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Abstract. Some high speed color printers require that the sheets be
accurately controlled in order to achieve a precise alignment of colors.
To accomplish this goal a steerable nips mechanism has been proposed
as the actuator. This steerable nips mechanism allows the sheet to be
precisely controlled in longitudinal, lateral and skew directions. In this
paper we develop a control strategy based on hybrid automata that pre-
cisely controls the position of the sheet. This hybrid control law has
four finite states among which the system switches during the trajecto-
ries tracking process. Switching from one state to another is necessary
since the normal control mode cannot be used when the trajectory being
tracked requires the wheels to have zero angular velocity. The proposed
controller is able to move the sheet from an initial position at rest to
an arbitrary final position also at rest. The system model is nonlinear
and subject to four nonholonomic constraints. Two of these constraints
come from the fact that the velocities perpendicular to the wheels must
be zero, and the other two constraints are due to the no-slip condition.

1 Introduction

Some high speed color printers require that sheets be accurately positioned so
that colors can be accurately placed on the sheet. This is a challenge especially
at high speeds. In this paper we propose a solution to this problem using hybrid
automata.

Hybrid automata are dynamical systems which involve the interaction of con-
tinuous and discrete dynamics. Systems of this type naturally arise in a number
of engineering applications. For example, they have been successfully used in air
traffic control [1], automotive control [2], bioengineering [3], process control [4lJ5],
highway systems [67], and manufacturing [8]. The particular needs of these ap-
plications have sparked the development of theoretical and computational tools
for modeling, simulation, analysis, verification, and controller synthesis for hy-
brid systems.

To accomplish our goal of accurately positioning sheets in a color printer, a
steerable nips mechanism has been proposed as the actuator. It is schematically
depicted in Figure[ll The problem of controlling paper trajectories with steerable
nips is similar to a two wheel robot, such as the one studied in [9]. However, the
proposed control law of [9] fails to account for singularities that arise when the
steering angle of the wheels approach zero. Also, in the case of the two-wheel
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robot, three inputs are needed to follow the reference trajectories. Similar to the
two-wheel robot, the steerable nips mechanism is a nonholonomic system. These
systems have been extensively studied. Analytic work related to this subject can
be found at [10], [11].

The control objective considered here is to move the sheet on the plane from
an initial position (x(0),y(0),#(0),d(0)) at rest, to a final position (0,0,0,0).
The generalized coordinates z,y, ¢ are the position of paper in longitudinal 7,,,
lateral Jo and skew k, directions. The generalize coordinate § represents the
change i in length of the line that connects point 1 and 2 along the sheet, i.e. the
amount of buckling or stretching of the sheet (§ = 0 for a flat sheet). Hybrid
automata are used to control the position of a sheet. This control strategy uses
both steerable and non-steerable nips to track the paper trajectories. Steerable
nips permit a more swift correction of lateral errors. Non-steerable nips can only
indirectly correct lateral errors through the steering of the media.

Also, the paper can neither be stretched nor compressed, for this reason the
proposed controller tracks to zero the velocity, ) , and the change in length of the
line that connects point 1 and 2 along the sheet, ¢. This can be seen in Figure Bl
The system model has four inputs, inputs one and two rotate wheels one and
two respectively. Inputs three and four steer wheels one and two respectively.

To move the sheet from rest to any other position, the proposed hybrid
controller has four discrete control modes. During normal control operation both
wheels are driven and steered to move the paper toward its final position while
enforcing the constraints. The second control mode is needed because of the fact
that the normal control fails when either velocity of the wheel approaches zero.
For this case, an alternative control law is derived. In this control mode the
longitudinal position, x, and the change in length of the line that connects point
1 and 2 along the sheet, i.e. the amount of buckling or stretching of the sheet, ¢,
are the only outputs being tracked. The third and fourth control modes are used
at the beginning and at the end of the controlled motion. During these times
the angles of the wheels are zero.

Results obtained in this paper show that by using hybrid automata it is
possible to drive the paper from rest to any other position. This was accomplished
while satisfying the nonholonomic constraints at all times.

The remainder of this paper is organized as follows. In §2 will derive that
nonholonomic constraints, kinematic model, and dynamic model of the steerable
nips mechanism. The control modes of the system will be derived in 43 The
proposed hybrid automaton will be presented in §4 Results will be shown in §5l
Finally, we draw some conclusions in {6l

2 Kinematic and Dynamic Model of the Steerable Nips
Mechanism

The steerable nips and a sheet are shown in Figs. 2ZH3l The sheet moves on a
flat surface. Figure [ represents a sheet position while it is being tracked. The
left corner of the sheet, point C' is tracked to a desired trajectory. The angular
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Fig. 2. Steerable Nips with Paper Buckled Fig. 3. Coordinate System of Steerable
Nips

orientation of the sheet is also tracked. It is know that a sheet can be easily
buckled but can not stretched.

2.1 Notation

Figure Blshows a schematic representation of the modeling variables of the steer-
able nips system. This system has two independently steering wheels, located at
points 1 and 2 respectively. These steerable wheels are separated by a distance 2b.

Three coordinate frames are defined to describe the position and orientation
of the paper. The coordinate frame with (2 i P k f) represents the global coor-

dinates. The other two sets of coordinates, (zl,il,kl), and (1’2,12,52) are local
and are attached to wheel 1 and 2 respectively. The generalized coordinates of
the system are (z,y, @, 9, 01,02, ¢1, P2). Generalized coordinates x, y will be used
to respectably represent the lateral and longitudinal position of the left corner
of the sheet, the generalized coordinate ¢ represents the angular position of the
sheet and the generalized coordinate J represents the change in length of the
line that connects point 1 and 2 along the sheet, i.e. the amount of buckling
or stretching of the sheet (6 = 0 for a flat sheet). Generalized coordinates 6;
and ¢, will be used to respectably describe the angular position of wheel 1 in
the directions parallel and perpendicular to the sheet. Likewise, 65 and ¢o will
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respectably describe the angular position of wheel 2 in the directions parallel
and perpendicular to the sheet.

2.2 Velocities

The velocities of the paper at points 1 and 2 in global coordinates are

vy = (& + ¢y>2f + (- ¢($ + b))lf (1)

vy = (& + )iy + (5 + S~z +b+0))j, (2)

Invoking the non-slip condition, they can also be written in terms of the angular
speed of the wheels in its local coordinates

yl = 7’9’11’1 (3)

Vg = Téﬂz (4)

where r is the radius of the wheels.

2.3 Constraint Equations

Four constraint equations can be obtained by writing Eq. (@) and Eq. @) in
terms of the local coordinates. The velocities at 1 and 2 in local coordinates are:

vy = ((& + dy) cos 1 — (§ — d(x +b) sin ¢1))i, 5)
+((& + dy) sin gy + (4 — da + b) cos 1)) j,

vy = ((& + dy) cos g — (§ + G(—z + b + §) sin ¢s) )i

+((Z + ¢y) sin g2 + (y + ¢(—x + b+ &) cos ¢2))i2 (©)

This gives us four nonholonomic constraints. Two come from the fact that the
velocities perpendicular to the wheels at point 1 and 2 are zero. This means that
the velocity at 1 in the direction i; must be zero. The same must be true at 2.
Thus, its velocity in the direction i, must also be zero.

(& + ¢y) cos g1 — (§ — p(z +b)sin 1) =0 (7)

(& + dy) cos ¢o — (§ + d(—x + b+ 8) singp) = 0 (8)
The other two constraints are due to the non-slip condition.

(& + dy) sin 1 + (§ — d(x + b) cos 1) = 16, (9)



Full Paper Sheet Control Using Hybrid Automata 527

(& + dy) sin g + (§ + ¢(—z + b+ 6) cos ¢2) = 162 (10)

Using the previously defined generalized coordinate p = [x yp 660 d1 o ] r
each constraint can be written as

)

ai(p)p=0 i=1,..,4 pecR"
For our system the constraints can be written in matrix form as

A(p)p=0 (11)
where A(p) is the 4 x 8 matrix defined below.

cosgp —sing;  ycos g + (z + b)sin gy 0 0 000
Alp) = sing; cos @ ysin ¢y — (z + b) cos ¢, 0 —r 000
cos o —singg ycosge — (—x+ b+ d)singy cosga 0 0 00
sin gy cos¢o ysings + (—x+b+d)cosde sings 0 —r 00

Equation (L)) is refered to as the Pfaffian constraint [I2]. The constraint Eq. ()
is nonholonomic and therefore it cannot be integrated.

2.4 Kinematic Model

The kinematic model represents the kinematic relation of the system in the
direction that it can move. These are the directions of motion where the non-
holonomic constraints are satisfied at all times. As detailed in [12] this is given
by a basis of the right null space of the constraints, which will be denoted by
gi(p) € R™, j =1,...,n— k = m. By construction, this basis satisfies

a;(p)gi(p) =0 i=1,...k j=1,...,n—k peR"

and all allowable trajectories of the system can thus be written as the possible
solutions of the system

P=a (p)ul + ...+ gm(p)um- (12)

That is, p(t) is a feasible trajectory of the system if and only if p(t) satisfies
Eq. (I2) for a choice of control u(t) € R™.

For our system this basis can be obtained by casting equations @) and (#) in
terms of the global coordinates and equating them to (Il) and ([)) respectively.
The velocities at 1 and 2 are respectively given by

rf1(singiiy +cos ¢1j ) = (& + dy)ip + (5 — d(z +b))j, (13)

103 (sin ¢oi; + cos $2j,) = (& + Sy)iy + (U + d(—x + b+ 8))J; (14)
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From Eq. (I3) and Eq. (I4) the following relations are obtained

. . ”' . T‘ .
&= (rsin¢g, + QI)ZJT cos ¢1)0; — Qijﬁ cos ¢o0s (15)
. ‘ (z+b)r ) . (x+b)r Y
¥ = (r cos ¢y s cos ¢1)01 + ST CoS (oo (16)
b= %L_Hs(cos B26s — cos qzﬁlél) (17)
§ = rsin ¢292 — rsin d)lél (18)

The above equations are the kinematic equations of our system. They can be
written in the following form

p=Gp)n (19)
where
[ & r rsin¢1+%cos¢1 7%COS¢200_
Y rcos gy — &EOr (@tb)r 00
. 1 b5 COSP1 g5 COS P2 .
‘(7; fﬁ CoSs ¢1 ﬁcos¢2 00 Ql
_ e _ rsin ¢1 7 sin ¢g 00 iy = 2
b=, G0 1 o ool |
9.2 O 1 O O ¢2
é1 0 0 10
| 6o | I 0 0 01}

In the above equation 7 € R? is a vector of independent velocities. Note that in
general 7) can be a function that is smooth in p, and linear in p, 7(p, p) [10]. The

above equation indicates that velocities 91, 92, él, qz'Sg are sufficient to determine
the instantaneous velocities of all generalized coordinates of the system. Also,
note that the velocities calculated with Eq.(T9) satisfy the nonholonomic con-
straints, since G(p) = [g1(p) 92(p) 93(p) ga(p)] is the right null space of the
constraints. That is a a a a

A(p)gi(p) =0

Equation(@3) is referred as the kinematic state-model [13].

2.5 Dynamic Model

A dynamic model of the system is obtained by only considering the dynamics of
the actuators. The dynamics due to the mass of the paper has been neglected
since it is small. For the normal mode of operation we consider the kinematical
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model derived in section § This system has a two-wheel driven, and two-
wheel steered system. Each wheel can turn freely around its horizontal and
vertical axis. The contact points between each of the wheels and the paper must
satisfy pure rolling and non-slip conditions. The kinematical model of this system
is described by Eq. ({I5), Eq. ({I6), Eq. (I7) and Eq. ({I8). To get the dynamic
model of the system we start by differentiating the kinematic equations, Eq. (I3,
Eq. (I6), Eq. ([7) and Eq. ([@8). For simplicity, we consider actuator dynamics
of the following form

01 = uy,02 = uz, p1 = uz, P2 = uy.

This gives us the following dynamical system

&= [, (@) + By (2)uy, (20)
where . . . .
z=[r & y g ¢ & 6 6 61 6 05 O ¢ o),
_ _ 0 0 0 0 7]
;}1 b121 b122 b123 b124
f12 0O 0 0 O
3 b141 6142 b143 b144
fla
5 0 0 0 0 )
f15 ble1 ble2 bles blea U1 01
. A.
B 1o o o o _fu2| _ |62
i1 (@ =| 0 |,B(2)= blg1 blgz blgs blss = us | |
fls j
0 0O 0 0 O Ug P2
11 1 0O 0 0
09 0O 0 0 O
0 0 1 0 O
0 0O o0 1 O
L Y L0 0 0 1 |
with - . ..
Fla =, fla = =gy + 355, fla = 5, fla = di — SR8, 15 = 6, flo = 505,
flr =0, flo = b1, flu = 02,0121 = ZT5cosgr + rsingn, blee = —5755 cos¢o,
blag = rcos ¢16h — 55 sin @161, blas = +555 singabla, blay =rcos¢y — (3261-:6(); cos é1,
blyz = (;:—f(}; cos ¢2, blag = —rsing161 + (gl:fz); sin 101, blas = _(;C;i)ir sin ¢,
bler = —gp5 cos 1, blez = 5755 cos dz, bles = 55 singib1, blea = — 575 sin g0y,

blg; = —rsin ¢1, blga = rsin ¢z, blgg = —rcos ¢191, blgy = rcos (;529.

3 Control Modes

3.1 Normal Feedback Control

In this section we derive the control law for normal operation. During the deriva-
tion of the feedback dynamic system we will obtain conditions for mode changes.
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In this mode we want to control the position of the paper and satisfy § = 0 at
all time. This means that states (x,y, $,0) have to be controlled at all times,
therefore the output vector function is

y=hz)=[zyed]" . (21)

The above system is a square Multi-Input Multi-Output(MIMO) system. It is
called square because it has as many inputs as outputs. This MIMO system can
be linearized by static state feedback. This is accomplished by differentiating the
Jtn output with respect to time, see [15] for details. After differentiating, the
following equation is obtained

i=[3§46] =Ci(@) + By (@), (22)
where
Cll 6111 6112 6113 6114
612 6121 6122 6123 6124
Ci(z) = I (v) = )
613 6131 6132 6133 6134
0 elyr elye elyz elyy
with
i b i (a+b)sd T B .
cly = —¢y + 2’";7_&, cly = ¢ — 72“){3 , cls = ——Qbfﬁ, elyy = —2;;‘_:5 Cos ¢1 .—i-rsmcbl,
6112 = _#-:6 COS@Q, 6113 = TCOS¢191 — #_&Sin(bleh 6114 = %Sin(ﬁg@g, 6121 =
b b . ; b)r . ;
T COS 1 — (;1;-(); cos @1, elag = (;”;:_()sr COS ¢, elag = —rsin ¢10; + (;:4-()57 sin 101, elag =
byr . ) .
(;L_gr sin g0z, elg; = — 5575 COS 1, elzz = s cos d2, elgz = sz_é sin @101, elgs =
2b+5 sin <Z>2t92, elsr = —rsin¢g1, elyz = rsin ¢z, elys = —rcos ¢1017 elys = rcos <Z>202
Then, choose the following state feedback law:
_ —1
u = E;" (2)(vy — Cy(2)), (23)
where
i€11 ’L'612 i613 ’L'€14
E —1(@ | 7e21 teaa ieas ieay
=t = tegy te3g i€33 1€34
i641 ’i642 i643 i€44
with )
: _ cos ¢ sing _ l=sin¢y . = _ —b—z—singj(—ycos¢i—(btz)singdy) - _
e1n = T Cos ¢ 2612 ~ rcos¢y? 13 = T COS P )y 1621 =
i cosd;'2 . cos ¢p2 ((b—x+35) cos pa+ysi - i
LI, enn = [0E, deas = ralomfmeatumnin) ey = coniamnia,
. _ cosqbl . _ —singy o _ ycospi+(bta)singy __ ycosgs _ __sings
131 = 5y 1€39 = o 1€33 = prH , 1641 = 0y 1€42 = 0y
ieas = ycosq&g (b z+6)sln¢>2 ’L€44 cisejg
This yields the hnear closed loop system
AT VA T
[#§¢0] =[vivavgva] . (24)

At this point we have four decoupled equations. This means that vy, v2, v3 and
vy only affect the outputs z,y,¢ and § respectably. Choose vy = &g+ k17 + ¢1 7,
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Vo = djg + kot + @20, v3_ = da + k3d + g3 and vy = Oq + k4d + qu0 where
T=24—%, §J=Ya—Y ¢=¢a— ¢, 0 =04—0, and k1, k2, ks, ks, q1, g2, g3,
q4 are positive constants. The choice of v; with positive constants for k;, ¢; give
exponentially decaying errors. The differential equation of these errors will be
Ti+kZ+qE =0, §; +koZ+qF =0, ¢; +ksd+q3é = 0 and §; +ksd +qud = 0.
Note that this control law, u;, has terms with 6, and 65 in the denominator.
This means that this matrix will be ill conditioned if either 91 or 02 is zero. This
makes this control law unusable when 01 or 92 are close or equal to zero. Based
on the above discussion we introduce the first discrete control mode ¢;:
q1: Trajectory tracking [Ll?ref Yref Pref §Tef]T. This mode is conditioned on 91 >

émin A 92 Z emzn

3.2 Feedback Control to Overcome Wheel Velocity Singularity

It was shown above that the normal feedback control fails when the velocity of
either wheel is zero (angular velocity of the wheels in the direction parallel to the
sheet). This comes from the fact the lateral error cannot be corrected unless the
media is moving. For this case we derive another control law. We choose to track
the longitudinal position and the change in nominal distance of point 1 and 2
along the sheet (,0). Also, during the tracking of z and ¢ we will maintain the
orientation of the wheels fixed therefore ¢; and ¢o will be zero. For this mode
the state space equation and the output function are

&= f,(z) + By(z)u,, (25)
T
y=h(z)= [m (5] (26)
where .
I,@) = [ 21 f22 f25 f24 25 26 270 290 f211000] ",
(0621205214 05216 086215010000]"  [w] [
=2 05222 056244 006226 006228001000 P2 | ue (92
with

f21 = ,56» f22 :,7¢5y'+ %a f2s =19, f24 = i — (Izt?§¢’ f2s = ¢’7 f26 = Qbi)é’
f27 = 5, f29 = 91, f211 = 02, b212 = #L; CcoSs (251 +rsin (}51, 0290 = 2b+6 CcOS ¢2, b214 =

(z+b)r _ (z+b)r o r
T COS 1 — 2515 " cos @1, b224 = T cos ¢2, b215 = T cos ¢1, b226 = 72b+5 Cos ¢a,
b215 = —7rsin ¢, b228 = rsin ¢a.

Again differentiating the output until one of the inputs appears and cancelling
the terms that have ¢ and ¢2, we get the following output equation:

LT
y=1[id] =Cha)+ Ey(z)us, (27)
where
| —dy+ % B %coscbl + rsin ¢ 7% COS ¢
Cy(z) = 0 o | By(z) = —7rsin ¢ 7 Sin ¢o




532 R. Sanchez et al.

The state feedback control law for this system is

-1
uy = By (2)(vy — Ca(2)), (28)
where
. (2b+5d) sin ¢ y c;s P2
EQ (E) = (2b+6)2sin $1 ycos Py +(2%+6) sin @1
do da
with

da = r(—ycos ¢z sin d1 + (ycos 1 + (2b + §) sin ¢1) sin ¢2).

The above state feedback yields the following linear closed loop system

j=[28]" =[nw]". (29)

For this system we have two decoupled equations. This means that v; only affects
the output y;, for ¢ =12 Choosing v1 = &4+ k@—!—qlis and vy = Sd + k‘25+ ch;
where & = xqg — x, 0 = 03 — 0, k1, ko, g1, and g2 are positive constants, we get
errors that are exponentially decaying. The differential equations of these errors

will be 7 + klaLc 4+ ¢ = 0 and S+ kQS + QQS = 0. Note that the matrix in the
control law (28)) will be ill conditioned if ¢1 = ¢ = 0. Therefore, this control
law cannot be used under these conditions. This case occurs when the lateral
errors have been corrected. Based on the above discussion the second discrete
control mode is as follows:

q2: Trajectory tracking [xref Oref ]T. This mode is condition on (01 < 9.mm\/9'2 <

emin) A (¢1 7é ¢2 # 0)

3.3 Feedback Control with No Steering

The two wheels will have a zero steering angle when the lateral error has been
corrected or at initial operation when the wheels are starting to move. This takes
us to the third and fourth discrete control modes. In these modes of operation
the wheels have zero steering angle. The control law used in these cases was
developed by Kanayama [16]. Kanayama proposed a control law that makes use
of reference velocities and current posture of the vehicle to control the vehicle
position. Note that this problem is similar to the one of moving paper with fixed
wheels. This control rule uses the linear and rotational reference velocities of
the paper to correct for the position errors and follow a given trajectory. The
kinematic model for this system is

T cos(¢) 0 , , L _
oMY HRHE RS (30

b 2b

[ )

The nonholonomic constraints of this system is

#sin(¢) — yeos(¢) = 0. (31)
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qr(t)

pr(t) error Pe | V(pe,ar) |4 9e Ve De
T J
I w(pe, qr) /

Pec

Fig. 4. Tracking Controller Block Diagram for Unsteerable Wheels

The error posture used by the controller is defined as

Te cos(¢) sin(¢) 0
pe=| 5 | = | —sin(9) cos(9) 0

s (pr — D), (32)
be 0 0 1

where p, is the reference posture. The block diagram of this controller is shown
in Figure @l The law for the velocities is as follows:

_|v| _ | ¥(perar) | _ vy cos(de) + Koo
T= 1w 7 0o |~ |wr+vn(Kyye + Kysin(,)) |

where K, K, and K, are positive constants, and v, and w, are the reference
velocities. A proof of the stability of this control law can be found in [16]. The
following Lyapounov function candidate ([34]) was used to show that the control
law is asymptotically stable.

(33)

V= a2 +42) + (1~ cos(60)) /Ky (34)

Based on the above discussion the third and fourth discrete control mode cor-
respond to the case when the lateral errors have been corrected and when the
wheels are starting to move from rest. They are respectively:

q3: Trajectory tracking [zref Yref gbref]T. This mode is conditioned on (91 <
Omin V 02 < Opmin) A (¢1 = d2 = 0).

qs: Trajectory tracking [xre f Yref Ore f]T- This mode is conditioned on (¢ =
$2=0) ANy < Ymin.

4 Control Using Hybrid Automata

In this section we construct a switched mode feedback controller which provides
global finite-time convergence of the continuous time states to the origin. The
switched mode feedback controller is constructed as a hybrid system comprising
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Int

G(Q37Q1

G(q1,qa

R((q1,q4),2

Fig. 5. Hybrid Automaton for a Steerable Nips System

of states at which the system will switch to during the tracking of the trajec-
tories. A hybrid automaton of the steerable nips is shown in Figure [l There
are four discrete states in which the system can be at a given time. The state
gs represents the initial state. In this state the velocity of the sheet is the only
thing being tracked. The reason for tracking only the speed is that, at the start,
the velocities of the wheels are zero. The full steerable nips system cannot be
used since the control law requires that the speeds of the wheels are nonzero.
Once both wheels have reached the minimum speed, émm, the normal control
law, g1, can be used. During the normal control mode the controller will track
the references. Longitudinally, the paper will track a sinusoidal reference with
a given magnitude. The lateral and angular references are zero. The reason to
track a sinusoidal reference is that we want to oscillate between the final longitu-
dinal position while the lateral and angular errors are being corrected. Tracking
the sinusoidal reference means that at a given point the wheel velocities have to
be zero. This is the point at which the second control mode, ¢o, will be used.
Finally, once the lateral errors have been corrected, the control mode will be
switched from ¢; to q4. At this point the lateral errors and angular errors have
been corrected and the system needs to be driven to its final longitudinal positon
x = 0. The hybrid automaton of this system is defined based on [I7], that is,
°Q={q, @ 0} . .

o Xiz=[zdyyddddon oo en]
oIntz{q}x{geRM:i::yzq5:6:5=01:91:02292:¢1:¢2=O}
o f(q1,2,uy) = fi(z) + By

o § ¢ off =Ci(x)+E(2)w , ,

o u = B, N(2)(vy — Cy(2), vi1 = &a + ki + @, viz = da + k2y + @20,
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V13 = @d + k3¢ + @39, via = daq + kad + qud, where T = x4 — 2, § = ya — vy,
¢ =¢q—¢,0=0q— 6 and ky, ko, k3, k4,q1,q2,q3,q1 € Ry

. f(%aﬁ uy) = fa(z) + Bouy

e i oF = Cyln) + Eyla)uy |

eu, = E, '(z r)(vy — Cy(x)), vo1 = ¥4 + k17 + 1@, vas = 8y + k4 + q40 where
F=x4—12,0=04—0 and k1,k4,q1,q4 € R+

e f(gs,z,u3) such that

’ 5(#) 0 [ v v ror 3 j| w
i = (o) [2).[2] - 5 5] 0] T - (2

Te | cos(¢) sin(@) 0 [@per —
Pe = 3:/5 = | — Sin(¢) COS((ZS) 0 Yref — Y
¢e i 0 0 1 (ybref - ¢

e I o P e O

with Iref(t) = At, A € R+, Vref = Vmin, Wref = 0.

® f(qa, x,uy) = f(q3, 2, u3)
with Tref =0, Vref = 0, wrep = 0.

4 D(ql) - {.13 e X: 91 > Hmzn /\92 > emzn} D(CI2) - {J) cX: 91 < emlnve2 S
Ormin A (d)l 7& ®2 7é O)} D(QS) = {iE c X 01 < om'm \/92 < emzn A (¢1 = ¢ =

'E {(Q1,(I2) (Q27Q1) (Q2,Q4) (Q37QQ)}

L4 G(Qth) - {l’ e X: 91 < szn \/92 < emzn /\( )} G(Q%Ql) =
{.’13 € X 91 > emzn A 92 > emzn} G(Q?”(Il = { 1 > emzn A 92 >
mm} G(Ql,%) {y < ymzn}

® R((q1,92),2) = R((q2,q1),z) = R((g3,q1),2) = z,

R((q1,q4),2) = (2,2,9,9,6,9,6,8,01,01,0,05,0,0)
5 Simulation Results
The model was simulated for the following initial conditions. g = —10mm, yo =

10mm, ¢ = 4°. Simulation results are shown in Figs. Bl - @ Figure G shows
the trajectory of the paper as it goes from its initial position at (z,y,,0) =
(—=10mm, 10mm, 4°,0) to its final position at (z,y,¢$,0)=(0,0,0,0). Figure [[lshows
the position of the paper and control modes used during the simulation. As shown
the initial control mode, g3 is used for less that 0.001 second. The reason is that
the normal feedback control can be used only when the velocity of the wheels
are non zero. This happens almost instantaneously. Also note that the normal
feedback control ¢; is used most of the time during the correction of lateral
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Paper Position Errors
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displacement. The steering angles of both wheels are shown in Figure[§ and the
velocity of both wheels are shown in Figure @l The initial steering angles of the
wheels are zero. They are steered immediately once the normal control mode is
in use, this action will correct the lateral errors. The steering angle will become
zero once the lateral errors have been corrected, and at this point the control
mode switches from ¢; to g4.

6 Conclusion

In this paper we have successfully used hybrid automata to fully control the
position of a sheet. The use of hybrid automata was necessary to overcome
singularities of the normal control action law. This singularity was due to the
fact that the control law matrix has elements with angular velocities in the
denominator. For this matrix not to be ill conditioned the angular velocities
of the wheels cannot be zero. During the actuation of the paper the velocity
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of the wheels are zero. This happens at the beginning since the sheet starts
at rest. Also, the longitudinal reference is sinusoidal with zero mean; therefore
the velocity will be zero at one point during the actuation. Results obtained in
this paper have shown that by using hybrid automata it is possible to drive the
paper from rest to any other position also at rest. This can be accomplished by
satisfying the nonholonomic constraints at all time.
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