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Abstract

In this paper, the state of the art of macroscopic vehi-
cle traffic flow models is discussed and the traffic flow
stability of these models is analyzed. A nonlinear traffic
flow stability criterion is investigated using the wave-
front expansion technique. Qualitative relationships be-
tween traffic flow stability and model parameters are
derived for an entire class of second-order macroscopic
traffic flow models. Numerical results are obtained us-
ing the CLAWPACK package for the well-known Payne-
Whitham (PW) model, in order to illustrate the sta-
bility criterion. The newly derived stability results are
consistent with previous reported results obtained us-
ing both microscopic models and approximate lineariza-
tion methods. Moreover, the stability criteria derived
in this paper can provide more refined information re-
garding the propagation of traffic flow perturbations and
shock waves in second-order models than previously es-
tablished methodologies.

1 Introduction

Traffic flow stability is an important subject because
congestion caused by an unstable traffic stream degrades
the performance of road transportation networks. There
is a large body of research that deals with the stability
of traffic flow. (1] discussed traffic stability for various
well-known microscopic traffic flow models, i.e. car fol-
lowing models. [2] presented a stability criterion for a
well-known second-order macroscopic traffic flow model,
known as Payne-Whitham (PW) model. [3] introduced
a formal definition of traffic flow stability (based the on
macroscopic traffic flow description) and related it to
string stability (based on a car-following model). In [4],
traffic stability analyses are presented for a new second-
order continuum traffic model introduced in that paper
and for the PW model. Most of these previous works
are based on deterministic traffic models. Recently, [5]
discussed the propagation of perturbations in dense traf-
fic flow using a stochastic approximation approach and
a microscopic model.

In this paper, we focus on the discussion of traffic prop-
agation stability, namely, whether a traffic perturbation
either forms a shock wave or decays to its equilibrium
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state during its propagation along the highway. More-
over, we also analyze the relationship between the traffic
propagation stability and the equilibrium traffic density
and velocity for various second-order traffic models. To
accomplish these goals, we apply a wavefront technique
to traffic systems, which results in a generalized stabil-
ity criterion that applies to an entire class of second-
order models. This stability criterion is compared with
the macroscopic model criteria given in [2] and other
subsequent works for a few second-order models, and
the conditions for stability or instability are shown to
be consistent. The previous stability results are based
on linearization methods for small magnitude perturba-
tions, whereas the wavefront expansion technique pre-
sented in this paper accurately captures the nonlinear
dynamics at the wavefront for large perturbations. An-
other valuable fact that we find in this study is that
the magnitude of the moving downstream wave propa-
gation, which was criticized by [6] as a major deficiency
of most second-order models, decays quickly under cer-
tain conditions. Therefore, we believe that the effect of
such a deficiency in some second-order models may not
be significant, under a proper choice of model parame-
ters. Some numerical examples illustrate this finding for
the PW model.

This paper consists of six parts. In section 2, several
different macroscopic traffic flow models are reviewed
and a definition of stability of traffic flow is presented.
Section 3 discusses the traffic flow characteristics. The
stability results are presented in section 4. Section 5
presents some numerical examples to illustrate the sta-
bility results in section 4. Concluding remarks are pre-
sented in section 6.

2 Macroscopic Traffic Flow Models and
Stability

In the past 50 years, a significant amount of research has
been done on macroscopic modeling of traffic flows. In
this paper we consider only a one lane highway without
any on- or off-ramps.!. Let p(z,t) denote the highway
density, g(z,t) the flow and v(x,t) the traffic velocity
at position z along the highway at time ¢, respectively.

1We can drop this assumption by adding relaxation terms in
the conservation laws.



Note that the traffic velocity v(z,t) is the average speed
of all individual vehicles on the highway around z [7].
Conservation of vehicles on the highway gives us the fol-
lowing equation 2:
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and the velocity dynamics for various models can be
written, in a general form, as
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where V, is the generalized equilibrium velocity given
by the fundamental diagram relationship between high-
way velocity v and density p, P is the so-called traffic
pressure, and 7 is the so-called relaxation time.

For various macroscopic models, the traffic pressure
P := P(p,v), relaxation time 7, and the generalized
equilibrium velocity Ve (p,v) ? are different:

1. If 7 = 0, P = 0, we obtain the LWR first order
model [8] and [9].

2. IfP= —%ﬂl with V(p,v) = Ve(p), we obtain the
PW model.

3. Setting P = p© with © = Op(1 — ;mf’:) results in
the model given in [10].

4. If P = %5p"+2, where v is an anticipation param-
eter and v a dimensionless constant; and V.(p) =
Vi, where V; is the free flow velocity; we ob-
tain the model given in [11]. A similar model to
that of [12] is obtained for P = 1p®V’3(p) * with
Vi(p) = 2500,

Each of these models has been tested either in simula-
tion or against real traffic flow measurements. In this
paper, we are not going to discuss which model is the
most accurate to fit real traffic measurements. Instead,
we focus on studying the stability properties of these
second-order models under perturbed initial conditions,
assuming dense traffic flow. Since the second-order traf-
fic models have been widely used for traffic flow studies
for various purposes, we believe that a systematic in-
vestigation of stability for those models is valuable to

2In this paper we assume that the traffic flow variables p(z,t),
q(z,t) and v(z,t) are differentiable.

3For most high order traffic flow models, V,-is only a function
of density p, i.e. Ve(p,v) = Ve(p). However, here we extend this
assumption, and consider Ve(p,t) to be a function of both density
p and flow velocity v, in order to accommodate various models.

4In this paper, for simplicity, we consider Ve(p) to be piecewise
linear for Zhang’s model, thus V//(p) = 0. If other complicated
functions are used for the fundamental diagram, the results are
similar but more difficult to compute.
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better understand their intrinsic properties. A few lin-
ear stability results have been reported for some specific
second-order traffic models, such as the PW and Zhang’s
models [2, 4]. However, there is no uniform nonlinear
study of a general second-order traffic model. This pa-
per fills this gap.

First, we should define the stability of the systems de-
scribed by Egs. (1) and (2). Let q = [p,v]T and let
d(g,t) : RZ xRy — R,, where Ry = [0, 00), be
a spatial metric. For example, we can take d(q; t) =
sup, [la(z,t)]]. We can use the stability definition of
continuous systems from [13], and extend it to the traffic
flow system of Eqgs. (1) and (2).

Definition 1 (Traffic flow stability) Let q.(z,t) =
[Pe(z,t), ve(z,t)]T denote the nominal equilibrium state
of the traffic. Let q, be the perturbed states. The troffic
state q. is stable, if for every € > 0, there is § > 0 such
that for every perturbed state qp which satisfies, at the
initial instant to and xo, the condition

d(qp — Qe; to) < 6

it is true that
d(gp —~Qei t) <€

for allt > to. If, in addition to the above, lim; o0 d(qp—
Qe; t) = 0, then, the troffic state q. is asymptotically
stable.

In this paper, we mainly focus on the following definition
of traffic flow propagation stability.

Definition 2 (Traffic flow propagation stability)
Let qu(z, t) = [pe(z,t), ve(z,t)]T denote the nominal
equilibrium state of the traffic. The traffic flow q. is
propagation stable if the system does not generate
any shock wave along the wavefront for every perturbed
traffic state qp.

The wavefront of a traffic system can be illustrated by
Fig. 1. Consider a pair of equilibrium states, q. =
[pe, ve|, of the traffic system, if there is a perturbation at
position zo, then the wavefront is the propagation curve
of such perturbation along the unperturbed density and
velocity. If a traffic system is propagation stable, then
the magnitude of the initial perturbation should not in-
crease during its propagations. On the other hand, if a
traffic system is propagation unstable, a perturbed den-
sity or velocity could then propagate increasingly and
finally form a shock wave or bottleneck on the highway.
In this paper, we focus on how a perturbed density or ve-
locity profile propagates if we use a second-order model
to study traffic behaviors.



In this paper we prefer to use the definition of the traffic
propagation stability instead of other definitions of sta-
bility like the one in [3] because normally transportation
engineers refer to traffic instability to the formation of
a shock wave, which is the propagation stability defined
in this paper. In the rest of this paper, we will refer to
traffic stability as traffic propagation stability.

a(z,t)

t ‘Wavefront '
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Figure 1: A schematic of a solution surface, wavefront and
wavefront trace with an initial C? discontinuous
condition q(zo, 0).

It is important to distinguish between small and large
perturbations in the stability analysis of traffic systems
(see Fig. 2). Most transportation researchers have used
linearized methods to analyze traffic stability by assum-
ing that the perturbations are small. For example, [2],
[3] and [4]. The approximate linearization stability anal-
ysis of the nonlinear PDE system (1) and (2) is only
valid when the magnitude of the perturbations is small,
since the analysis neglects higher order terms. However,
when the perturbation is fairly large, the linearization
method may produce incorrect results as pointed out
by [2]. Therefore, it is necessary to use other techniques
to analyze traffic stability under large perturbations. In
this paper, we discuss one of such approaches by utilizing
a wavefront expansion technique.

3 Traffic Flow Characteristics

To discuss traffic flow stability we need to first investi-
gate the characteristic velocity of a traffic system given
by Egs. (1) and (2). From now on, we use short-
ened notation to denote partial derivatives, for exam-
ple, pr = gﬁ-. ‘We also assume that the traffic pres-
sure function P(p,v) : Ry x Ry — R is smooth, i.e.
P :=P(p,v) € C°(R; x R;). We thus rewrite Eq. (1)
as

pt +vpz +pu =0 . 3)

and, using the fact P = P(p,v), rewrite Eq. (2) as

1 1 1
vy + ‘;'Pppz + ('U + ;Pu) Vz = ;(Ve - U)' (4)
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Consider the full differentials of p(z,t) and v(z,t) as
follows

dp(z,t)
du(z,t)

pzdz + pedt (5)
vz dz + vedt (6)

and write Egs. (3) - (6) in matrix form

1 v 0 P i 0
0 17, 1 (v+1R)| |ea| - |2(Ve 1)
dt dz 0 0 vy dp
0 0 dt dz Vz dv

To admit discontinuous solutions (shocks) for p(z,t) and
v(z,t), which are observed in real traffic flow, it is neces-
sary that the coefficient matrix be singular. Therefore,
the characteristic velocities v, are given by

N [P,
Ve 1= dt—v+2p’Pv:!: 4p2(P”) +P,. (7)

For each of the different models discussed above, the
characteristic velocities have the following formulae:

1. For the PW model, P = — ¥} then from Eq. (7),

27

[ 1 8V,
v =v* —-57—_—%.

2. For Phillips’s model, P = Qgp (1 - ;’:,_%) and

ve=vk 90(1— 2p )

Pmaz

3. For Michalopoulos’ model P = ;’{_—2,0'”2 and

ve=vEVyprtt,

and, for Zhang’s model, P = -:1; v’ i(p) and
ve =vE |[Ve(p)lp .

Remark 1 From the above calculations we find that,
for all the second-order traffic flow models considered in
this paper, one of the solutions of the characteristic ve-
locity is larger than the average traffic flow velocity v.
This is not realistic, since shock waves do not propagate
to the downstream traffic in actual highways, and this
fact has been criticized by [6] and [14] as a major defi-
ciency of most second-order models. Several researchers,
such as [15], have proposed some modified second-order
models in which all characteristic velocities are smaller
than vehicle traveling velocity. However, such modifi-
cations are limited to some specific situations and the



resulting modified models lack physical interpretations.
From Eq. (7), the characteristic velocity v, < v iff

P, <0, P, <0, and Z:72-73,3Jr7>,,z(). @)

Even though there is such a major deficiency as discussed
above, we investigate the stability conditions for the var-
ious second-order traffic models in this paper because,
most second-order models have been applied to either
simulation tests or real traffic measurements and have
been validated to capture some important properties of
traffic systems. More importantly, in this paper we find
that, for most second-order traffic models, the perturba-

tion that travels faster than traffic decays quickly. Nu- .

merical examples in section 5 illustrate this fact. There-
fore, we believe that the effect of such a deficiency in
some second-order models may not be significant under
proper tuning of the model parameters.

4 Stability Results

In this section we discuss the propagation stability con-
ditions for second-order traffic flow models (Eqs. (1) and
(2)) under large perturbations. Here we consider a fairly
large perturbation around the equilibrium density p. and
average velocity V.. Fig. 2 shows a schematic of such a
perturbation versus small perturbations. Suppose that
traffic has a constant traffic density po = p. and veloc-
ity vo = Ve(pe), where the (pe, Ve(pe)) pair is on the
fundamental diagram. Obviously, po, vp are the solu-
tions of Eqs. (1) and (2). Assume a disturbance, such
as a “bump” in Fig. 2, around the density pg and its
corresponding equilibrium velocity vo. Without loss of
generality, assume that the first derivative of the density
profile around the wavefront P is discontinuous ®.

p

1%

Pe

Large pertubations (dash line)

Small perturbations (solid line)

(0]

Figure 2: A schematic of perturbed traffic density profile

It is particularly convenient to expand the solution of
the system around the wavefront in powers of

(=z—-X(t), (9)

SThis assumption can be generalized. For example, if the mth

derivatives of p and v are the first ones to be discontinuous, the

expanded power series (Egs. (11) and (12)) beyond pp and wvp start
with the term in (™.
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where the wavefront has the characteristic velocity v, at
the equilibrium states, i.e.

T (1) — = _1_ 0 __1_ 0)2 0
X(t) =vo+uo =vo+ zpopui,/% (PH”+PL (10)

and uo = z5PY £ /3L (P + P, PY = P,

(po,v0)
and 'P2 =P,

(Po,vo)'

Using Eq. (9), we can expand the flow variables p and v
behind the wavefront in a power series of ¢ as

p@t) = ptin®+5CmE o ()
Wt = w )+ 3Cn0+, (12)
where
=55 Lum=g3l  Li=128

(X(®)~t) (X(®)=.t)

Using Egs. (11) and (12), we obtain

pr = —X(B)p1(t) + (pr(t) — (X B)p2(t) + -+ (13a)

pe = o1(8) + Cor(t) + 5C00(8) + -+ (13b)

vy = =X ()1 (t) + Co1(t) — (X @E)vz(t) +---  (13¢c)

ve = v1(8) + Cva(t) + %g%g(t) . (13d)

Similarly, for P and V(p), we obtain

Py =P+ ¢ [Po,o1(t) + Poua(t)] +--- (14a)

Pp =P+ ¢ [Phpi(t) + Pour(t)] +--- (14D)
Ve(p,v) = V2 + ¢ [(Ve)op1(t) + (Ve)our(8)] +- -+,

: (14c)

— 0 .__ 9V, 0 .
where V2 := Vi(po), (V)2 := -ﬁa!(pm) and (V)0 :=

Y 1(po,vo)

Substituting Eqgs. (13) and (14) into Eq. (2), for the co-
efficients of the first two terms ¢° and ¢!, we obtain

p1 — pauo + 2p1v1 + povz =0 (15a)
pop1 + vz (P = pouo) + p2Pg + prv1 (2Pp, — o) +

1
v} (po + PY) + PAPY, + - [1 — (Ve)3p1 — (Ve)own) = 0.
(15b)

For Egs. (15a) and (15b), we obtain

91 +avy +Pvi=0, (16)



where

_ PouUq _ 0 _ (Ve)gpo
a p (2poU0 — 'pg) (1 (Vc)u o y
2
p (pog‘; + uoga;,) P° +2p0P)

uo (2pouo0 — Py)

Notice that v;(t) = 2‘{%—‘-1 KO- namely, the slope of
the wavefront at point P. The ;1});)ove Riccati equation
gives the slope evolution at the wavefront. The propaga-
tion stability of Eq. (16) can thus be analyzed in terms
of the initial condition v;({0) and the parameters o and
B. Table 1 shows the stability conditions of the system
given by Eq. (16). Moreover, the solution of the Riccati
equation (16) is given as

o e—at
n(t) =

5(1+ﬁ—v§m)-e—at’

where v (0) is the initial condition for v, (t) at t = 0.

(17)

For the second-order traffic flow models that were dis-
cussed in section 2, we can use the above results to calcu-
late the stability criterion for various models. There are
two different characteristic velocities for second-order
traffic models: one moving downstream at speed vg+ug,
(> vo) and another moving upstream at speed vg + ugy
(< wo), where ug; and upy are two values of up given
by Eq. (10). Notice that, for the moving downstream
characteristic velocity v, = vy + ug; with ug; > 0, and
for most second-order traffic models, P2 =0, (V.)! =0
and (V) < 0, thus,

VA
a=i(1+.‘_(__)"l_p2)>>1, ‘3>0_
2T Up

The magnitude of a perturbation moving downstream
at characteristic speed vy + ug; therefore decays to zero
quickly since v1(t) — O quickly by the solution (17)
for v1(0) > —%. We can thus neglect the effects of
the forward moving branch of the perturbation for most
second-order traffic models though these perturbations
do not take place in actual traffic.

In the following, we consider the solution branch for

which the characteristic velocity vg + ug9 satisfies ugy <
0, i.e. the upstream moving branch.

For the PW model, P = — %) ug, = —/— (o) and

a= o (1~ pv "I o0)7), B=1

Thus, for traffic flow perturbations, from Table 1, in
order to have stability for any initial condition v;(0) >
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Table 1: Stability conditions for system Eq. (16)

Parameters o and 8 Stable region

B3>0, a>0 v1(0) € [-3,00), vi(t) =0
8>0,a=0 v1(0) eR, v (t)—0
>0,a<0 1)1(0)6 [0,00), 'vl(t)—v—-%

<0, a=0 7]

B<0,a>0 v1(0) € (—o00, —%), vi(t) =0
B<0,a<0 v1(0) € (=00, 0), vi(t) = -5
3=0,a>0 v1(0) R, v(t) =0
5=0,a<0 %]

—Z, we need a > 0. Therefore we obtain

1~ pov/=2V{(po)T 2 0,

which can be rearranged as

- (18)

The “negative” sign in the above inequality arises be-
cause V/(p) < 0. Condition (18) is the same as given
in [2} and [1]. However, in {2} and [1], the stability condi-
tions were derived using an approximate linearized sta-
bility analysis, and a microscopic traffic model, ie. a
car-following model, respectively.

1
3 > —piVi(po).

For Philips’s model, P = p6p (1 _ P—"{’—) gy =
-1 /8¢ (1— ;ﬁﬁ:) Assume that po £ pmaz/3, then
B > 0. In order to have stability for any initial condi-
tion v;(0) > —3, we need a 2 0, therefore the stability
condition is

6 2 6o
< 4/[©0+ ( ) - . {19
P \/ ° Pmaz Vlg (PO) Pmazx V’z(PO) ( )

For Michalopoulos’ model, P = %5p"*2, gy =

—+/vp7*+l. Noticing that V, = V; is independent of
p and v, we have

p=122 (20)

o=,

2r
Thus, for any initial conditions v (0) > -3 the sys-

tem is stable. For Zhang’s model, P = 1p°V/?, woy =
-Ve(p)lp and

o=

S

) ﬂ=2'

Since 8 > 0, a > 0, the slope of the perturbations
around the wavefront converges to zero for v1(0) > —$,



according to Table 1. This result is similar to the stabil-
ity criterion found in [4]. In {4] the author claimed that
the new model was “inherently stable, as is the LWR
model, in the sense that the magnitude of a small dis-
turbance in the traffic stream does not grow without a
bound”. A linearized approximation was used to find the
stability result in {4]. However, the stability results that
were derived in this section for Zhang’s model are more
precise since the slope magnitude of the disturbance does
asymptotically converge to zero. -

5 Numerical Examples

In this section we illustrate the results of the previ-
ous section with some numerical examples. Computing
numerical solutions for conservation equations such as
Egs. (1) and (2) is difficult because of the subtlety of
capturing discontinuous solutions such as shock waves.
Recently, accurate numerical methods for conservation
laws have been developed. CLAWPACK is based on
the wave propagation algorithms, which is one of these
methods [16]. Rewriting the macroscopic traffic model
(1) and (2) in a conservation form as follows

mt - [pv“’p + } = [s(veo— v)] ’

and denoting p = [p pv]T € R?, f(p) = [pv p® +
PIT € R? and ¢(p) = [0 2(V. —v)]T € R?, Eq. (21)

can be rewritten as

(21)

p: +f(p), = ¥(p), (22)

which is in the form that can be solved directly by the
wave propagation algorithms.

In what follows, we apply this numerical scheme
to the PW model. For the PW model, the param- -
eters and fundamental diagram are taken as [17]:

T = 25 sec., p = \/‘ —Z;(%P)- = 56 km/h, and V,(p) =
min {88.5, 88.5 [1.94 —~6(3%5) +8(%)" - 393 (%)°] }
veh/km/lane.

In order to test the traffic flow stability condition that
was obtained in the previous section, we need to first

Vi)

check the stability criterion (18). Since p = T
constant, we need to modify the stability criterion (18)
as follows: v
14+ e (Po)po >0.
7
We can compute the critical density p. by solving
the above algebraic equation, with 0 < pp < 26
veh/km/lane, or 52.4 < pg < 114.7 veh/km/lane, py €
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[0, pmaz), where pmer = 143 veh/km/lane is given by
the PW model. Note that the critical density given by
the PW fundamental diagram is p; = 30 veh/km/lane
and that the characteristic velocity is v, = v = p and
p# = 56 km/h (equivalently p = 51.5 veh/km/lane). In
order to guarantee that the perturbation waves propa-
gate backwards, the stability region for the equilibrium
density is given by 52.4 < pp < 114.7 veh/km/lane,
po € [0: pmaz]~

We design the following steady-state density profile as
an initial condition to test the above results.

o(z,0) = {po + Apcos (ﬂ;—;——?l) z € |z ~ Az, z0 + Az]
' Po other z € [0, L]

(23)
where L = 15 km is the length of the highway. In
our computations, we assume that the highway is long
enough so that we do not need to feed the specific bound-
ary conditions, and zero order extrapolation is used in-
stead ©.

The first scenario is a simulation of a stable situation.
We choose the following initial conditions in Eq. (23):
po = 75 veh/km/lane, Ap = 10 veh/km/lane, zo = 10
km, Az = 0.5 km and the numerical results are given in
Fig. 3.

The second scenario is a test for the unstable situation.
We choose the following initial conditions in Eq. (23):
po = 115 veh/km/lane, Ap = 10 veh/km/lane, zg = 10
km, Az = 0.5 km and the numerical results are given in
Fig. 4.

From above two examples, we observe that there are
two perturbed waves generated by the initial conditions:
one is moving forwards and the other backwards. The
magnitude of the forward wave is much smaller than
that of the backward wave. Moreover, the forward wave
disappears quickly and the backward wave does not.

6 Conclusions

In this paper we discussed the traffic flow propagation
stability using a nonlinear stability analysis technique.
A generalized macroscopic traffic model was used for
nonlinear stability analysis through the wavefront ex-
pansion method. A generalized stability criterion for
macroscopic stability was proposed. For various macro-
scopic models we calculated the stability conditions and
compared them with those that were obtained through
linearized analysis by previous authors. We found that
the proposed stability analysis yields the same condi-
tions as previously obtained results, in the case where

8We can apply other boundary conditions. However, in this
paper, we only test the stability criterion.
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Figure 4: Time snapshot of density p for PW model (un-
stable).

such results existed. However, the nonlinear stability
analysis in this paper gives more precise local stability
information along the perturbation propagations than
the approximate linear stability approach of previous ap-
proaches. Moreover, stability conditions were obtained
for some models, which were not previously analyzed us-
ing linearization techniques. Some numerical examples
- have been presented to validate the theoretical results.
The stability condition found in this paper can be fur-
ther used for prediction of traffic stability and to perform
a qualitative analysis of the relationships between traffic
behaviors and traffic model parameters and structures.
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