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Abstract: This paper presents adaptive add-on control algorithms for the conven-
tional mode of operation of MEMS z-axis gyroscopes. This scheme is realized by
adding an outer loop to a conventional force-balancing scheme that includes a
parameter estimation algorithm. The parameter adaptation algorithm estimates
the angular rate, identifies and compensates the quadrature error, and may
permit on-line automatic mode tuning with no measurement of input/output
phase difference. The convergence and resolution analysis show that the proposed
adaptive add-on control scheme prevents the angular rate estimate from being
contaminated by the quadrature error, while keeping ideal resolution performance
of a conventional force-balancing scheme.
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1. INTRODUCTION

Most MEMS gyroscopes are vibratory rate gyro-
scopes that have structures fabricated on polysil-
icon or crystal silicon, and mechanical main com-
ponent is a two degree-of-freedom vibrating struc-
ture, which is capable of oscillating on two di-
rections in a plane. Their operating physics is
based on the Coriolis effect. When the gyroscope is
subjected to an angular velocity, the Coriolis effect
transfers energy from one vibrating mode to an-
other. The response of the second vibrating mode
provides information about the applied angular
velocity. Ideally in the conventional mode of oper-
ation, the vibrating modes of a MEMS gyroscope
are supposed to remain mechanically un-coupled,
their natural frequencies should be matched, and
the gyroscope’s output should only be sensitive to
angular velocity [1]. In practice however, fabrica-
tion imperfections and environment variations are
always present, resulting in a frequency of oscilla-

tion mismatch between the two vibrating modes
and a coupling between the two mechanical vibra-
tion modes through off-diagonal terms in the stiff-
ness and damping matrices. These imperfections
degrade the gyroscope’s performance and cause a
false output [2]. As a consequence, some kind of
control is essential for improving the performance
and stability of MEMS gyroscopes, by effectively
cancelling “parasitic” effects. For a closed-loop
mode of operation, two feedback control methods
have been presented in the literature that compen-
sate fabrication imperfections and measure angu-
lar velocity. One is a Kalman filter based preview
control [3] and the others are force-balancing feed-
back control schemes [4]. Although these feedback
control techniques increase the bandwidth and
dynamic range of the gyroscope beyond the open-
loop mode of operation, they still are sensitive to
parameter variations, and angular rate estimate
may be contaminated by the quadrature error. In
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this paper, we develop an adaptive add-on control
scheme for operating a MEMS z-axis gyroscope in
conventional force-balancing mode. This adaptive
algorithm estimates the angular rate and, at the
same time, identifies and compensates quadrature
error, and may permit on-line automatic mode
tuning. In the next sections, the dynamics of
MEMS gyroscopes is developed by accounting for
the effect of fabrication imperfections. The force-
balancing control scheme is reviewed in section 3.
In section 4, an adaptive add-on control approach
is developed as an extension of conventional force-
balancing control scheme, and the convergence
and resolution analysis of the proposed adaptive
add-on controlled gyroscope is presented. Finally,
computer simulations are performed in section 5.

2. DYNAMICS OF MEMS GYROSCOPES

Common MEMS vibratory gyroscope configura-
tions include a proof mass suspended by spring
suspensions, and electrostatic actuations and sens-
ing mechanisms for forcing an oscillatory mo-
tion and sensing the position and velocity of the
proof mass. These mechanical components can be
modelled as a mass, spring and damper system.
Figure 1 shows a simplified model of a MEMS
gyroscope having two degrees of freedom in the
associated Cartesian reference frames.
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Fig. 1. A model of a MEMS z-axis gyroscope

Assuming that the motion of the proof mass is
constrained to be only along the x-y plane by
making the spring stiffness in the z direction much
larger than in the x and y directions, the mea-
sured angular rate is almost constant over a long
enough time interval, and linear accelerations are
cancelled out, either as an offset from the output
response or by applying counter-control forces,
then the equation of motion of a gyroscope is given
as follows with taking into account fabrication
imperfections which always occur in practice.

mẍ + dxxẋ + dxy ẏ + kxxx + kxyy = τx + 2mΩz ẏ

mÿ + dxyẋ + dyy ẏ + kxyx + kyyy = τy − 2mΩzẋ

(1)

where x and y are the coordinates of the proof
mass relative to the gyro frame, dxx,yy and kxx,yy

are damping and spring coefficients, Ωz are the
angular velocity components along z-axis of the
gyro frame and τx,y are control forces. The two
last terms in equation (1), 2mΩz ẏ and 2mΩzẋ
are due to the Coriolis forces. Fabrication im-
perfections contribute mainly to the asymmetric
spring and damping terms, kxy and dxy. Therefore
these terms are unknown, but can be assumed to
be small. The x and y axes spring and damping
terms are mostly known, but have small unknown
variations from their nominal values. The proof
mass can be determined very accurately. The com-
ponents of angular rate along x and y axes are
absorbed as part of the spring terms as unknown
variations. Note that the spring coefficients kxx

and kyy also include the electrostatic spring soft-
ness.

3. CLOSED-LOOP MODE OF OPERATION

Conventional mode of operation is classified by an
open-loop mode and a closed-loop mode. The ma-
jor difference between the closed-loop and open-
loop mode of operation lies in that in the former
the displacement of the sense axis is controlled
to zero, while in the latter it is measured. The
process of conventional mode of operation is based
on the following equation:

x = X0 sin(ωxt)

ÿ +
ωy

Qy
ẏ + ω2

yy = τy − ωxyx− (dxy + 2Ωz)ẋ
(2)

where ωx =
√

kxx

m , ωy =
√

kyy

m , ωxy = kxy

m ,

dxy ← dxy

m , Qy is the y-axis quality factor, and
X0 is the amplitude of x-axis oscillation.

The force-balancing control strategy was origi-
nally developed for MEMS accelerometer control
[5], where it has been successfully applied, and
it has been extended to MEMS gyroscopes [4].
The basic idea behind the force-balancing control
strategy is that, if the sense mode amplitude is
regulated to zero by feedback control action, then,
since ÿ ≈ ẏ ≈ y ≈ 0, equation (2) yields in steady-
state response,

τy = ωxyx + (dxy + 2Ωz)ẋ (3)

This implies that applied angular rate Ωz can in
principle be inferred from the sense axis control
output τy, under the assumption that dxy = 0.
The force-balancing control strategy requires that
the sense axis closed loop system be robust to
parameter uncertainties and variations, and have
minimal phase shift so that the response of the
system to the Coriolis acceleration and quadrature
error can be distinguishable.
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Fig. 2. Block diagram of the force-balancing con-
trol

A block diagram of a sense axis force-balancing
control is shown in Figure 2. G(s) is the sense
axis gyroscope dynamics, K(s) is the compen-
sator which will be subsequently designed, r =
−2ΩzωxX0 cos(ωxt)− ωxyX0 sin(ωxt) is the mod-
ulated input signal resulting from the Coriolis
acceleration and quadrature error, u = τy is the
control output, n is the measurement noise, and b
is the Brownian input noise. Figure 2 also includes
a demodulation block. The closed loop sensitivity
transfer functions for u and y are given by

u(s) = T (s)(r + b) + S(s)n
y(s) = V (s)(r + b)− T (s)n

(4)

where

T (s) =
K(s)G(s)

1 + K(s)G(s)
, S(s) =

K(s)
1 + K(s)G(s)

V (s) =
G(s)

1 + K(s)G(s)

The control design goal is to flatten the gain of
the complementary sensitivity function T (s) for u
around the drive axis frequency ωx, i.e.

| T (jω) |≈ const, for ω ∈ [ωx−4ω, ωx +4ω]

The compensator K(s) may be designed by var-
ious methods such as µ-synthesis and H∞ for
stability robustness, or using classical control syn-
thesis techniques. If the magnitude of the closed-
loop complementary transfer function T (s) from
the angular rate to the control output is flat
around the drive axis frequency, the gyroscope’s
scale factor will remain constant in the presence of
drive or sense axis frequency variations. Moreover,
the gyroscope’s bandwidth can be increased up
to the drive axis frequency. The dynamic range
and linearity are also improved to the extent of
the control authority, since the magnitude of the
sensitivity transfer function V (s) from the angular
rate to the sense axis displacement is almost zero.
Since, by equation (4), the steady-state control
signal u contains both the Coriolis and quadra-
ture error signals, a demodulation is needed for
extracting angular velocity information from the
control signal. Eventually, the overall gyroscope
performance will depend on the demodulation
method used. Suppose that the phase delay is
small around the anticipated drive frequency re-
gion, then the angular rate and quadrature er-

ror may be demodulated from the control output
by multiplying this signal by cosωxt and sin ωxt,
and filtering the resulting signals with a low-pass
filter. However, unless the φquad is exactly zero,
the estimation of angular rate is contaminated by
the unknown quadrature error coupling term ωxy.
Unfortunately, usually the quadrature error is 3
or 4 orders of magnitude larger than the angular
rate. Although the quadrature error term can po-
tentially be cancelled out by initial calibration, it
may vary during the operation of the gyroscope.

4. ADAPTIVE ADD-ON CONTROL

We investigate the use of an adaptive algorithm
for estimating angular rate and at the same time,
identifying and compensating quadrature error,
and possibly attaining mode match in an on-
line fashion. Note that the effect of variations
in drive or sense axis frequencies is not observed
explicitly in the control output of a conventional
force-balancing system. The idea behind the use
of adaptive add-on control is to make the nominal
control output of the conventional force-balancing
system equal to zero by adding an additional outer
loop. The add-on control outer loop is composed
of a band-pass filter, a parameter adaptation
law and a modulation part. Figure 3 shows a
block diagram of force-balancing system with the
adaptive add-on control.
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Fig. 3. Block diagram of the adaptive add-on
control

The modulated input signal r in the equation (4)
is re-written in regressor form as

r = −2Ωzẋ− ωxyx = −θT v (5)

where θ =
[
2Ωz ωxy

]T is assumed to be an un-

known parameter and v =
[
ẋ x

]T is the measur-
able regressor. Suppose that the input signal r is
estimated by a parameter adaptation algorithm,
then its estimate signal and errors are

r̂ = −2Ω̂z(t)ẋ− ω̂xy(t)x = −θ̂T v

r̃ = r − r̂ = 2Ω̃z(t)ẋ + ω̃xyx = θ̃T v
(6)

where the parameter estimate errors are Ω̃z =
Ω̂z − Ωz, ω̃xy = ω̂xy − ωxy and θ̃ = θ̂ − θ. The
control error dynamics ũ is
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ũ = T (r + b− r̂) + S(n)

= T (θ̃T v) + T (b) + S(n)
(7)

If the error signal ũ passes through a band-pass
filter FBPF (s), then

ũf = FBPF (ũ)

= TBPF (θ̃T v) + TBPF (b) + SBPF (n)
(8)

where TBPF (s) = FBPF (s)T (s) and SBPF (s) =
FBPF (s)S(s). The following theorem holds.

Theorem: Assume that Ωz and ωxy are constant.
Suppose that a conventional force-balancing closed
loop system is stable with a controller K(s). If a
band-pass filter is designed such that the phase
delay from the modulated input signal r to the
output of a band-pass filter is less than 900 for
a drive axis frequency ωx, and the parameter
estimates Ω̂z and ω̂xy are updated by the following
adaptation laws:

˙̂Ωz = −γΩũf ẋ

˙̂ωxy = −γωũfx
(9)

then the angular rate Ωz and quadrature error ωxy

can be estimated correctly, i.e. Ω̃z → 0, ω̃xy → 0,
where γΩ and γω are positive adaptation gains.

Proof: Since the propagation equation of the
stochastic expectation has the same form as the
deterministic counterpart, we can consider the
deterministic case, i.e. b = 0 and n = 0. Usually,
T (s) and TBPF (s) are not SPR (strictly positive
real), so it is difficult to prove the stability of
the closed-loop system with an adaptation loop.
Here, we make use of the fact that the driving
signal is a single frequency sinusoid, and take an
averaging approach [6]. Assuming that the applied
angular rate and quadrature error are constant,
then equation (9) is equal to

˙̃
θ = −

[
2γΩ 0
0 γω

] [
X0ωx cos(ωxt)
X0 sin(ωxt)

]
ũf (10)

Assuming that estimate error dynamics θ̃ is slow,
from equation (8), the steady state dynamics of
ũf is approximately given by

ũf ≈ TBPF (vT )θ̃ =| TBPF (ωx) |
· [X0ωx cos(ωxt + φ) X0 sin(ωxt + φ)

]
θ̃

(11)

where φ is a phase delay from the modulated input
signal r to the output of the band-pass filter.
Substituting (11) into (10) and taking averages
result in[

˙̃Ωz

˙̃ωxy

]

AV G

= − | TBPF (ωx) | X2
0RΩω

[
Ω̃z

ω̃xy

]

AV G

(12)
where

RΩω =

[
γΩω2

x cos φ −γΩωx sin φ
1
2
γωωx sin φ

1
2
γω cos φ

]

We have used the fact that the products of sinu-
soids at different frequencies have zero average. A
sufficient condition for the system in the equation
(12) to be asymptotically stable is that the cross-
correlation matrix RΩω be positive-definite. This
is achieved if cos φ > 0. Therefore, if −900 < φ <
900, the convergence of parameter errors to zero
is guaranteed, and the stability of the system is
proven.

If we carefully design a compensator K(s) and
a band-pass filter FBPF (s) so that phase delay
is as small as possible, the angular rate estimate
dynamics will be almost decoupled from that of
the quadrature error estimate. In this case, the
quadrature error estimation transient response
will not significantly affect the transient response
of the angular rate estimate and vice versa. Al-
though the quadrature error estimate dynamics
affects that of the angular rate estimate, this only
happens during the transient period. This is the
main advantage of this scheme over the conven-
tional force-balancing control, where the angular
rate estimate is contaminated by the quadrature
error term, unless it is perfectly compensated.
This control provides the quadrature compensa-
tion and closed-loop identification of the angular
rate with no measurement of input/output phase
difference.

4.1 Performance Expectation

The bandwidth of a conventional force-balancing
controlled gyroscope is defined by the cut-off fre-
quency of the low-pass filter used in the demodula-
tion process. On the other hand, the bandwidth of
the proposed force-balancing controlled gyroscope
with adaptive add-on control is defined by the
adaptation gain γΩ. From equation (12), assuming
that φ ≈ 0, its bandwidth can be estimated by

BW ≈ γΩ | TBPF (ωx) | X2
0ω2

x (13)

Of course, the actual maximum bandwidth is also
limited by the band-pass filter. Therefore, the
adaptation gain γΩ should be selected so that
the bandwidth estimate given by equation (13)
is lower than half of the frequency pass-band of
the band-pass filter.

In the case of the adaptive add-on control, reso-
lution is a function of the adaptation gain γΩ and
the pass-band of the band-pass filter FBPF (s). In
order to accurately estimate resolution of nominal
system, consider the following state-space realiza-
tion of TBPF (s) and SBPF (s):

TBPF (s) : (AT , BT , CT )
SBPF (s) : (AS , BS , CS)

492



Then, the equations (11) and (12) are realized the
following state-space form.

[
ẋe

˙̃
θ

]
=

[
A11 A12

A21 0

] [
xe

θ̃

]
+

[
B1

0

] [
b
n

]
(14)

where

A11 = diag{AT , AT , AS}, A21 = −γv
[
CT CT CS

]

A12 =
[
BT vT

0

]
, B1 =




0 0
BT 0
0 BS




γ = diag{2γΩ, γω}, v = [ẋ x]T

The covariance of [xT
e θ̃T ]T can be computed

by solving the following covariance propagation
equation.

Ṗ = PAT + AP + BSBT (15)

where S = diag{Sb, Sp}. The standard deviation
of the angular rate estimate error, or resolution
σΩ, is obtained from the covariance matrix P , and
is computed by

σΩ =
√

CPCT (16)

where C = [01×m 1], and m is a dimension of P .

Now, we investigate a relationship of resolu-
tion performance between conventional force-
balancing and adaptive add-on force-balancing
schemes. If we substitute equation (8) to (10),
then
˙̃
θ = −γvTBPF (vT θ̃)− γvTBPF (b)− γvSBPF (n)

(17)
The stochastic expectation equation of (17) is
given by E[ ˙̃θ] = −γvTBPF (vT E[θ̃]), where E[·]
denotes stochastic expectation. Define the expec-
tation error as θ̌ = θ̃ − E[θ̃], then

˙̌θ = −γvTBPF (vT θ̌)− γvTBPF (b)− γvSBPF (n)

≈ −γvTBPF (vT )θ̌ − γvTBPF (b)− γvSBPF (n)
(18)

where we have utilized the assumption that the
dynamics of θ̌ is slow. Thus, the transfer function
from noises to θ̌ is given by

θ̌(s) =− (sI + γvTBPF (vT ))−1γvTBPF (b)

− (sI + γvTBPF (vT ))−1γvSBPF (n)
(19)

If we assume phase delay φ ≈ 0 and consider
only the angular rate part, then equation (19) is
simplified as

Ω̌z(s) ≈ − 1
X0ωx | TBPF (ωx) |

BW

s + BW

· cos(ωxt)(TBPF (b) + SBPF (n))
(20)

Equation (20) can be interpreted as follows: The
noise that contaminates the angular rate esti-
mate is a low-pass filtered signal of the demod-
ulated noise signals, passed through shaping fil-
ters TBPF (s) and SBPF (s). These are the same

noise properties observed in a conventional force-
balancing control using a demodulation process.

Because the shape of the frequency response of
S(s) is the inverse of that of G(s), the power of the
noise in band-pass filtered control output signal ũf

is minimal when ωx = ωy. Thus, the mode tuning
problem may be formulated as follows:

ω∗y = argωy
min E[ũ2

f ] (21)

where E[·] stands for the stochastic expectation.
Note that the noise properties of the angular rate
estimate such as standard deviation can easily be
calculated by measuring control output signal ũf .

5. SIMULATIONS

A simulation study using the preliminary design
data of the MIT-SOI MEMS gyroscope was con-
ducted, to test the analytical results and verify
the predicted performance of the adaptive add-on
controlled gyroscope presented in this paper. We
assumed that the drive and sense axis resonant
frequencies are matched and the magnitude of
quadrature error is 0.1% of nominal resonant fre-
quency. The data of some of the gyroscope param-
eters in the model is summarized in Table 1. No-
tice that the simulation results are shown in non-
dimensional units, which are non-dimensionalized
based on the proof-mass, length of one micron and
the x-axis nominal natural frequency.

The estimate of the angular rate response to the
step input angular rate is shown in Figure 4.
In this figure, the upper and lower bounds of
the analytically estimated standard deviation are
also plotted. The estimated standard deviation
with equation (16) is 0.56 deg/sec at 50 Hz of
bandwidth. Figure 5 shows the estimate of angu-
lar rate response to the sinusoidal input angular
rate, and Figure 6 shows the time response of
the quadrature error estimate. These simulation
results well match the theoretical results obtained
in this paper.

Table 1. Key parameters of the gyro-
scope

parameter value

mass 5.095× 10−7kg

x-axis frequency 4.17 KHz

Quality factor 40

Brownian noise PSD 5.53× 10−24N2sec

Position noise PSD 1.49× 10−27m2sec

6. CONCLUSIONS

For a closed-loop mode of operation, an adaptive
add-on control scheme was proposed. The idea
behind this add-on control is to achieve a zero
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Fig. 4. Time response of angular rate estimate to
the 5 deg/sec step input
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Fig. 6. Time response of quadrature error estimate

nominal control output in a conventional force-
balancing system by adding an additional outer
loop. The proposed outer loop is composed of
a band-pass filter, a parameter adaptation algo-
rithm, and an algorithm that generates estimates
of the gyroscopic inputs and other perturbation

inputs due to fabrication defects. This parameter
adaptation algorithm estimates the angular rate
and, at the same time, identifies and compen-
sates quadrature error, and may permit on-line
automatic mode tuning with no measurement of
input/output phase difference.

The convergence and resolution analysis of the
adaptive add-on controlled gyroscope was pre-
sented. This analysis shows that the proposed
adaptive add-on control scheme prevents the an-
gular rate estimate from being contaminated
by the quadrature error, while keeping ideal
resolution performance of a conventional force-
balancing scheme. Simulation results were pre-
sented which corroborate the analytically derived
performance. However, both the open-loop and
closed-loop modes are inherently sensitive to some
types of fabrication imperfections which can be
modelled as cross-damping terms, which produce
zero-rate output.
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