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Abstract—A mathematical programming approach to maximization of on-ramp flows, in order to achieve a
the freeway on-ramp metering problem is formulated. The more equitable distribution of the control effort. Chen
objective function is a linear comblnat_lon of mainline et al. [3] suggested the use of Total Travel Distance as
and on-ramp flows, termed the Generalized Total Travel - .

Time. The underlying freeway model — the Asymmetric the objective. Wang and May [4] discussed severa_l other
Cell Transmission Model (ACTM) — is similar to the €nhancements, and extended the model to consider the
original Cell Transmission Model (CTM), except that the effects of voluntary diversion to surface streets. Later
merge law of the CTM has been replaced with additional guthors further extended the model to capture the entire
terms weighted by influence parametersit is shown that — cqrigor, which comprises both the freeway and an alter-

an appropriate selection of the model parameters and . . P
boundary conditions guarantees a physically reasonable native parallel route that allows drivers some flexibility

evolution of the ACTM. It is also shown that the resulting N their choice of freeway access points. Payne and
nonlinear optimization problem can be solved globally, by Thompson [5] considered “Wardrop’s first principle” as

solving an equivalent linear program, whenever the cost dictating the selection of routes by drivers, coupled with
weights are generated by a proposed numerical algorithm. 5 on_ramp control formulation similar to Wattleworth’s,
and solved it with a suboptimal dynamic programming

|. INTRODUCTION algorithm. lida et al. [6] posed a similar problem, and

employed a heuristic numerical method consisting of

This paper considers the problem of regulating accest:s . :
. |?rated solutions of two linear programs (control and
flows to freeways as a means of reducing the effects 0 signment)

recurrent congestion. The many possible approachesatso
this problem can be classified in several ways: traffic- Another more recent enhancement has been the con-
responsive versus open-loop, local versus system-widgideration ofdynamic modelsMost problem formula-

static versus dynamic, network versus freeway modefons using dynamic models have reverted to the simpler
considering versus ignoring the effects of diversion. THatuation, where the effect of on-ramp control on access

approach presented here fa”sl in all cases, in the |at£é}|nt selection is not considered. Examp|eS include Lei
category. [7], Kotsialos [8], and Hegyi [9]. In these three cases, the

One of the first applications of mathematical propumerlcal method used to solve the resulting nonlinear

i optimization problem was gradient-based, and therefore
gramming to the problem of on-ramp control was b

Wattleworth in 1965 [1]. This early formulation Was\{)rowded only local solutions.

based on a static model of traffic behavior, whereby The approach presented here is based on an obser-
the flows at any cross-section in the system could B@tion stemming from two facts. The first fact, shown
expressed as the sum of the flows entering the freewily [10], is that minimizing the Total Travel Time is
upstream of that location, scaled by a known proportigdfuivalent to maximizing a weighted sum of flows. The
of vehicles that did not exit at any upstream off-ramgecond fact is the specification by the LWR theory [11]
This density-less model allowed the formulation of &f @concavefundamental diagram. Relaxing the equality
linear program, since it avoided the important norfonstraint imposed by the fundamental diagram to a
linearity in freeway traffic behavior - the relationship <" constraint therefore results in a convex problem.

between flow and density known as tendamental Because travel time is favored by hlgher flows, it is
diagram not unreasonable to expect the solution of this convex

Many subsequent contributions have built upon th|oroblem to “naturally” seek the upper boundary (i.e. the

original formulation by Wattleworth. Yuan and Kreer [Z]Emda.me.ntal d|agram)-. )
proposed a quadratic cost to replace Wattleworth's linear This idea of relaxing the flow constraint has been



suggested previously by Papageorgiou in [12] and Zil;[x]: vehicles queueing in on-rampat time kAt.
iaskopoulos in [13]. However [12] wrongly asserted thaf;[x]: vehicles going from to i+1 during intervalk.

the solution to the relaxed problem would always fall on;[x]: vehicles entering from an on-ramp during:.

the upper boundary as long as positive and sufficiently(x]: metering rate for on-ramp

large cost weights were assigned to the mainline awigix): demand for on-ramp.

on-ramp flows. To see why this is not true, consides;[x]: vehicles using off-ramp during intervalk.

a flow f;[x] from a sectioni into a congestedsection g;[x]: dimensionless split ratio for off-ramp

i+1 during time intervalk (see Figure 1). An increase

in f;i produces an increase in the densityiafl at ilk] is definedV i € 7, and is set to 0 whenever
time k+1, which in turn causeg;(x+1] to fall, because does not contain an off-ramp. We also define an on-ramp

i+1 is congested. Thus, the initial increaseftg; will  indicatord;:
be favored by the objective (weighted maximization of 1 it icen
P o . . A

flows) only if its positive effect outweighs the negative 0 = { 0 else
effect of decreasing;[x+1]. One of the findings of this
paper is that, in addition to positivity, the cost weightg;oge| parameters
must also decrease in time. v; : normalized freeflow speed <0, 1]

In this paper we first introduce a model for a freeway w; : congestion wave speed €[0,1]
with on-ramp control. The model is similar to Daganzo's p; : jJam density [veh]
cell transmission model (CTM) [14], in that intercellular ~ f; : mainline capacity [veh]
flows are computed as the minimum of what can be s; : off-ramp capacity [veh]
sent by the upstream cell and what can be received, v; , & : influence parameters €[0,1]
by the downstream cell. The important distinction is
in the treatment of merging flows: to make the model
more amenable to mathematical optimization, we ha Eﬂ“ ﬂ“ ﬂf} ff;,”"']
replaced the merge law of the CTM with extra terms il | i-1 I(/ i < | i1 |
the min{} functions, weighted bynfluence parameters . //fi[k] N
(v, &,7:). It is shown that an appropriate selection o it~ Stk
the parameters and boundary conditions guarantees that
the evolution of this model will remain within certain Fig. 1. Interpretation of model variables
implicit constraints (Eq. (8)). This result is used to ensure
that the results are reasonable. Two optimization prob- . THE ACTM FREEWAY MODEL

lems, one nonlinear and one linear, are then formulated.
The solutions to these two problems are generally n

the same. However, it is found that cost weights can 5
found that render them equivalent. A numerical methad :
for generating such cost weights is then designed aﬁﬂd control independent.

e five components of the ACTM are given by Egs. (1)
rough (5). Similarly to [12] and in contrast to [13], the
odel assumes that the off-ramp split ratios are known

tested. Off-ramp flows VieZ, kek:
II. NOTATION silk] = Bilkl(si[k] + filk])
. . . : , _ Bilk _ Bilk
The freeway is partitioned into | sections, each con- S Sk = T filk] = B0 filk] Q)
% %

taining at most one on-ramp and/or one off-ramp. The
sections are identified with indices beginning with zerghere 3,11 0,1], and ;] £ 1 — Bix] has been
at the upstream end, and increasing sequentially dowdisfined to simplify the equations.

stream. Time is divided into K discrete intervals o

duration At. Figure 1 illustrates the model variables. ‘\/Iamlme conservation Vi€l kek :

Sets pilk+1] = pilk] + fim1lk] + Girilk] — filk] — silk]  (2)
T :setof all freeway sectiond = {0...1 —1}

K : set of time intervalsikC = {0...K — 1} with initial and boundary conditiong;[o] and f_1[«].
En : set of sections with on-ramp&n C 7 On-ramp conservation Yiceé&n , k€K :

EnT: set of sections with metered on-ramps.t C £n
Lilk+1] = Lik] + dilk] — 75[k] 3)

Variables(All normalized to vehicle units)

pi[k): vehicles in sectioni at time kA¢. with initial and boundary conditiongo] and d; [x].



Mainline flows VieZ, kek : However,&; 1 < :’—ﬁ implies:
3

_ _ Wiy, _
filk] = min{ vi(pilk] + 8yirilk]) — Silk] 5 fi; 4) §ir1(Piva — pivalk]) < i (Pia — pisalk))
_ Bilk] _ = Oaripalk] < L (Pitr — pit1lk])
Wi1 (Pis — Pialk]) — S i ria [k msz i+l

= Wi (Piy1 — Piyilk]) — dipaiaTipak] >0

Mainline flow f;x] is determined in Eq. (4) by one OfTherefore,fi[k] > 0. Using the above, we can deduce
four terms: freeflow, mainline capacity, congestion, F s > 0 and p—_[kﬂ] e [0, pil:
off-ramp capacity. é = i ) Pil:
On-ramp flows Vie&n, kek : Lilk+1) = Li[k] + di[k] — 73[k]

> Uilk] + dik) — (L[] + ds[k])

Tilk] = (5) -0
m?”g Lik+dilk) 5 &(pi—palk)) 5 0} € ENT  piksr) = pilk + fialk] — filkl/Bilk) + Sirif
min{ bkl dith 5 &(pi—pitk) } i€ En\Ent pilkl — Jilkl/Bilk) + Sirilk

(A\VARAYS

On-ramp flow ;&) is determined in Eq. (5) by one pilk] — Bilkvi(pilk) + divirik)) /Bitk) + dirlk]
of three terms: demand, mainline congestion, or ramp = (1 —v)pilkl + 6;(1 — viyi)rilk]
control. Using (1) to eliminate;[x] in (2) and (4): 0

pilk+1] = pilk] + fica[k] + Sirilk] — fulk]/Bilk] 6) Pilk+l = pilkl + fialkl — filk/Bilk) + 8irilk]
pilk] + ficalk] 4 6irilk]

filk) = min{ Bitkyvi (pilk] + viritk) 5 fi 5 ) pilkl + wi (i — pilk) — Gscurilkl + dirilk)
wisa (Piy — pialk]) — SiaQipariga (k] ; ﬂ“k]s-} = (Lmwdedi) 4 Griti(l ~ o) + widy
HPHL T i T Bitkl ™" < (T —wi)pilk] + 6:&i(pi — palk)) (1 — ) + wip;

(1 — w;) pslk] + w4 p; if icén

Y

INIA

The complete traffic model consists of equations (3)~
(5), (6), and (7).cy, ~;, and¢; respectively dictate the N
influence of downstream and upstream on-ramp flows on Pi

mainline flow, and the influence of mainline density oRvhere w; 2 w; + ¢(1 — ;). The last line holds since

on-ramp flow. by assumption botlw; andw; € [0, 1]. [ |

A. Theorem IV. PROBLEM FORMULATION

. . . Papageorgiou shows in [10] th&btal Travel TimgTTT)
The following theorem provides ppndltlons on the mOdeclan be expressed as a weighted sum of off-ramp flows
parameters and boundary conditions that ensure a ph

: . 4Rd other control independent terms, with weights de-

ically reasonable evolution of the model. creasing linearly in time so as to favor earlier exiting
flows. Similarly, theTotal Travel DistancgTTD) is also

Vkek a linear combination of mainline and on-ramp flows.

Viel These two popular objective functions are captured by
the Generalized Total Travel TimgTTT):

4
{ pilk) € [0, pi] } Vkek ® @ ETTTE-D [Z aWfilk + > bk | (9)

pi[0]76 [Ovﬁl] 5 Uiy Wi,y Oy 74 S [07 1]
li[0]7 fi,gi”@i[k],di[k],f_l[k],Tic[k:] 2 0
& € [0, min(¥L, 122

. — .
a;’ 1—a;

Lilk] , filk] , milk) 20 | Vi€l ek Liez icEn
a;[k] and b;[k] in (9) are positivecost weightsthat can
Proof be selected to obtain a desired objective function. For

The proof is by induction. Assuming that(x] € [0,p;] example, it is shown in [10] thalTT is minimized by
and /;[x] > 0 for somek, we show that it holds for setting:

k+1. First, from (5), withi;ix] > 0, d;[x] > 0, & >0, Caa -
ai[k]:{ (K—k) Bilk)/Bil#] i<I-1 0

pilk] < pi, T$1k] > 0, it follows that r;(x] > 0. To show (K— k) (ﬂi[k‘]/ﬁi[k] n 1) i—T-1

filk1 >0, we need to check that each of the four terms in
(7) is positive. The only non-obvious one is the second. bilk) =0



That is, TTT is minimized by maximizing a weighted involved in Egs. (5) and (7). Problefg, on the other
sum of off-ramp flows (K — k)s;[x] (the “+1” in the hand, is linear, and can therefore be solved globally and
term for section/ — 1 weighs flows leaving through efficiently. In the following we will derive conditions
the downstream mainline boundar§D is obtained by on the cost weights:;[x] and b;[x] that make the two
settinga; k] and b;[x] equal to their respective mainlineproblemsequivalent Thus, under these conditions, the
and on-ramp section lengths. global and efficient solution t®5 will also solveP,.

Bounds on the control and state are often required.
Explicit bounds on flows and densities are not necessary
here due to Eq. (8). Eq. (11) places upper and low&he goal of the cost weights synthesis (CWS) problem
limits on the ramp metering rates. is to find weightsa; (k] andb;[x] that render problem®,

< o < P (11) and PB equwalen.t(PA _573_3) , in the sense that their

’ ‘ ¢ solution sets are identical:
An upper limit on the length of the on-ramp queue X N
cannot be enforced for reasons explained in Section V- {y” solvesPa} < {y” solvesPy} (20)
A. The nonlinear optimization problef, is now stated For P4 = Pg, all of the solutions to bothP, and

V. THE COSTWEIGHTS SYNTHESIS PROBLEM

as follows: Ps must lie in Q4 N Qp, which in this case equals
Problem P,4: Given initial and boundary conditions sat-{24- Furthermore, the solutions ®; must also solve
isfying (8), find P4. Given the first requirement, the second is trivially
' satisfied sincePs is a relaxation ofP,. The CWS
Yy = arg Jnin gTTT(1)) (12)  problem can therefore be stated as: Find weights

andb;[x] such that all solutions t®g are inQ) 4. For this

24 :{ ¥ = {pilkd, lilkl, flkl, milkl, mi 1k} to happen, the weights must be such that any feasible

Dynamic equations (3), (6), solutionnot in 24 (¢ € 25\ Q4) is not a minimizer

Concave fundamental diagrants), (7) of gTTT. This requirement can be expressed in terms
of feasible perturbations about: Py = Pg if for

Control Bounds {11) } every ¢ € Qp\ Q4 there exists deasible perturbation

] ) ~ A that improves the cost. Due to the linearity of the
Problem Py is a linear program formed by relaxinggpiective, improving perturbations are characterized by

equality constraints (5) and (7). gTTT(A) <0. The formulation of the CWS problem now
Problem Pg: Given initial and boundary conditions sat-becomes: Find weights;[x] and b;[x] such that for all
isfying (8), find »eQp\Qa there exists a feasible perturbatida with
tp = arg min gTTT(¢)) (13) gITT(A) <0.
PENB

Qp :{ W = {pilk], LK1, filkl, m[k], 75 1K)} A. The MWCC perturbation

Dynamic equations (3), (6),
Linear inequality constraints(14) — (19)
Control Bounds {11) }

Pointsy € Qp\ Q4 can be categorized according to
which nonlinear equality constraint they violate. We
define member sets,J and ll,,, as:

le = { veQp\Q4 : Eq. (7) not satisfied with

VkeK,iel: 1=, k:Ii}
Fotk) < Bitkvi(patk) + Siversia) (14) . ={vep\Qa : Eqg. (5) not satisfied with
filk] S wia (Piva — pinalk]) — dippaipripfkl  (15) i=u, k=r}

Bilk] There are k K member sets of the,| type andEn| x K
Bl Si } (16)  member sets of the ll type. A member of |, is a point
P eNp\Q4 for which Eq. (7) is violated with = and
Vkek , icEn: rk <Lk + difk] (17) k =k, or equivalently Egs. (14), (15), and (16) with-¢
- and k=« apply as strict inequalities.
rilkl < &(pi — pilk) (18)
To each of th€l+|En|) x K member sets corresponds
. T < e a Maximal Worst-Case Causal (MWCC) perturbation;
Vhek, ietnT: Tk = Tilk (19) Al for 1, and A!"_ for II,.. The definition of the
The goal is to find a globally optimal solution 884. MWCC perturbations is given below. The MWCC is a
This is difficult to do because of the non-linearitiedeasible perturbation for all points in its corresponding

fitk) < min{ﬂ;



member set because it is feasible for tverst-case the following constraints are included iRy and Pg:
point, where all inequality constraints, aside from the;x] > 0, 7] > 0, 0 < Liik] < I;, 0 < p;[k] < p;. This

one that defines it, are active. It imaximalbecause it observation underscores the importance of the theorem,
selects the largest (least negative) feasible value for eaghich guarantees all excepty] < I;. It is also the reason

of the A f's andAr’s. This is done in order to maximize why queue length constraints have been omitted.

its beneficial effect on the cost. Each of the(l + |En|) x K MWCC perturbations can
(21) be computed offline given the layout of the freeway, the
model parameters, and the off-ramp split ratios. Figure 2
shows a sample MWCC perturbatiod{ ;) with the
parameters of Section VI. Here, a unit increasesins
produces negative waves that propagate forward in time,
and upstream and downstream along the freeway.

With all of the MWCC perturbations computed, the
CWS problem can be restated as: Fingk) and b;[x]

A!, is defined fork €K, 1€ as:

Apilk+1] = Apilk) + Af; (k) — A filk)/ Bilk) + 0;Ar;[k)
Aljlk+1] = Al[k] — Arglk)
Afilk] =
1 i=1,k=k
min{ Bitklvs (Apilk] + 67 Arilk])

such that:
~Wip1 Apig1k] — dip i Aripa(k] 5 0 }
0 k <k gTTT(A!,) <0 VeeK , el (23)
Ar;k] = min{Ali[k] 5 =& APk O} gTTT(A'L'H) <0 VEEK , te€€n (24)
Arik] =0

Because each MWCC perturbation is feasible for every
point in its member set, conditions (23) and (24) are
sufficient to guarantee non-optimality for alle Q5\Q 4,

and thusP, =Pg.

A is defined fors €K, 1€&n as: (22)
Apilk+1] = Apilk] + Afi_a (k] — A filk1/Bilk) + 6;Ar;[k]
Ali[k+1] = Alj[k] — Arilk]

B B. Backstepping Numerical Method
Afilk] = min{ Bilkivi (Apilk] + 0y Ari[k]) ; .
Using Eg. (9), Egs. (23) and (24) are expressedl as

— Wi Apiqa[k] — O ipa Ariga [k 0 } |En|) x K linear equations of the form:

1 i=1,k=k
Arie) = § min{AL 5 =&Apilk 5 0} i> oy lz A Sk + Y bimAka] — —¢ (25)
0 S kek Liez icEn
Arik] =0 ~ ~
where A f’s and Ar’s are components oA!_ or Al |
AP ande is a positive number. Because the MWCC pertur-
= 10- I _bation iscausal the summations in Eq. (25) only contain
S — | non-zeroA_f’s andA_r’s for k > k. They therefore have
= \ % mm  (he following recursive formula:
J s0- T ALK <0 r
40+ j ‘ ) . . . . . | K—-1
A E D (Z aiWASiR + Y bi[k]Ari[k]) +e
o ! k=r+1 V€T icEn
= .. ATS AT [15]=1 26
=0 M . (26)
g 20-
3 sl == ) (Z aiAfik + Y bi[k}Amm)
L o0 k=r+1 Vi€ icEn
S — @l ALl + € @7)

Direction of traffic (i) —

Fig. 2. Al 5 with parameters of Section VI

Af's and Ar’s in (26) are components oA}, , and
Af's and Ar's in (27) are components aA!' . These
equations can be easily solved by setting<—1] and

A fact not shown here is that a general perturbation suéhk—-1) to some positive value, and computing the rest
as the MWCC perturbation cannot be defined if any afequentially backwards.



VI. EXAMPLE

The CWS problem was solved for a simple test freewag 06~
consisting of 10 sections and 40 time intervals. A singlg o+
on-ramp was placed at=5. Off-ramps were placed at = oz
i1=4, 5, and 9 withg;[x)=0.1 for all three.v; =0.7 and !
w; =0.2 was used throughout.

Figure 3 shows cost weights resulting from =
~v5 =0.2, and&; = 0.06. A time decay indeXD) was
computed for each sequeneg-] andb;[-] as the number
of entries in the sequence that exceeded 10% of the %
first value, divided by the length of the sequence; for
example,D(ay[-]) = size{as[] > 0.1 x a4[0]} /40. The
decay index for a constant sequence is 1.0, and the decay
index for a linearly decreasing sequence, such as the
TTT weights of Eq. (10), is 0.9. We inspect the decaypjective. A numerical algorithm was devised for finding
indices because they give some measure of the similarifiights that meet the specification. A simple example
of gTTT with TTT. A minimum of 0.9 or higher among showed that the cost weights found with the algorithm

1
0.02

Fig. 4. Fastest decay index \& andas. (y5 = 0.2)

the decay indices for alk;[-|'s would suggest that the giffer from TTT (Eq.(10)) in two ways:D(a;[-]) < 0.9
resulting objective function is “close” to total travel time(fast decay) and;x] > 0 (positive on-ramp weights).
The decay indices for the sequences of Figure 3 atyt || deals specifically with these problems and applies

D(a4[-]) = 0.51 and D(bs[-]) = 0.54.

300

250,

(1]

200F -+ : : 1

(2]
(3]
(4]
(5]

40

(6]

Fig. 3.

Cost weights withvs =5 =0.2 and &5 =0.06
(7]
Figure 4 showsnin, {D(a;[-])} (i.e. the decay index
of the fastest decaying mainline weight) in the top[8]
window, andmin; {D(b;[-])} in the bottom window, as
functions of¢5, and for several values af;. The decay
index was found to be insensitive tg;. The figure [9
shows that the cost weights degrade less quickly, and
are therefore more similar tor'T, for smaller values of
«; and fl [10]

VIlI. CONCLUSIONS [11]

In this paper we have investigated the possibility of find-
ing a global solution to the on-ramp metering problerf?]
by solving a linear program. A variant of the CTM[13]
was formulated as the freeway model, with beneficial
properties given by Eq. (8). The question of whether
the target and relaxed problems are equivalent was
transformed into a condition on the weights of §ET

the technique to a realistic freeway configuration.
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