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Passive Velocity Field Control (PVFC):
Part —Geometry and Robustness

Perry Y. Li, Member, IEEEand Roberto HorowitzMember, IEEE

Abstract—Passive velocity field control (PVFC) is a control and physical objects will be enhanced. Indeed, PVFC was ini-
methodology for fully actuated mechanical systems, in which the tjally developed to meet the safety needs in control systems for
motion task is specified behaviorally in terms of a velocity field smart exercise machines [12], [13]. The motivation for speci-
(as opposed to a timed trajectory), and the closed-loop system is_ . . I - L .
passive with respect to a supply rate given by the environment fyln.g ta;ks via velocity fields is to epr.|C|tIy empha3|ze the co-
power input. It is intended for safety critical and coordination ~ Ordination aspect of some tasks over time keeping. For example
intensive applications where the mechanical system is required to in contour or path following, which is an important task for ma-
interact with the physical environment. The control law is derived chining operations, the precise coordination between the var-

geometrically and the geometric and robustness properties of the ious degrees of freedom may be considered more critical than
closed-loop system are analyzed. It is shown that the closed-loopk ina in st ith timed traiect

unforced trajectories are geodesics of alosed-loop connection eeping In step wi Qny s raje_c ory. .

which is compatible with an inertia metric, and that the velocity When PVFC was first presented in [11], [14], it was formu-
of the system converges exponentially to a scaled multiple of lated in local coordinate notations for ease of access by the
the desired velocity field. The robustness property of the system rohotics community, at the expense that interesting geometric
exhibits some strong directional preference. In particular, distur- insights cannot be easily brought out. Moreover, in [11], [14]

bances that push in the direction of the desired momentum do IV the basi It ted. Th ¢
not adversely affect performance. Moreover, robustness property ON'Y th€ DasIC convergence results were presented. 1he presen

also improves with more energy in the system. In Part Il of the Paper focuses on the geometric and robustness properties of
paper, the application of PVFC to contour following as well as PVFC. The problem definition, controller derivation and anal-

experimental results are presented. ysis are all done using intrinsic geometric objects. This avoids
Index Terms—Affine connections, geodesics, mechanical sys-the need for a prejudicial choice of coordinates and the concern
tems, passivity, safety, velocity field. that the controller properties may be functions of this choice.

In this geometric framework, geometric properties of the
closed-loop system will be illustrated. Robustness results not
contained in [11], [14] will also be presented. Before applying
CONTROL methodology known as passive velocity fielPVVFC to an application, an appropriate velocity field must first
control (PVFC) was recently proposed in [14] for fullybe defined. This step is highly task dependent and may not be
actuated mechanical systems. This control scheme has two digial. In the companion paper [15], we develop a procedure
tinct features: 1) the desired behavior of the mechanical systésn applying passive velocity field control to a class of contour
is specified in terms of velocity fields defined on the configufollowing problems. In addition, experimental results which
ration manifold of the system. This is in contrast to the tradare instructive for the understanding of the properties of PVFC
tional method of specifying a task as a desired timed trajectagyll also be presented.
tracking problem; 2) the mechanical system under closed-loopAs is well known, the dynamics of an open-loop mechan-
control appears to be an energetically passive system to its ptigat system can be conveniently described by the Levi—Civita
ical environments (i.e., dissipative with respect to the supply ratennection associated with its inertia metric [4], [9], so that
given by the mechanical power input by the environment). Thise unforced trajectories are geodesics of the connection. The
motivations for developing PVFC are to tackle robotic applica-evi—Civita connection is the unique affine connection defined
tions that require a) intimate interaction between the machipa the configuration space of the mechanical system which is
and uncertain physical environments (such as humans and othsth compatible with the inertia metric and is torsion free. Com-
objects liable to be damaged); and b) the coordination betwegatibility gives rise to conservation of energy for a mechanical
the various degrees of freedom of the machine for the taskdgstem. When the mechanical system is under passive velocity
be accomplished. By requiring energetic passivity, coupling sfield control, it turns out that one can define a new affine connec-
bility [6], and safety of the machine as it interacts with humartibn, which we refer to as the closed-loop connection, such that
its geodesics are in fact the unforced trajectories (i.e., the tra-
jectories of the system in the absence of environment forces) of
Manuscript received July 11,_1997; revised October 22, 2000 and June e closed-loop system. The closed-loop connection, albeit not
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The robustness properties of the closed-loop system und
PVFC has some interesting characteristics. Specifically
the effect of environment forces on the performance of the
closed-loop system to follow a scaled copy of the desirec
velocity field depends strongly on the direction of the envi-
ronment forces and on whether they dissipate or inject energ
Environment forces in the direction of the desired momentun
or injects energy into the system do not adversely affect perfor £
mance. Somewhat unexpectedly, the robustness to environme
disturbances actually improves at higher speed of operation! 8§

The rest of this paper is organized as follows. The PVFC,.
objective is stated in Section Il. In Section Ill, we review
some mathematical preliminaries. The passive velocity fielc
control algorithm is derived in Section IV. The closed-loop
control system is analyzed in terms of its geometric structurt
in Section V. Section VI reports on the robustness propertie
of the control scheme. Section VIl contains some concluding
remarks.

Notations: Throughout this paper, unbold letters or symbols
denote elements in a manifold, respective bold letters and syni-

bols denote their coordinate representations. Alternate “up” agg. 1. A velocity field for a two degree of freedom mechanical system with
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“down” indices are to be summed implicitly unless otherwiserectangular configuration manifold tracing a circle.

noted. Thusy = [¢%,¢%,...,¢"]" is the coordinate represen-
tation of ¢ € 7,G meaning thag = ¢'(9/dq") or explicitly,
>0 4'(0/9q") whered/dq" are the basis vectors fdF,G.

included in the environment forck., are the potential and dis-
sipative forces in additional to friction and environment contact

Inner products are denoted by, -)) and(F’, v) denotes the ac- forces.

tion of the co-vector (or a one fornf) € 7;G (F': G — T*G)

on a vector (or a vector field) € T,G (v : ¢ — TG).

Il. PVFC PROBLEM

We consider a fully actuated Euler—-Lagrange mechanical
system with an dimensional configuration manifol¢ and
a Lagrangian given by the system’s kinetic eneigy) € G

The dynamics of such a system will be described later in a
coordinate free manner using the geometric concept of affine
connection. For the moment, the Euler-Lagrange equation for
such a system is given by
d 9L 9L

. i :ﬂ Feia
dtog og Tl

t=1,...,n. (2)

and g(t) € Ty G will be used to denote the configuration, Using Velocity Fields to Specify Tasks

and velocity of the system at tinteLet G be equipped with a
Riemannian metrid/ which assigns a family of inner products

In PVFC, the control task is specified by a desired velocity

()} : TG x TG — R. We can also think of\/ as a (1,1) field V : ¢ — TG which defines a desired velocity vector at

tensorM : TG — T*G such that v, w € T,G, andv ¢ € G,

(M(v), w) = {{v, w)).

M is represented by the symmetric inertia mattif, : ¢ —

R with elements:

g 4
s = (o 0))

We assume that/ defines the kinetic energy,: G — R and
the Lagrangiarl : TG — & of the mechanical system via

W) = L) = 3{(d.§) = 24" M(@)a.

each configuration. As an example, Fig. 1 illustrates a velocity
field for the task of tracing a circular contour on a rectangular
configuration space with the arrows representing the desired ve-
locities. Notice that the flow of the velocity field which is deter-
mined by tracing the arrows converges to the circle. In general,
a contour following task is specified by a velocity field that has
the following properties:
1) its value at each point of the contour is tangent to the
contour;
2) the flow of the field has a limit set that is contained in the
contour.
Define thea velocity field tracking error by

ealt) = q(t) — aV(q(t))

whereq(t) and ¢(¢) are the configuration and velocity of the

It is assumed that the system is subject to both controlled agstem at time anda is some positive scaling factor. ¢f, (1)
tuation7'(t) € 17,,G (motor torques) and uncontrolled encan be made to vanish for some > 0, the contour will be
vironment forcest’.(¢) € 17,)G. Moreover, we assume thatasymptotically followed. Since the mechanical system is not re-
the mechanical control systemfiglly actuated meaning that quired to be at a particular position at a particular time, an ap-
T(t) € T;,,9 can be arbitrarily assigned. We also assume thatopriately designed velocity field directs the system from its
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____________________________________________

I1l. M ATHEMATICAL PRELIMINARIES

~
T T F : A differential geometric framework will be utilized in this
Ttot . H : . _
; paper. The dynamics of a mechanical control system will be de
Control law Mechanical | : scribed using the conceptaffine connectiofrom Riemannian

System | geometry. We review some of the necessary elements in this sec-

@) @q) ) tion. For more detailed background in differential geometry and
&4 ; Environment geometric mechanics, the readers are referred to texts such as

¢ [2], [3], [7], [17], and [1] [16], respectively.
,__E?@@???k_s_)js_t_e_rr_l______»»»_»»_»___»_»i A. Affine Connection

. . . , . An affine connectionV on G smoothly assigns to each pair
Fig. 2. A mechanical control system interacts with the environment andf . , ] .
control. In PVFC, the input—output system within the dotted line must gal vector flelds)x.,Y . g_ —>_Tg, another vector ﬂelq’vX_Y
passive. (called thecovariant derivative o” w.r.t. X) on G satisfying
the following scaling and derivation propertidsr any smooth

current configuration, to approach the contour in a well behavé#ctions : G — R,

manner. The constantdetermines the traversal speed. The de-

sign of the desired field : G — T°G is task dependent and may VixY =fVxY 3)
not be trivial. Even for contour following tasks, such a velocity VxfY =fVxY +(Lx )Y (4)
field may not exist. How PVFC can be applied to general con-

tour following tasks will be the topic of the companion papewhereLx f denotes the Lie derivative gf with respect taX.

[15]. Let(q¢',...,q") : G — R be a set of local coordinate func-
tions. An affine connectiov defines, and is locally defined by
B. Passivity n® real valued function§; : G — R, 4,5,k = 1,...,n (the
Recall that a dynamic system with inpute ¢/ and output COEfficients ofV) given by:
y € Y is passivewith respect to the supply rate: 1/ x Y — R 9 L
if, forany v : Rt — U, Vo) oq o7 = F“W' (5)
t
/ s(u(),y(r))dr > —c* Roughly speaking(VxY') (¢o) defines a kind of directional
0 derivative ofY : G — TG at q9 along an integral curve of

wherec € ® depends on the initial conditions. In this papert,he vecto_r fieldX. Vv sgpplies the extra relationship between
we are interested in supply rates which are directly related @9ent fibersZ,G at differentq’s, so that they can be com-
mechanical power. Specifically, when the control infli(t) pared and differentiated. The directional derivative interpreta-
is being determined by a control law (Fig. 2), the supply rafion suggests tha¥ x Y (qo) should depend only o (go) and
that represents the mechanical power input by the environmé}g values od” on a short integral curve segment®fg), i.e.,
forces is: {g(r) : 7 € t—e,t+ e} withe > 0, §r) = X(q(r))
andg(t) = qo. This can be verified by computing the coor-
s(F.,q) == (Fe,q). dinate representation 6F xY. Let X(¢) = X*(¢)8/9¢' and
Y(q) = Y*(¢)3/0¢". Then using the defining properties of a
connection (3)—(5)
C. Control Objective

We are now ready to define the PVFC Problem. (VxY)(qo0) = {(LxY") (q0) + 5 (20) X *(q0)Y” (q0) } S
LetV : ¢ — TG be a desired velocity field og which has q(6)

been designed to capture the specified task for the system. Rigilice that only the valueX (go) andY (o), and the Lie deriva-
a control law for7” such that tives of Y*(-) in the X(go) direction are needed to compute
1) theinput—output systemwithi asinputang as outputis (VxY')(qo). Because of this, the common notati®i g, de-
passive with respect to the supply raté’. , ¢) = (I, q); fined by
2) In the absence of environment for€E. = 0), for any
initial condition ¢(0), there exists a constant> 0 such Vg == (VxY)(q(t))
that thea-velocity error vanishes
can be used, wher& : ¢ — TG andY : ¢ — TG are
lim e, (t) = lim [¢(F) — oV (g())] = 0. extension fields ofj nearq(¢) such thatX (¢(t)) = ¢(¢), and
Y(qg(r)) = ¢(r) for v € (t — ¢,t + €),¢ > 0. This notation
The scaling factot: is not specified priori, but will be deter- can be formalized using the concept of connection defined over
mined by the amount of energy in the system. Notice that tirmeaps as discussed in [3, Sec. 5.7].
is not explicitly used in the problem definition and thgt) is Covariant derivatives of one forms can also be defined. Given
not required to track exactly any specified timed trajectory. a one-formw : G — 1*G, and a vector fieldX : G — TG,
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the covariant derivative af with respect taX is the one form C. Compatibility and Passivity

Vxw such that, for any vector fieltl : ¢ — TG, The compatibility property of an affine connection takes on
. a familiar form when expressed in coordinates. Eg»t be the
(Vxw), Y} = Lx({@,¥)) = {0, VxY). coefficients of an affine connection as in (5), andMtq) €
=" be the coordinate representation of the metfidn terms

B. Dynamics of Euler—Lagrange Mechanical Systems of coordinates, the compatibility condition (7) is given by:
The dynamics of the Euler—-Lagrange mechanical system in IM;; — T My + ML
(2), with Lagrangian defined by the kinetic energy in (1) as spec- g kit b k2

ified by a Riemannian metrig/, can be rewritten geometrically . . . . . .
via a special affine connection associated withTo do this, we gll:: tlr?; pl'gscéhsj)prtzzergé;?ft for ail(t) andq(t), (here,q
must first introduce the concepts of compatibility and torsion. P '

Given a metricM which assigns inner products-, -}, an d _ . nxn
affine connectiorV is said to becompatible withi/ if, for each dtM(q(t)) 2y(q(t), a(t)) € R

pair of vector fields X, Y onG and¢{ € TG is skew-symmetriwhere

L((X,Y)) = (VX Y)) + (X, VeY)) ) 39, 4) = M (T} (@)d". (11)
whereL, is the Lie derivative in the direction @f If V is the Levi—Civita connection, the coeﬁicierﬂ% in (5)
V is said to betorsion-free(or symmetric) if for every pair of are obtained by setting = 9/9¢’, Y = 9/9¢' andZ =
vector fieldsX andY a/9q" in (9) so that:
[X.Y](@) = VxY(q) - V¥ X(q) ®)  Coii(q) i= Min(Q)T! (q) = = (OMii y OMir _ OM
where [X,Y] is the Lie-bracket of vector fields defined by (12)

Lixy1f = LxLyf — LyLxf foreachf : G — R. By In this case,Ci;; and Fﬁj are respectively known as the

consideringX andY” to be basis vector fields, it is easy to se€hristoffel symbols of the first and second kind. Therefore,

that the coefficients of a torsion free connection is symmetricwe define the Coriolis matrix to b€(q, q) with elements

in thatT¥, = I'k. Cii(q,4) = Cuij(q)¢", the coordinate representation of the
According to the Levi—Civita theorem (see, for example, [dynamics of the mechanical control system in (10) is then given

Th.2.2] or[3, Th. 5.11.1]), given a Riemannian mefticong, by the familiar form:

there exists a unique affine connection, called the Levi—-Civita . N

or the Riemanniaﬂ connection, which is both compatible with M(q)q + C(q, )q =T+ Fe =: Teor. (13)

M and is torsion free. By applying (7) and (8) alternately, onene compatibility of the Levi—Civita connectiod in (10) with
obtains a coordinate free prescription of the Levi-Civita COfne metrici/ then implies and recovers the so calfeasivity

nection (thekoszul formula propertyfamiliar to the robotics community, which says that for
everyq(t) andq(t), then x n matrix
(VY. 2)) =Lx (Y, 2) + Ly (X, 2) ya(t) anda(o). then x »
—Lz{{X,Y)) = (X, [Y, Z])) M(q(t)) — 2C(q(t), q(¢))

+ (Y, [Z, X]) + ({Z,[X, Y])) ) s skew-symmetrif20].

. . The following lemma shows that compatibility has a direct
for all vector fieldsX, Y, Z on G. Notice, however that the relationship to passivity and energy conservation.

Levi—Civita connection is not the only affine connection which Lemma 1: Let M be a metric org andV an affine connec-

is compatible with the metria/. gon compatible withA/ (but not necessarily torsion-free). Sup-

The dynamu_:s of the Euler—Lagrange system in (2) can p%se that the trajectoriegt) of a system o are given by:
written conveniently and in a coordinate free manner, as

MV, g=T+F, =T,
MV =T+ F. (10) a4 tot
whereli,. is the combined controlled and uncontrolled input

where to the system. Define the kinetic energy of the system to be
v Levi—Civita connection associated with the inerti%(q) = 1/2({¢, §)). Then

metric M for the mechanical system in (2); 1) the system is passive with respect to the supply rate which

r con_trol force; is the total mechanical power input
F, environment force.
Recent papers on mechanical control systems that also utilize $(Tiots @) := (Tiot, G); (14)

the Levi—Civita connection description include [4], [5], and [9]. o ] L
The intrinsic geometric description of the plant in (10) will be 2) the kinetic energy:(4(¢)) satisfies:
the starting point for the derivation and analysis of passive ve- d . ]

locity field control. 2/0(0(®) = (Lot 03
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3) moreover, ifT;.. = 0, x(¢(t)) is a constant. where(x, y, z) are the Euclidean coordinates. Then any vector
Proof: Because of the compatibility property (7)%f the field given by V(z,y,2) = a(d/0x) + b(0/dy) + ¢(9/0%)
kinetic energyk(q) satisfies where a, b, ¢ are constants, is a parallel vector field to the

Levi—Civita connection for the inertia matrixI. The integral

d . 1d . . .. curves of these parallel vector fields are constant velocity
%K(Q(t)) :Q%«Q(t)’q“)» - §’C’I<<q’ ) curves (i.e., straight lines), which may or may not be the
=(({V44,9)) = Tiot-4)- (15) desired behavior of the mechanical control system.

Therefore x(4(¢)) remains constant if,.; = 0. Upon integra- E. Passivity Preserving Feedback

tion of (15), one obtains We describe a feedback control structurefan (10) so that
. . the closed-loop control system is passive with respect to the
S Loan( ) d()r = [ (Toon(P),d(m))dt = —r(g(0)).  SUPPY rates(Fe.d) := (F..).
/0 (Tion(r), 4(m)dr /0 (Tior(r), 4(r))dt 2 =n(4(0)) A skew-symmetric 2 tensdéton the vector spacl’ is a bi-
] ) ) ) ) linearmapB : V x V — R so thatB(wy, wz) = —B(wsz, w1).
Sincer(¢(0)) = 0, the system is passive with respect to thg o form : 7 x TG — % on G defines for eacly € G

supply rat&(Tio¢, 4)- o _ B a skew-symmetric 2 tensél(q) : 7,6 x T,G — R. One way
Notice that in th(_a above proof, t_he kinetic enerdy) Serves g construct a two-form is btaking the wedge producif two
as thestoragefunctionfor the passive system [21]. one-forms. Let, g be two one-forms. Theredgeproduct,r A g

When the control torqué’ is determi.ned by a control law, is a two form given by
the closed-loop system becomes an input/output system with
the environment forcé. as the input and the velocityas the (T A g)(v,w) = (T,v){g, w) — {g,v){T,v).
output (Fig. 2). The passivity of this input/output system w.r.t. _
the supply rate in (14) depends on the specific controller. ForGiven a skew-symmetric 2 tensd, : W x W — R, the
most controllers in the literature, it is not passive. Thus, the eRntractionof B by ¢ € V, denoted by, |{2 is a co-vector (i.e.,
ergy of the system may increase even if no environment forceSs/V ™) so that

present. {{|B,w) = B((,w), YweW.

D. Parallel Vector Fields and Geodesics Similarly, thecontractionof a two-form¢2 by a vector fieldV :
A vector fieldV : ¢ — TG is said to be garallel vector ¢ — TG is a one-form(V |Q2) : TG — R given by

field of an affine connectio/ on G if for any vector¢ € T°G,

V.V = 0.Acurvec : t — c(t) which satisfiesV.¢c = 0 is (V]Q)(q), wq) = UD)(V(g),wg) YVw, €T30,9€G.

said to be ayeodesiof V. Therefore, from (10), any unforced Proposition 1: Let M be a metric org andV an affine con-

trajecto_ries (ie., Wheﬁrﬁ‘)ﬁ = 0) of th_e mechanical system A €hection compatible withl/. Suppose that the trajectorie§)
geodesicef the Levi—Civita connection, and any geodesiG

: . . Lo of a system irng are given by

% of ing are given b

will satisfy (10) withT;.; = 0. Also, if V is aparallel vector

field of the Levi—Civita connection, then any integral curve of MV,g=T+F..
any scalar multiple oV, ¢(¢) satisfyingg(t) = oV (q(t)) for

somea € R are geodesics and hence satisfies the unforcééder the control law of the form
dynamics (10) withli,; = 0. Thus, the unforced mechanical

system can reproduce any flow Bf provided that the velocity I(t) = 4(t)JSula(®) (16)
of the system is correctly initializettj(to) = aV(¢(t0)))- N \here 0, is a possibly time varying two-form (subscript

this sense, each parallel vector field of the Levi—Civita CONfenotes time dependence), the closed-loop system Ritas

nection (if it exists) specifies a subset of the trajectories reprﬂ—put’ andq as output is passive with respect to the supply rate
ducible by the unforced mechanical system (10). Parallel vec 7.

fields are therefore means for encoding subsets of the unforced’

behavior of the system. lizing the kinetic energy:(¢) as the storage function, the com-

Unfortunately, parallel vector fields do not generally eXiSﬁatibility property (7) of the connectioR’, and the fact that
(see [3, Sec. 5.8] for a simple example 6h). In any case, (T,¢) = (4, ¢) = 0, we obtain

since the Levi—Civita connection is uniquely defined by the in-

ertia metric which is a function of the plant but not of the control d . o o .
task, the parallel vector fields will not, in general, reflect the re- dth(Q(t)) = (Vad @) = (Ferd)-

quired task of the mechani%al system anyway. AS an exampi¢ye required result is then obtained as in Lemma 1.  m
consider a point mass in ®°, with unforced dynamics given |, cqordinates, two forms are represented by skew symmetric
by matrices. Hence, the feedback law in (16) is simply

(w) (g) T=Qia)d, Q) =-0f(q) € R
m|y| =
whereQ ;;(q) = —uji(q) = 2(a)(9/0¢’ . 0/9q").

Proof: We proceed similarly to the proof of Lemma 1. Uti-
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F. Product Mechanical System IV. PASSIVE VELOCITY FIELD CONTROL
Let A and B be two mechanical systems with configuration The passive velocity field control algorithm and its resulting
spacegj 4 andGg and dynamics given by closed-loop dynamics are derived in this section. In order to
satisfy the passivity and velocity field tracking requirements, the
MAV?A gp =T*+ F4 controller structure consists of a fictitious energy storage system
MBVfB ip =TP + FP (17) together with a passivity preserving coupling feedback.
A. PVFC Algorithm
where
MA andMB respective inertia metrics (with(, -)) 4 Step 1: Augmented Mechanical Systein:general, when
and((-,-)) 5 as their inner products);  4(t) = @V (q(#)) for somexr > 0, the kinetic energy of the plant
v4 andvB Levi—Civita connections associated with(10) may have to increase for an interval of time, even if no en-
M4 and MB: vironment force is present. In order to use the kinetic energy of
T4 € T*G, control forces: the closed-loop system as a storage function, it.is necessary to
TB € T*Gy control forces: f!rst augment the system with an energy reservoir. Thus, we .de-
FA e TG, environment forces: fine t_he_ |_nternal dynamlc_:s (_)f tht_a controller to be the dyn_amlcs
B " : ' of a fictitious flywheel with inertiad/; > 0 and configuration
FP e T*Gp environment forces; g+ e 51, by
The product syster®(.A, B) with configuration spacé, x Gg '
with gp = (¢4,98) € G4 x Gp, such that the dynamics of; d o1
andgp are described independently by (17). Mf@q - ol (21)
' S s
to [;gfme the inertia metria/™ for the product systerr(4, B) whereT;, ;1 is the input torque to the flywheel to be determined.

The flywheel dynamics (21) is a mechanical control system with
inertia metricM; and an affine connection with its coefficient
({(va,vp), (wa,wp)))p = ((va, wa))a + {vs, wp)) B given byl't, = 0.
. . (18) The plant (10) and the flywheel (21) form a product mechan-
Letgp = (q4,ap), Fp = (Fa, Fp) € T°G4 X T"Gp = jcq system which we shall refer to as the augmented mechan-
I*Gp andTp = (I'4,1p) € I7G4 x I"Gp = T"Gp. The i) gystem, with configuration spagk, = G x S* = {g, =
dynamics of the product system given in (17) can be written ?57 ¢"*1)} and a Riemannian metrit/¢ with inner products,

{{-, ")) given by
MPVYE p=Tp+ Fp. (19)

| _ | (v w0} += 5 ({0, 0)) + 3 My
In (19), V? is theproduct connectioon G4 x G defined to be 2 2
for eachv, = (v,v" 1), w, = (w,w"*!) € T, G,. The sub-
V., (Yap) = (V%,Y4, VE, Y3) (20)  script and superscriptwill be used to denote objects associated
with the augmented system. Generally, the choice of whether to
whereX 45 andY 4 are vector fields 06,4 x Gp With X4, X5 use subscript or superscript is to minimize cluttering the nota-
andY,,Yp being their respective projections orif,4 and tions when indices are used. Thus, superseriptill be used

TGp. N _ _ _ o for covectors and one forms suchs, and subscript will be
Proposition 2: V* as defined in (20) is the Levi-Civita con-ysed for configurations such as, and vectors and velocities
nection onG 4 x Gp associated with the metrie/ " in (18). such asV,.

Proof: SinceV? clearly satisfies the scaling and deriva- By Proposition 2, the dynamics of the augmented system are
tion properties, it is an affine connection. To show tR&t is  therefore

indeed the Levi—Civita connection, if suffices to verify that it

satisfies the Koszul formula (9) which uniquely specifies the MV} o =T"+ F? (22)
Christoffel symbols for the Levi—Civita connection with the co-

ordinate basi®)/dq'. VI must therefore be compatible withwhere

M7 and be torsion-free. ] ve Levi—Civita connection associated with
Since (19) is of the same form as (10) with the metric replaced M

by the product metric (18) arld” is compatible witm/ ””, from T*:=(T,T,41) augmented control input;

Lemma 1, the product systef( A, B) is passive with respect £ := (F?,0) augmented environment force.

to the supply ratesp(TL.,ip) = (Tior, 4r) WhereTr, = The kinetic energy for the augmented system is given by:

Tp + Fp. The storage function in this case can be taken to 1

be the kinetic energyr(¢r) = {{4r, ¢r))r. Notice that the ta(da) == = {da, Ga))a- (23)

component mechanical systemdsand B of the product system 2

P(A, B) are decoupled. In coordinates, the dynamics of the augmented system are

The PVFC to be derived in Section IV is of the form (16)
defined for an + 1 dimensional product system. M*(qa)q0 + C*(Qa, 40 )4 = Fo + T (24)
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where It can be shown thaw*(q,) is the covariant derivative of the
1-form P* w.r.t. ¢,, i.e., w®(q,) = Ve pPe. The coordinate
M%(q,) = M(q) 01 representation of* = w@dq’, is given by
“ 01><n Mf .
a : C(a,q9) 0Onx1 W (qa; 9a) = M“(qe)Va(qa) + C*(da;Ga)Va(da) (30)
C (qaaqa) = 01><n 0

whereC?(q,,q.) is the Coriolis matrix in (24).
with M(q) andC{(q, ¢) being the inertia and Coriolis matrices D€fine the coupling control law to be

in (13). afy
Step 2: Define an Augmented Velocity Fiélgt The ratio- T = o] {Pa A w2(Eqa) } —7G.[P* Ap(g.)]  (31)
nale for letting the controller dynamics mimic that of a mechan- ~ - o
ical system (the flywheel) is to allow the kinetic energy of the Te
augmented system to be constant when the desired velocity figidere
is followed. This is achieved by defining a velocity fielg on A wedge product for differential forms;
the augmented configuration spaggeso that the following two ] contraction operator;
conditions are satisfied: v € R  gain factor, not necessarily positive.
Condition 1: Notice that (31) has the form of a passivity preserving control
A) Consistency:Let 7 : G, — G be the projection op- in Lemma 1.
erator so that ify, = (g,q"), 7(qs) = ¢. The aug-  In coordinates, the two componentsif are given by
mented desired velocity field, : G, — TG, and the 1
original velocity fieldV : ¢ — TG must ber related T(qa, qo) = o= [w”'P”’T — P”’w”’T} da
T Va =V (25) skew symmetric
=G(qa,4a)¥e (32)
where n, denotes the push forward of [3]. 7 SN a aT _apaT) -
Therefore, in coordinatesy,(q,) takes the form T (Gar Ga) = !P P p"P ) Qo
V.= [VT(C]), ‘/;In-i—l(qa)] This condition means that skew sy‘lrnmetric
if the augmented system (22) tracks the augmented =vR(qa) 4 )da (33)
velocity field V,(g,), the original system (10) tracks
the original desired velocity field (g). where
B) Conservation of energy:There exists a constant > ) 1 a T o aT
0 so that for allg, € G,, G(Qa)9a) =5F [W P —Pw® } (34)
_ R(q.,4.) = (Pp®T — peP"). 35
olValga)) = S(Valga) Valga)e =E >0, (26) (o) = (P97 - pP7) )

In (32)—(33), the arguments w” andP* have been omitted
B {0 avoid clutter. Notice that matric&s(q,, q,) andR(q,, 4.)
Given avelocity fieldV : G — T'G, Condition 1 can be satisfied are skew symmetric.
by choosingM; > 0, V/(q,) = Vi(q)fori =1...nandby  Remark 1:
solving for v, **(q,) in (26) as follows: 1) In(31),7° generates the inverse dynamics required to main-
tain the state of the augmented system along the desired ve-
il | - locity field V,, up to a scaling determined by the current
Vo aa) = \/ﬁf 2E = ((V(2). V()] kinetic energy in the system; whereBé is a feedback term
required for stabilization. They play similar roles to the in-

after choosing a sufficiently largg. The conservation of energy ~ Verse dynamics compensation and stabilization terms in the

condition is specified so that power from the environmentis not Stable passivity based trajectory tracking controllers in [18],
needed to maintain the flow af, . [19]. In fact, if the velocity fieldV, is defined to be the ref-

Step 3: Coupling Control:We now define the control lawfor ~ €rence velocity (also known as the sliding surface)
the coupling torqu&Z™ in (22). To facilitate the presentation, A _
definep® and P“ to be respectively the momentum and desired Voldo,t) = Q(t) — Kplan — Q1))

momentum of the augmented system (22) whereK,, is a positive definite gain constant a@t) is the
desired trajectory to be tracked, then, the inverse dynamics
P(da) :=M" G, (27) compensation in [18], [19] is exacthy® in (29) except for
Pq,) :=M*V,(q.)- (28) a term to account for the time variation of the velocity field
V.. A key difference between PVFC and stable passivity
Also define based controllers in [18], [19] is that PVFC aims to achieve

de — aVg, for an arbitraryae > 0 which is determined
w(q,) := M*V2 V,. (29) by the current energy level of the system; whereas in [18],
da
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[19], ¢. = V.(q.,t) is desired. Because of this differenceconnection and any (1,2) type tensor field is a connection (see [7,
controllers in [18] and [19] reduce, in the regulation caserop. 7.10] or verify the properties in (3)—(4))¢:" is an affine
(i.e., whenQ(t) = Q), to proportional-derivative control connection. Using this notation, the closed-loop dynamics can
[8] incorporating both potential and kinetic energy terms ibe written as
the control system. In contrast, there is no potential energy
term in PVFC. MV qo = I (41)

2) In the case when a scalar multiple Bf(q,) is exactly
tracked, i.e..q, = aV,(q.), the inverse dynamics term
generated il is given by aw,(d,) = o?we(Va(qa))-

Thus, the closed-loop dynamics are of the same form as the
open-loop augmented system (22) with the Levi—Civita connec-

Therefore, the definition of* automatically scales the 10N V* replaced byv*, and with the inpu™® + £ replaced

inverse dynamics appropriately to the multiple thatis by Fg..We Sh‘f"” callve? the closed-loop_qonnectlon.

tracked. No such scaling appears in stable passivity based\" immediate c_oro!lary to the ab|I|_ty to EXpress thg

trajectory tracking controllers in [18] and [19]. closgd—loop dyngmlcs m_term_s of an affine connection as in
3) Notice thatl” (age) = 2T (4a). Hence it is quadratic in (41) i the following path invariance property.

4. hich is in contrast to most manipulator control algo- FroPosition 3: Consider the dynamics (41) of the

rithms, e.qg., [18], in which the velocity feedback is Iinearir‘FIosfed'IOOp system under the control of P,VFC'_ When the

de- This fact is responsible for the property to be present&gl“/'ronmen,t force is ab;elﬁFg = 0)3 the trajgctorlgsh(t)

in Section VI that robustness actually improves when tf3€ 9eodesics of the affine connectidr- defined in (39).

mechanical system is operating at high speed. Mor_eover, the unforced trajector_y has the foIIOW|_ng time

scaling property: Suppose thaf(¢) is the unforced trajectory

B. Closed-Loop Dynamics resulting from the initial conditionj,(0) = v € 1, (0)Ga-

Combining the coupling control (31) with the augmenteghen’ if the initial condition is replaced by with 6 € R, the

! . unforced trajectory will be given by, (é - ¢). In particular, the
system dynamics (22), the closed-loop dynamics become path{g.(¢) : t € R} traced out by the closed-loop system is

invariant to real scalings of the initial velocity, (0).
Proof: Let n(t) = g¢,(6t). Then,n(t) = 6q,(6t) and

the initial velocities are scaled by(0) = 64,(0). Assuming

The coordinate representation of the closed-loop dynamics iy _ X ; / -
(36) iis given by ﬁ? = 0 and applying the scaling property of affine connections

(3)—(4), we have
M*(qa)da + Y+(qa; qa)qa = F¢ 37)

MV, o = SE P A} 3o {P* AP} = Y. (36)

MVETh =M VT, da(6t) = F* = 0.

4a (01)
where . - )
This shows that(¢) satisfies (41) and,(6t) is the unforced
Y (qa:4a) = C*(Qa, 4a) — G(qa,4a) — YR(qa,q.) (38) closed-loop trajectory when the initial velocity is scaledsbm
Proposition 3 demonstrates that the PVFC encodes the task
F¢ = [F.,0]" are the coordinates of the environment forcenotion in such a way that it specifies the path that the unforced
applied to the augmented system, &, q.) andR(q.,4.) closed-loop trajectories will trace out, but allows the traversal

are the skew symmetric matrices in (34)—(35). speed to be determined by the initial speed.
We now give the properties of thelosed-loop connec-
V. GEOMETRY AND CLOSED-L OOP PROPERTIES tion, V<7, First notice thatS({,, X) can be expanded using

We now analyze the properties of the closed-loop system cdg7)—(29) as follows:
sisting of the augmented system (22) and the coupling control (Vi X))
(31). The key idea in the analysis is to study the geometric prof¢., X) = ——=-=V¢ V, -V, 55
erty of the followingclosed-loop connection _ _

Define a family of affine connections on the augmented con- 7 (Cal(Va, X))o = Val(Gar X))a) - (42)
figuration spacé/, as follows: for each pair of vector field§.  From the above. it can be easily verified that
andY, on g, '

V5IYalga) = Vi, Yalga) = S(Xa(ga). Yalga))  (39)

(V¢ Va, X))a

({5(Cas X), U)) = =({X, 5(Ca, U))).- (43)

This is expected sincg(v, r) as defined in (40) is a contraction
of a two-form.
w(v) . pa> H (40) Theorem 1: The closed-loop connectidii“” is compatible

where
Y e— ay—1 o a

S(v,r) = (M*?) [M {P A < o5 with the Riemannian metrigZ* i.e., for anyX, U vector fields

ong, and(, € TG,,

The superscripty in V7 is used to denote the class of
closed-loop connections parameterized by the feedbackygain Lo, ((X,U)) = <<VZNX7 Ua + (X, VZ’WU»a
Notice thatS(-,-) : TG x TG — TG is a tensor field that ‘ ‘
takes values iti’G, i.e., itis a (1,2) type tensor field. It capturesvhere£., denotes the directional (Lie) derivative in the direc-
the effect of the coupling contrd® in (31). Since the sum of a tion of ¢,.
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Proof: Using the definition ofS(¢, X) in (40), we have  2) For any feedback gaim € % in (39), we haveVy'V, =
. . 0. Therefore, for any scalar € R, the flow of oV, is a
VX =V X = 5(Ca, X). geodesic ofve.

SinceV® is compatible with the metric, we obtain Proof: Wheny = 0, we have

Lo (XU = (VE X U)o + (X, VE, D)) veox = ve x - WakDaga oy (VEVe Bl
@ “ 2F 2F

These imply that —
i Since {((V,,V.))s = 2F, a constant by design in (26), and

Lo, (X, U)o = ((VZLWX, Ula + (X, VZflf>>a £§a<<%,Va>>a = 2((VgaVa,Va>>a becausév® is compatible
~((8(Car X, U)o = (X, 5(Car U with M7, {(VE. Va: Va))a = 0. Thus
ThereforeVe is compatible withd/® iff VOV, =V ¥, ((Va, Va))a YV, 4+ Vi <<VZ;;/%VG>>G
((5(Ca, X), U)) = =({(X, S(C. U))) =0.
which, from (43) is indeed the case. B Hencel, is a parallel vector field with respect to the closed-loop

Notice that entries o¥ (q,, 4.) in (37) are equivalentt9;; connectionV®?, i.e., V%" with v = 0.
in (11) for V7. Thus, from the discussion in Section llI-C, SinceV, is a parallel vector field oV** wheny = 0, to
the compatibility of V*” with A/* can also be seen from thesee that the flow o/, are geodesics 0¥, for v # 0, i.e.,

property that the matrix Vi1V, = 0, we need only verify that the second term in (45)
- ) vanishes wheilX, = {, = V,. This is indeed the case since by
M*(qa) ~ 2Y(da; 4a) taking the inner product of this term withe 7'G,,, we have

is skew symmetric. The passivity property of the closed-loop a n o a a
system is an immediate consequence of this fact. e (BT AP (C)]) =P A p7(Ca)) (Ko, %)

Corollary 1: Consider the closed-loop feedback system (41) =((Va, Xa))a((Cas ¥))a
with the environment forcé, as input and the velocity as = ({Cas Xa))al(Vas *))a

output. The kinetic energy of the augmented systenm (23) ) )
satisfies which vanishes ak,, = {, = V. ™

Theorem 2 can be comprehended as follows: from the discus-
iﬁa(q’(t)) = (F.,q). (44) sionin Section I, sincé’, is a parallel vector field ov/* 0 (the
dt stabilizing termZ’/ in (31) is absent), the flow ofV, for any
Consequently, the system is passive with respect to the supply R are feasible closed-loop trajectories of the closed-loop
rates(F., q) := {F.,q) which is the power input from the en-system (41). The second item of Theorem 2 shows that this is
vironment. also true for any feedback gain IndeedZ’ in (31) vanishes
Proof: Recall thatthe augmented environment faffein ~ wheng, = aV,, for any «. What remains to be shown is that

(41) is given byF* = (F.,0). Thus,(F%, q,) = (F.,¢). Since these flows are in fact stable solutions.
V7 is compatible withA/® (Theorem 1), the required results For anya € R, define thex-velocity error as
are direct consequences of Lemma 1. [ |

Notice that sincev® in (22) is the Levi—Civita connection ealt) := qa(t) — aVa(qa(t)). (47)
associated with the inertid/“, it is the unique connection
that is both compatible witi/* and is torsion free. Since the
closed-loop connectioV<” is also compatible witm/¢, it
cannot be torsion free if it differs frorv®. Thus, by giving up
the torsion free property, the geodesicsvot”, which are the
unforced closed-loop trajectories of (41), have some desirable
properties. We now characterize these unforced cIosed-Iq;aHereTf
trajectories. in (33).

Let us decompos®¥“” into two components

Thus, ife,(t) = 0, V t for someq, the velocity field tracking
objective is satisfied.
The closed-loop dynamics (41) can be written as

awec,0 . _ mpof a
MV G =T + I (48)
is the second (stabilizing) term in the coupling control

Proposition 4: For anya € R, considefl’f + F2 as the input
VX, = VE;OXO, F (MY HXL (P Ap*(C))). (45) to the system, and, in (47) as its output. Then

. . d
Thus, V< is the closed-loop connection when the feedback %((ea,ea»a =TT+ F2 ea).
gainy = 0.
Theorem 2: Thus, the closed-loop system is passive with respect to the
1) The augmented desired velocity fielf satisfying Condi- SUpply rate(T” + F¢, o). e
tion 1, is a parallel vector field of the connecti®f-° i.e., Proof: SubtractingrM*V. "V, = 0from (48), we obtain

VE'Va =0, V(o € TG, (46) MV =T/ + 7.
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The required result follows from a proof similar to that of Corol- Theorem 3:The closed-loop system (41) consisting of
lary 1 making use of the fact th&t*-° is compatible withAZ¢.  (Fig. 2) the augmented system (22) and the coupling control

[
Proposition 5: For the closed-loop system (41)

d

S Vala®), da(®a =7 [{dor d))al(Ver Vo

_<<Vav ‘ja>>(21:| + <F£7 Va>'

In particular, whenF, = 0, ({V,(q(t)), ¢a(t))}s, is @ nonde-
creasing function of time if v > 0; a nonincreasing function
of time if v < 0; and a constant i = 0.

Proof: SinceV<? is compatible withA/¢ (Theorem 1),
we have

L AVarda))a = ((Var V5 da))a + (V5 Va, Ga))a-

(49)

law (27)—(29) and (31) has the following properties:

1) foranya € R, lete, := g, — aV,(q.). Suppose that
~a > 0, then, in the absence of environment forCEs =
0), e, = 0is a Lyapunov stable solution;

2) suppose that no environment forcg. = 0) is present
(hence3? = «,/E is a constant). The solutiory = 0
or ¢, — AV,.(q.) = 0 is globally exponentially stable
(unstable), except from a set of measure @4 > 0
(if v8 < 0). The rate of convergence (divergence) in a
neighborhood ot = 0 is given by2+vj3E.

Proof: Let« € R. Notice that

{{car€a))a = ({dar da))a + @ ((Va, Va))a = 20{(Vas da))a
(50)

Further, becaus¥, is a parallel vector field (Theorem 2), weyyherec,, is the a- velocity error defined in (47). Notice that

have
Li\{Varda))a = ((Va, V5 Ga))a-
Now
MV jo = MOV 4o +71{da) (P* A p™)}
whereas from (41)
MOV, = F
Hence

Vol o)) =L (Vi @) = (Ve V5 e
=Val (7 = +{da) (P* A p"(d2))})
=7 [<<Qa7 (.}a>>a<<vll7 Va>>a

- <<Va7‘ja>g:| + <Feavva>

(Ve . Va))a = 2 by design in (26) and{g.(t) , du(t)))a
is constant wherf, = 0 (Corollary 1). Thus, Proposition 5
implies that{{e,(t) , ex(t))), iS Nonincreasing whet,
0 anday > 0. Therefore, givere > 0, for all ¢,(0) s.t.
({ea(0), ea(0)))a < € {{ealt), ea(t)))s < eforallt > 0.
This shows that,, = 0 is Lyapunov stable when~ > 0.

Consider now3 € R satisfying i)2E3% = ({a , Ga))a, and
i) # -+ > 0. Corollary 1 shows that is constant ifF, = 0.

Define Ws(t) := 1/2({es(t) , es(t)))q. Settinga = Fin
(50), we obtain

W — .

—= =28F — ({(V,, 4u)a-
5 =208~ {(Vorda))
AssumingF. = 0, the time derivative oV is given by the fol-
lowing, after making use of (51) and (49), and using the identity
(a®> = b*) = (a + b)(a — b):

(51)

W@ = =7 [3(2[3E - <<‘/av Qa>>a)(2/3E + <<Va7 Qa>>a)'

By the Schwartz inequality, the expression between the square

parenthesis is nonnegative. Thus, as required, wier= 0,
d/dt{{V,(q(t)), q.(t)}}s and take on the same signs. =
Define the angl® betweenj, andV,(q,) by

{((Va da))a
\/<<Va7 Va>>a ) <<Qa7 (.}a>>a

cosf := , Bel[—mm).

BecauseV, is constructed to satisfy the energy conservation

condition in Condition (1),((V,,V.))s = 2E is a constant.
Moreover, if F. = 0, {{da, da)}o IS the kinetic energy, which
is also a constant by Corollary 1. Thu#| increases while

Thus

Wy = —2yB(2E)(da)W s

1
o) = =11 .
11(da) 2( + )
By the Schwartz inequality{(Vy, d.))a] < 2|8|E. Hence
w(g.) > 0 and consequently the right-hand side of (52) is

(52)

where

(Ve o)
28E

{(Va,da))a decreases, and vice versa. Therefore, PropositigBnpositive. Moreover, singgy > 0, Proposition 5 shows that

5 says that the magnitude of the angle decreases if 0,
increases ify < 0 and remains constant when = 0. This

11(do(t)) is nondecreasing in time. B
Notice that83?Ep(d.) + ({eg, es))e = 832 E. Therefore,

property gives rise to Theorem 3 which concerns the stabilifyr anye € [0,85%E), we have, wheneveies, ¢3)), < ¢

and convergence properties of the closed-loop system.

We are now able to state our main stability results. Define
A3 € R up to its sign, so that? is the ratio between the kinetic

energyx.(¢g,) in (23) and the constad which was defined in
(26)

Kaldalt))

#(0) =

S

- 832E

(da) 2 1

Thus, for allg,(0) such that{{es(0),¢es(0))), < €

B0 i)t vezo

Wp(t) < —
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Hence, if{({e5(0), ¢5(0))). < ¢, Ws(t) — 0 exponentially at a where

rate given by

(o )]

Sincee can be made arbitrarily close &3 E (this is the max-

imum that({c3(0), ¢s(0)})}), can achieve), exponential conver-
gence is global (although the bound on the exponential rate be-
comes smaller as — 8432FE), except from the set of measure

zero characterized e (0), ¢(0))), = 882 E. Ase — 0, the
convergence rate fd# ; approachess~E in the neighborhood
of eg = 0, and thuszs — 0 at a rate that approachgs~E in
the neighborhood ofs = 0.

The same argument shows théit s — 0 exponentially as

B6) = sign() ("

Leteg(t) = Go — B(t)Va(gqu(t)). Then
1) suppose:; = ¢ = 0 (i.e., environment force in the

normal direction '+ = 0) and the environment power
input (F., ¢), is finite. Given anyGy € (0,1), there
existsv1(Go), s.t. if the feedback gain is chosen with
v > v1(Go), then for any initial error;(0) bounded by
lea(0)]12 < 8EB(0)Go, ¢alt) — O;

2) in general, given any?, € (0,1), ande > 0, there

exists v2(Go,€), so that: if v > ~2(Gp,€) and
lleg(O)|I2 < 8EB%*(0)Gy, then, there existd” > 0
such that|les(t)]le < € ¥V t > T. Moreover, if

t — —oo. Hencee_g = 0 is exponentially unstable. [ |
Theorem 3 shows that the control stabilizes a whole family  |leg(0)]|la < € ||eg(®)|ls <€, VE 2> 0.

of velocity fields which are scalar multiples &f, as long as the The bounds on the gaing and~. are given by

scaling has the same sign as the feedback gairhus,~ can

be used to choose the sense in which the desired velocity field 1 c1

should be followed. When environment forces are absent, the'* "~ 2E(1—Go) 2GL/?

+a+b+cl+)\>;

velocity ¢, exponentially converges to the particular multiple 1 VoE
of V, consistent with the amount of energy in the system. By ~, — max |~;, — c2 +at+c+X2]|].
injecting or extracting energy (through additional control loops 2E(1 - Go) €

via F.), the speed at which the velocity field is followed can b‘faor somel > 0

altered. The proof of this theorem is quite tedious and is included in

Appendix A. The basic idea is to decompose the augmented en-
vironment force£? into a component in the direction of the
In most applications, the mechanical system will encountdesired momentun¥® = A{*V, and its orthogonal comple-
environment forces, e.g., friction. In addition, the effectment. Then, the effect of each component on the derivative of
of model parameter uncertainties can also be consideredttas Lyapunov function{es(¢), es(t)))./2 is investigated and
environment forces. The effect of these forces on the abilibounded.
of the system to track a multiple of the given velocity field is Remark 2:
analyzed in this section. The following theorem characterizey Assumption i) specifies an upper bound on the disturbance
the robustness of the passive velocity field controller to distur- in the negative direction of the desired momentBfn No-
bances “parallel” and “normal” to the desired momentum, and tice that Assumption i) does not impose any constraints on
to disturbances that alter the total energy in the robot system.  the magnitude of this component d{t) is positive. As-
We shall denote the norms @G, and1™g, by sumption ii) specifies the maximum rate of energy dissipa-
1l =((r, 7’))2/2 Vi €Ty o ¥ go € G 28?Engfigg1ap.uon iii) specifies the bound on the disturbance
[Flla :=(((M®)F,(M®) T F)? Y F e TG, 2) Conclusion 1. states that(t) — 3(¢)Va.(qa(t)) as long as
Y ¢ €GC,. the environment forces or disturbances are only in the di-
rection of the desired momentum, and if the stabilizing gain
~ is sufficiently high. This result is in contrast to passivity
based trajectory controllers [18], [19] which only guarantee
that the tracking error converges to 0 in the absence of any
disturbances.
3) Conclusion 2. states that, given a sufficiently high stabilizing
gainvy, egq)(t) is ultimately bounded by an arbitrarily small

be the orthogonal decomposition of the environment force in Pound for appropriately bounded environment forces.
(22) with respect to the metrie/®, such that 7L, V, () = 0 4) The constraints imposed by Assumptions i)—iii) all become

and P* = M@V, is the desired momentum in (28)Assume less restrictive when the kinetic energy in the system
that for somes b’ 1.y >0 is larger. Notice that Assumptions i) and ii) will be si-

) 6(t) > —af(t): multaneously satisfied if|F:*||, < V2Emin(a,b)s?,

i) (d/jde)2(t) > _'wa(mg_ and assumptions i), ii), and iii) are satisfied if
’ a : 2 2 2 ¥nl i 2

i) [FL()]l. < \/ﬁmin(cﬂﬁ(tﬂ,01[32(t)); [Fel. < min(af? b3%, c18%, c|B])V2E. Since

INotice thats(t) has the unit of sec'.

VI. ROBUSTNESS

Since these two norm functions operate on dual spdEé€s (
and7*g,), there should not be any confusion.

Theorem 4:Consider the closed-loop dynamics given by
(41). Let

FE(t) = 6(t) P (aa(t)) + FH(1)

is proportional to the kinetic energy in the system, the
controller’'s ability to withstand disturbances improves as
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5)

6)

7

~

8)

9)

the amount of energy in the systeifi’E) increases, i.e., with the open-loop mechanical system whose dynamics can
when the system is moving at higher speed. This propeftg described by the Levi—Civita connection, the closed-loop
is due to the fact that the stabilizing ter#y in (33) is connection, although not Levi—Civita, is also compatible with

quadratic withg,. This result is not true for controllers in the augmented inertia metric. However, the flow of any scaled
the literature that make use of linear velocity feedback, e.gnultiple of the desired velocity field is necessarily a geodesic
[18] and [19]. of the closed-loop connection, thus allowing the closed-loop
The effect of model parameter errors (e.g., uncertainty in ifyStem to perform useful tasks. The velocity of the system
ertia parameters of the system) can be modeled as envir6AOVErges exponentially to the scaled multiple of the desired

ment forces. These effects will grow in a quadratic mann¥flocity field. This scaling is determined by the energy in
me system and corresponds to the speed at which the task

with increasingj, . Since the robustness property of a systet .
controlled by PVFC also improves when the kinetic ener exequted. Robustness pr_opertles of the cIos_ed-I(_)op system
environment forces exhibit some strong directional and

of the system increases, Theorem 4 predicts that the per grrfergy dependence. The closed-loop system is very effective in

mance of the gontrol SySte”.‘ shoul_d '.th degrade as th_e o king a multiple of the desired velocity field and in counter-
erating speed Increases. This predlctpn has been conflrna% ng the detrimental effect of environment disturbances when
by gxpenmeptal results In the companion paper [15]- the disturbance is in the direction of the desired momentum
Notice that in assumptions i) and ii), no bounds are needggine system. Performance also improves when the system is
on the disturbances in the positive direction of the des'r‘ﬁqoving at high speed. In the companion paper [15], a contour
momentum>* or on the rate of power input. Thus, disturf|iowing problem is formulated as a passive velocity field
bances that push in the positive directionftf or provide control problem and the control strategy proposed in this paper
positive power do not degrade the system’s ability to tragk applied. Experimental results verifying the properties of the
the scaling of the desired velocity field. The fact that discontrol scheme will also be presented. Recently (after this paper
turbances in the”® direction are effectively inconsequen-was first submitted), an adaptive version of PVFC has also been
tial can be attributed to the control requirement that onlyeveloped that alleviates the need for precise knowledge of the
ca = Gq — aV, matters for an arbitrary. Thus, distur- inertia parameters of the mechanical system [10].

bances in thé>* direction merely change the scaling

The asymptotic effects of disturbances that act in the direc- APPENDIX

tion of the desired momentum can be eliminated by a suffi-  PROOF OF THEROBUSTNESSRESULT IN THEOREM 4

ciently high gain. As already noted, disturbances in the pos-
itive direction of P* do not affect the tracking performanceTesults in Theorem 4.

If the amount of energy level in the system (i/8.is desired Lemma 2: Let 2 (t) — (t)P* + F~(¢) be the orthogonal

to vary, Theorem 4 suggests that external forcing inftie decomposition o so thats() € R and (FL(¢),V,) = 0.
direction would minimize the adverse effect on the velocity, . i o derivativé of e

field tracking performance, as long as the energy dissipation

rate is not too high. This is utilized in [15] to synthesis an W (t) = 1<<68(t)(t)7 ey (B))a
additional control loop to regulate the nominal speed of op- ' 27 '

eration in the contour following experiments. satisfies

Theorem 4 also characterizes the environment forces that

= 2 (||1F4].
tend to affect performance adversely. They have the fi e Wg < — [4Efy[3u(g}a) —3 <H I — min(O,&)ﬂ
lowing properties: B\ V2F

The following result will be useful to prove the robustness

1
a) they have large components orthogonal to the desired xWs + (P, ) (53)
momentum; o wherep(ga) = (1 + ((Va, da))a/28E).
b) they cause dissipation of kinetic energy; Proof: (Lemma 2) Using (49),(44),(51), the effect BF

¢) the component parallel to the desired momentum agjg 1y, is given by
in the opposite direction to the desired momentum. '

<F€7 Q><<Va7 @,ﬁ>>a
28E i
(54)

In this paper, we develop and analyze a new contrg@ince Fa enters linearly, we can treat the orthogonal compo-

d _
S Wy = —4vBEu(4)Ws + (F%, eg) —
VII. CONCLUSION dt "’ VBE(Ga)Wa + (I e

methodology for fully actuated mechanical systems. Two ke\ants off@ separately. For théP® component
underlying concepts are: 1) control tasks are represented in ¢

terms of velocity fields; 2) the closed-loop input/output system , . (6P, qa){(Vases))a
A=(6P ep) —

is passive with the environment force as input, the system 28E

velocity as output, and the environment mechanical power as (Vs VaWa (Vs €5))a
the supply rate. The control scheme consists of the dynamics ~ =6{(Va,€ea)) — 63 TE

of a fictitious energy storage element (like a flywheel) to- &

gether with a coupling force which conservatively transfers — 6((1/,,,,6,@),,&1/,,,@@)),,,

energy between the different components in the augmented 2BE

system. The resulting closed-loop system dynamics can be (Vases))al{Va,es))a

=-6 < —/—23 min(0, §)Ws.

described using a closed-loop affine connection. Compared 28E
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For the complementary component

FJ_v ‘ja><<vav C,ﬁ>>a

At =(Ftep) - <

26E
L _ <FJ_7Va><<VavC,8>>a
=T o) = 24E
_A{FE ) ((Vas e))a
26E
:<FJ_ e >_ <FJ_76,8><<‘/117C,8>>0,
s 25E
2|l 7|
<(F*, L LY 7
S0l g P

Thus

d — .
—Ws = — 4EvB1(4a)Ws + A + A+

dt
< - [1Euta) - 5 (L0 o o0
X Ws + (FLegs) (55)
as required. [ |

Proof: (Theorem 4) Consider the Lyapunov function
Ws = {({eg, es))o/2. Without loss of generality, assume that

~ andg are nonnegative.
Using Lemma 2 and the bounds &i§

d = .
%Wa < =28 (2Evu(da) —a—c1) Wy

+VEIF @], (56)
whereW;'/? denotes the positive square rooti%;. We will

first guarantee that(q, ) is bounded from 0. Define

_ W)

G(t) =1- N(Qa(t)) - 4/32(t)E

so thatu(g,.(t)) = 1 — G(t). Itis readily shown using (55) and

the bounds on the dissipation effectiéf (Assumption ii) and
on ||F||. [Assumption iii)] that

%G(t) < 28 (2B1(1 - G(t) — a— 1 — b) G(t)
+8c,G? (1)

Choose any > 0, Gy € (0,1), and

(

Thus, ify > v, andG(t) < Gy

a
2GL/?

! ta+b+e+ A
= — a C .
T 0B - Go) !

G1/2

d CL
— < — —
PRGOS <)\G+ 5 <G

Notice that the right-hand side is nonpositive whene&vér)
Go. Therefore we can conclude thati{0) < Gy, thenG(¢)
Go for all £ > 0. This in turn, shows that(g,(¢)) > (1
Go) > 0. Having ensured thai(q,) is positive, we can now

<
<
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choose lower bound foy to achieve the desired convergence
and boundedness properties.
If v > V1, G(O) < Gy and||FL||a < 62/3\/ 2F

d
W, < —
; 3 2/3

Consider first the case whdit- = 0, i.e.,¢; = ¢; = 0. Here,
if v > 41, andG(0) < Gy, then we have

[(2@7(1 —Gp) —a— cl) Wg — CQ\/EWE} .

d
— < — .
5o < —28AW,

Thus, W3 is monotonically decreasing and must converge.
Moreover, we have

0 < Wi(t) < exp <_ /0 t /3(T)Adf> W5(0).

Therefore, ifj'ot B(r)dr — oo, eg(t) — 0. Otherwise, since
(d/dt)B*(t) is bounded, if [} 3(r)dr # oo, we must have
B(t) — 0. This also implies thats(t) — 0.

Whency, ¢ are not necessarily 0, given> 0, the desired
bound foreg, choosex > 0 and

<CQ@

€
Then ify > v = max(y1,7),

CcoV 2E
€

_ 1
7T 91— Go)

—i—a—i—cl—i—)\).

A+ ] WB_CQ\/ﬁl/Vé/Q}

d
w, < —28
a0 = /{

where the right-hand side. 0 wheneverWpg e2/2 or
lleslla > e

This implies that ifG(0) = Wy(0)/3%(0)
6’3(0)(0) < ¢, Cyg(t)(t) < eforall ¢ > 0.

On the other hand, i7(0) < Gy, whenevet|es(t)||, > €

d
— W5 < =X

a8 PAe
Hence, if in addition3(t) > 3 > 0, V ¢, this gives an estimate
foraZ > 0 suchthatfor alt > T, ||eg(t)||l. < e. The estimate
isT = (cs(0)? — €2)/(26A%). [ |

2

< Gy and

(5]

[71
(8]
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