant. Second, notice from the definition of the desired
T " e w” v ! velocity field V : ¢ — 7°G in (30) that the velocity of the error

which is the Euclidean metric. The velocity f|eId QnV (@) E(g,7) is given by:

V'@ <
E(q(t)) = —pA2(q) - grad U + (£ o mg).cg,

whereg = (g,7) is given by:V(q) =

e” v (q) whereg = (¢, 7), 75 : Ga — G is the projection, and the second
term is merely the component ef € TG, in T'G
where Now consider the Lyapunov function
: dz’
V@) = @) 5 = Ae(@)hasin Bi(a) Qt) = p Wa(t) + U(E@())) (32)
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whereW; is defined in Remark 1/ : ¢ — R is the navigation uniformly bounded. Boundedness Bfis necessary for
function, andp is a positive number to be determined.Thus, from the constan¥ in (6) to exist.
(13) 3) Inthe proof of Theorem 2, itis necessary that the induced
d norm of (E o ng). : TG, — TG is bounded. Many
—Q(t) = — B{4pEyu(t)Wps(t) noncompact spaces, e.g.= R", satisfy this condition.
dt (@) (erad U(F(6)), srad U@y} Therefore, compactness will not be necessary if these conditions

can be independently guaranteed by other means, such as by the
+ ((grad U(q(t)), Exmg, ca))v. (33)  careful design of the navigation function. Similarly, the assump-
tion thatG has a group property may also be replaced if a mean-
ingful alternate definition of group error function in (24) can be
made, that is able to distinguish two different pointgjin

Let & be the maximum of the induced norm(@f o 7)., i.e.,
Ve € TG,

Kllella 2 [[(E o mg)sclla-
V. EXPERIMENTAL RESULTS

Notice that becausg is assumed to be compadt,is finite.

) The passive velocity field controller was applied to the 2 link
Then, (33) can be written as

direct drive SCARA manipulator in Fig. 4 to track a desired
d parameterized trajectory : )* — G, given by
—2<—(|ler

ve lleslla) o
(8 ) (15) 00 0= (0) = (latdy ) e

2

The image of this parameterized trajectory is the Lissajous
figure shown in Fig. 3. Notice that this trajectory is not one to
one so that a time invariant velocity field @hthat traces out
the same contour does not exist.
For this parameterized trajectory, a velocity field @nx 7
was designed using (18) and (21), and the PVFC presented in
ection Il, with the fictitious flywheel velocity{; = 1 in (4),
as applied to the suspended system to track the extended ve-
locity field as described previously.

Hence, as long as3 > 0 andp(0) # 0 (therefore, by
Remark 1,u(t) > ©(0) > 0), there is ap > 0 such that
the matrix in (34) is positive—definite for all times. Using stang
dard Barbalat's arguments (i.€2(t) converges an€(t) uni-
formly continuous, imply thatX(t) — 0), |leslle — 0 and
|| grad Ul|yy — 0.

If U(E) has compact level sets (e.g., on a compact manifol
thengrad U(E(t)) — 0 implies thatE converges to one of
the isolated critical point of/. However, since all the critical
points except forlE? = id, the identity element of, are un-
stable,E(7(t)) — id, andU(E(t)) — 0 from almost all initial . o o o
conditions. Because of the existence of significant friction in the joints, a

Finally, from (30), agrad U/(E(t)) — 0, theT’Z component VerY simple friction compensation scheme was used in some of
o Vo the experiments
of the velocity field V(g(t)) = v
T

A1(g(¢))1,. Since PVFC (Theorem 1) ensures thiat: 3V (7),
we haver — 8Vz(q) — BAi(a(t)). u
Remark 4: Sincel/(F) is a navigation function, its Hessian q
at £ = id is positive definite. There exists a neighborhood o ?
E =idand¢ > 0

A. Experimental Setup

is given by:Vz(7(t)) —
Fo™P = fric; sign(q');  F5o™P = frico sign(q?)  (35)

wherefric; = 2.0 Nm, fricc = 3.0 Nm. These terms were
ded to th&™* in (7).
In theory, when the passive velocity field controller is used,
the total energy level in the systef,(q,) in (5), should remain
constant and the rate at which the parameterized trajectory pro-
gresses would be determined by the initial conditions. However,
Thus, from (32) and (34), convergence(d, cs) to (id, 0) is in actual implementations, dissipative forces and imperfect fric-
locally exponential, as long a3, which is determined by the tion compensation can cause the energy level to vary. Thus, in
kinetic energy of the augmented system, is nonzero. order to control the nominal rate at which the parameterized tra-
Although we have restricted our attention to mechanical syi€ctory progresses, in addition to the friction compensation in
tems whose configuration spaces are compact Lie groups, {R@), the following exogenous signal was also adde"tan
requirement for compactness can be replaced by other techn{cl
assumptions in certain cases. Specifically, we have used com-
pactness in the following. leveed — . pa. <7‘ -

1) Compactness is used in conjunction with the definition
of navigation functions to ensure thated U(F(t)) — 0 wherec = 0.01 is a damping coefficient, anB* = MV, €
implies thatE(¢) converges to a critical point df (E). TG, is the desired momentum of the augmented-suspended
This condition can be satisfiedif(£) is defined to have system. It can be shown th&t°***! tends to cause the velocity
compact sublevel sets. g, to stabilize at- V. In deburring applications, the nominal

2) Itis usedto make sure that velocity fididdefined in (30) speedr can be made to depend on the measured force on the
is bounded when the gain functions(7) and \2(7) are tool so that the maximum tool force is not exceeded.

U(E) < ¢l grad U(E)|}

(P, 4a)

5E ), c>0 (36)
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state of the controller (i.e., the fictitious flywheel velocity) was field controller
set to 10 and the manipulator was initially at rest. Thus, the ini- ! Passive loop
tial total energy was 50. The self-pacing parameter in (21) was
set to the nominal valug = 100. Notice that as the total energy

of system dissipated, the manipulator was still able to follofW9- >-
the contour although the rate of traversal decreased (Fig. 6)
However, the tracking performance as measured by the pote

tial function U(E) in (17) became progressively worse as the 15k
energy level decreased. This is consistent with the robustne
result in [7] and summarized in Section Il 1L

The overall control scheme that combines the friction com- N Friction
pensation, nominal speed control and the passive velocity field q Compensation
controller is shown in Fig. 5 Trorced | HHC
B. Unforced Response x| Speed @ Manipulator |—P5iton velocity
" . . . control ! i
We first investigate the unforced response of the manipulator CT ;
by settingr = ¢ = 0in (36). The initial value of the internal i Passive velociy

Block diagram of control scheme.

2 v T : T —

bt
o

C. Effect of Self-Pacing

The effect of self-pacing on the response of the manipulatc
when the initial position of the manipulator is not on the desire:
contour is investigated next. As shown in Fig. 7, when= 0
(no self-pacing), the manipulator approached from the initic
position(0, 0) to the desired contour by following a curved path. -1t
A controller that utilizes a time parameterized trajectory will

—— Desired
-+ Actual

Link 2 angle: g2
o

s

also exhibit this behavior. When self-pacing was ug&d= -8y
100), since the initial position error, and hencér’), was large, . . . . .
the parameter progressed slowed 0) until the manipulator s -1 -0.5 0 0.5 1 15

Link 1 angle: g1

became close to the desired positiog(7). Hence, the robot .
approached the desired contour nearly in a straight line befo
moving along the contour. > 0}
The contour following performance at different self-pacing z, .1
parameter valuesR?) are shown in Fig. 8. In these experiments, £
the friction compensation scheme in (35) was in effectaind £ |
(36) was kept at the nominal value of 1. In Fig. 8, the valueo |
the potential functio( '), which measures the tracking error, 0
is plotted against the parameterduring one pass of the con-
tour. The desired contour repeated evérycoordinates units.
Notice that the error was large at four distinct positions. Thes
correspond to the regions when the joint velocities were require
to reverse direction. Thus, stiction and friction are suspected
be the main cause of these errors. Notice also thét es(21)
was increased/(£) decreased. As expected, the improved per

7 0.05

0.02r

PN N L L .
10 15 20 25 30 35 40

ok

40+
oy
<]
@ 301
ud
20+
101

formance was obtained at the expense of decreasing the rate % s 1015 _ 20 25 30 8 40
which the trajectory progressed at these critical regions alory Time in sec
the contour, Fig. 6. Unforced response. Top: Contour traced. Middle: Value of potential

function U ( E£(t)). Bottom: Kinetic energy.
D. Robustness to Friction

Since stiction/friction is suspected to be the main cause of tHewever, as in the friction compensated case, tracking perfor-
tracking error, it is interesting to investigate the performance Bfance improved wheR was increased.
the control scheme when the friction compensation in (35) was
removed. The tracking performances in this case at the differ&nt
R values are shown in Fig. 9. Finally, we investigate the effect of nominal speed on tracking

A comparison between Figs. 8 and 9 shows that trackipgrformance. The nominal speed was varied by settingd36)
performance deteriorated when friction compensation was te-1, 2, and 3 whilez was kept at 100. Friction compensation
moved, as evidenced by the fact that at each valug 6f(£) is  was not used in these experiments. The relationship between the
approximately doubled when friction compensation is removeghbustness bounds and the energy level in the system controlled

Effect of Nominal Speed:
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Fig. 7. Contour traced out by the manipulator with and without self-pacin
when the initial position was not on the desired contour.
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Fig. 8. Effects of different self-pacing parametgr = 0, 100, 200. Top:
Contour traced. Middle: Value of the potential functibf £) during one pass
of the contour. Bottom: Rate of trajectory progressioduring one pass of the

contour.
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Fig. 9. Effects of different self-pacing paramefér= 0, 50, 100, 200 when
friction compensation was removed. Top: Contour traced. Middle: Value of
potential function during one pass of the contour. Bottom: Rate of trajectory
progression during one pass of the contour.

by the PVFC suggests that robustness to disturbances should
improve at higher energy levels. Since the nominal speed de-
termines the total energy level, it is expected that the tracking
performance should improve asncreases. Fig. 10 shows that
indeed the error measut& F) was significantly lower when

was increased from 1 to 2. The improvement, however, is not as
notable wherr was increased from 2 to 3.

VI. CONCLUSION

In this paper, the application of the PVFC methodology to
contour following tasks for mechanical systems is discussed.
The controller mimics the dynamics of an energy storage de-
vice and preserves the total energy of the system, rendering the
closed-loop system passive when the environment force is con-
sidered as the input, the velocity as the output, and the envi-
ronment power as the supply rate. In order to apply this control
technique to contour following tasks, a velocity field must be de-
signed which encodes the contour. A methodology for designing
such a velocity field is presented when the configuration space
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of the system is a compact Lie group, and the contour is speci-
fied by a parameterized trajectory. The procedure involves sus-
pending the contouring parameter by considering it as an extra
coordinate, and then by designing a velocity field based ona g
dient vector field of a navigation function. A simpelf-pacing
scheme which takes advantage of the flexibility of the timin
along the contour to improve tracking performance is also p
posed. The effectiveness of the contour following scheme is
perimentally demonstrated on a two link direct drive robot fo
lowing a Lissajous figure.
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