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Abstract

A control scheme for emergency braking of vehicles is
designed. The scheme utilizes a LuGre dynamic friction
model to estimate the tire/road friction. The control
system output is the pressure to the braking system,
and is calculated using only the wheel angular speed in-
formation. The controller utilizes estimated state feed-
back control to achieve near maximum deceleration. The
state observer gain is calculated by using linear matrix
inequality (LMI) techniques. This system has two ad-
vantages when compared with an antilock braking sys-
tem (ABS), it generates less chattering during braking
and produces a source of a priori information regarding
safe spacing.

1 Introduction

In recent years, a significant amount of research has fo-
cused on investigating traffic safety in both manual traf-
fic and Automated Highway Systems (AHS) when high-
way densities are significantly increased. One impor-
tant issue that requires more analysis is the influence of
the tire/road interaction on the braking capabilities of
the vehicle and, therefore, on the overall highway safety.
From the perspective of emergency braking, there are
two main factors that influence the braking capacity of
vehicle: tire/road friction and available braking torque.
Both are difficult to determine precisely due to modeling
complexities and variations in the operating conditions.

There is a significant amount of research in tire/road
friction modeling and estimation for individual vehicles.
The model given in [3], known as the “magic formula”,
gives a good approximation to quasi-static experimental
results and is widely used in automotive research and in-
dustries. However, this model lacks a physical interpre-
tation, has many parameters and these parameters are
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generally difficult to calibrate and identify. In [9] and [1]
identifiable pseudo-static parametric friction models are
presented. The parameters in these models lack a phys-
ical interpretation, but can be identified through on-line
adaptations. A very nice property of the model given
in [1] is the under-estimation of the friction coefficient
and maximum slip ratio under normal driving condi-
tions, which guarantees vehicle safety.

In recent years, dynamic friction models, such as the

. one presented in [5], have been proposed to capture the

friction mechanism. These models have been used suc-
cessfully to identify and compensate the friction in me-

" chanical systems. In [6] a first-order friction dynamic

model, called the LuGre model, was first introduced to
replicate the tire/road interface. This model was used
in [4] to estimate the tire/road friction coefficient un-
der different road conditions, and applied in an adaptive
braking controller in {11]. The calibration of its param-
eters and a comparison with the “magic formula® is also
discussed in [11].

The goal of this paper is to extend the approach of [11].
In [11] the authors assume that all state variables are
accessible. Here we relax this assumption by utilizing
of a model-based observer, using only the angular veloc-
ity measurement of the wheel. A linear matrix inequal-
ity (LMI) technique is used to calculate the observer
gains. The paper is divided into six sections. Section 2
describes the system dynamics. A compensator, which
combines an adaptive controller with an observer, is pre-
sented in section 3. Simulation work is presented in sec-
tion 4 and a discussion of the simulation results is given
in section 5. Finally, section 6 contains concluding re-
marks and directions for future work.

2 System Dynamics

In this paper only the longitudinal dynamics of the ve-
hicle is considered. We assume that the four wheels of
the vehicle apply the same braking force. For simplicity,
we also assume that the road has no slope and that the
weight of the vehicle is distributed evenly among the four
wheels. A quarter vehicle model is used and we consider



a modified lumped LuGre friction model as follows:
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where z is the friction internal state, v, = v — rw is
the relative velocity, h(v,) = pe + (us — uc)e’l%ﬂm,
s is the normalized static friction coefficient, u. is the
normalized Coulomb friction, v; is the Stribeck relative
velocity, u, is the traction/braking torque, F; the trac-
tion/braking force given by the tire/road contacting, F;
the rolling resistance, m the vehicle mass, J the tire rota-
tional inertia, and the parameter 8 is used to model the
effect of different tire/road Coulomb friction coefficients.

The braking force F; is given by
F, = Fy(00z + 012 — 020r)

where ¢g is the rubber longitudinal stiffness, o is the
rubber longitudinal damping, o2 is the viscous relative
damping. F} is a negative number in the case of braking
and F, = mg/4. By [10], the rolling resistance can be
. modeled as

’ F, = o,mgv

where g, is rolling resistance coefficient and g is the grav-
- ity constant.

Defining the state variables as
Ty =002, T2:=V, ,T3:=VUp =V —TW
the system-dynamics Eq.(1) are rewritten as:
&) = 0o = —0oT3 — 000 f(3)21 2)

where f(z3) = E(E::s_)’ here we use the fact that z3 =
vy = v — rw > 0 during braking and

&2 = glo1 + o1(~75 — 0f(@3)z1) — 0225 — gouzz . (3)
For the state variable z3 we have
alz; + o1(~z3 — 0f(x3)x1) — T223]

r
-goyT2 + 'ijPb, -4

f3=0—rw =

where a = g(1 + ’Z—_’f) In the above equation we use
the formula u, = K, P;, where K} is the braking system
gain and P, the brake pressure, which is the controlled
variable.

For most vehicles, we can measure the angular velocity
of each wheel.

y=w= 1) Q
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3 Observer-based Braking Controller Design

In this section we formulate the design of a controller
based on the available angular velocity output. Arrange
the system dynamics (2), (3), (4) and output measure-
ments (5) as

x =Ax + Blgt/)(x) + Bou (6)
y=0Cx
where _
1 0 0 —ag
x=|z2|, A= [g —g0y “9(02 +0’1) b
T3 a —go, —aloz+01)
~09 0
Bi=|-om| Bi=| 0 |.0=[0 } -,
—Qo1 %Kb

Y(x) =z1f(z3), u=hH

Since the internal state z, given by the LuGre model,
and ‘the vehicle longitudinal velocity are unavailable, we
must design an observer to estimate these states. We do
so by constructing the following model-based nonlinear
observer

k= AX + B10w(X) + Bou+ Ly — Cx) + BiG  (7)

where G is a tuning function to be determined subse-
quently.

The following assumptions are made for the system (6)
and observer (7):

(i) (4, C) is a observable pair;
(ii) f(zs3) is positive and bounded and f'(z3) is
- bounded, i.e.

OSf(-'L's) Sfmaz sz < 00,
|f'(zs)| < ps <00, VXEDICR = (8)
(iii) The unknown parameter § is bounded, i.e.
- 0<@ < Omaz (9)
(iv) The map w — £ of the system
¢(=(A-LCY + Bw
§=C¢

with (A — LC) Hurwitz, is strictly passive; more-
over, dp; > 0 a constant, and 3P = PT > 0 such
that - ) -

(A= LC)TP + P(A— LC) + (p + pa)I < 0 (11)

(10)

as well as
PB, =CT (12)

where py = 30—'%'-& > 0.



Theorem 1 Under assumptions (i) — (iv) there exists
an adaptive emergency braking controller that achieves

3= Aoz
asymptotically for the system (6) using measured an-
gular velocity w, where the estimated slip is given by
2= —l = "‘u’“’ and Amag 1= /\maz(v,,v) is the lon-
gztudmal slip corresponding to the estimated mazimum

friction coefficient jimq in the pseudo-static relationship
between p and .

Proof Define X :=x - %X, § := y~§ = CX and
:= @ —~ @, then the error dynamlcs for the system is

%=(A-LCO)% + B [Hzp(x) - éw(i)] ~-BiG (13)

define the dynamic surface § as

- /\mazfi'2

5 = %3
differentiate §
§ = &3 %admas — Amazt
= SKPy = 01(a ~ ghmas) f(23)0 +
{(a = PAmaz) [21 — (02 + 01) 33—
(1~ Amaz)g0vts] + (s — loAmas)i ) -
o1(@ = gAmaz)G — Amasts

= dKPy+ i(R)0 + Bo(%) + Bs(X)G  (14)

where
d= :Tf Bi(%) = —01(a ~ gAmas) f(&3)1,
Pa(%) =

(Is = loAmas)i — j‘mar:22 ~ (1= Amaz)g0uda,

Bs (%) =

and Iz, I3 are the second and third elements of the gain
vector L € R3.

(@ — gAmaz) [£1 ~ (02 + 01)33] +

—0y (a - gj\maz)a

Consider the following Lyapunov function candidate
v=12, Lo sTps
2 2y

where v > 0. Then
V = xTPx+xTPx+35+ A—lyéé

= %7 [(A-LC)TP+P(A-LC)| % +
27 PB, [0u(x) - Bu(2)] + %éé + 56—
25T PB,G
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Notice that

Bp(x) — Bep(%k) = Gpp(k) + 0 [ (x) — H(%)]

and use the assumption (12) to obtain

V = 2T[(A~LC)TP+P(A-LC) %+
250y (%) + 2% T PB,6 [yp(x) — w(X)] +
%90; +3 [dK;,P;, + Bi(R)0 + Bo(R)+

B3(%)G]

-2%TPB,G. (15)

Letting the control input be

=Py = = [~AR8 - f2(%) - (%G ~ ]

Eq.(14) becomes

§=—ns. (16)
Using (12) and (16) and letting
b = 2vpy(%) an

we obtain from Eq.(15)

V = 2T[(A-LC)TP+P(A-LC)| %+
2569 (%) + 2% T PB16 [y(x) — p(X)} +
Al-yéé' — & — 25G.
Note that
P(x) = 9P(R) = z1f(23) — 1f(3)

fx3)E1 + &1 f'(x3) (3 — 33)

where zj is a vaiue between z3 and 3 derived by using
the Mean Value Theorem for the smooth function f(z) =
#(sy- Moreover, by (8), (9) and (17)



V < xT[(A-LC)TP+P(A-LO)]% +
2iTCT9mazP2i'1 + 2P30maa:|y~”i1“i3| -
n§® — 246
= xT[(A-LC)TP+P(A-LO)| % +
) .
;gmaxPZ(Qili'Z + 2‘il"-;;B) +
2030 maz|§]1211123] — 7752 - 236
< %7 [(A-LC)TP+P(A-LO) % +
9 1.4 1. pa (. p3T . . 2
P4 (zf + '2-23 + §$§) -5 (lzzl - E‘nyb‘ﬂ)
2
P4 72 p3T A2~2
+ = -n§* -2
T3 ) ( P2 ) i 014
< [(A ~LC)TP+P(A-LC) + pyd] % =
2
5= 2 (123l - Zolganl) +
—P4 psT 2 1
~ ra Pst ,\2,. - 2g
Y | 2 (Pz) ny I
) ) 2
< —pRIP -0 - 22 (135] - Bligan) +
2 P2

P4
2

2~

p3r ?
— ] &
(5)

-2G].

<

1

;I_f we choose G such that"

g=2 (”—p“’f) L (18)
then
2
Vo< R s - 2 (1ol - Eligtal) <0
using Barbalat’s Lemma, we can conclude that
5§20, x>0, as t — oo.
Thus, by definition of § and A we have
j\ - :\m“ ast— o
n

Remark 1 The adaptive nonlinear observer structure
presented in this paper is similar to the scheme pre-
sented in [7]. [7] presented results that require an ad-
ditional Lipschitz assumption on the function ¥(z), and
condition (12) has been replaced by Bf PC+ = 0 where
C* is the projection on to null(C).

Remark 2 The tuning function G given by (18) is a
linear function of 7 and appears both in the observer and
the control input. Compared with the tuning function
in [4], Eq. (18) does not require switching in the control
input, and therefore produces a smoother control.
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Remark 3 Assumptions (i) through (iv) must be satis-
fied in order for the system dynamics described by Eq
(6) and, thus for the theorem to hold:

(i) Regarding assumption (i), we can calculate the ob-
servability matrix of the system as follows,

1 ~1
9& T ar
0= T 0 T
. aa _~gova (9—a) "‘(02+0'1)2+¢70
T r T

where a = (02 + 01)(a — g), thus rank(O) = 3, and
(A,C) is an observable pair. Hence, assumption (i)
always holds;
(ii) To see that assumption (ii) is always satisfied, we
have
Z3. AmazUmaz -

e 7
and

If’(zs‘)l < {”(ﬁ“ - ( )/]} = o3

(iii) As for assumption (iv), we have to pick an observer
gain L' and a positive symmetric matrix P such that
followmg optimization problem is feasible

I3
<
h({l}g) By

0°< flzs) = <

1

1) [1+_

2

vmﬂI
Vs

max p;
st: - (A-LC)TP+ P(A- LC)+p%I+p4I<0
PB;=CT, P=PT>0and p >0 .

This can be calculated by linear matrix inequality
(LMI) algorithms, such as those presented in [8]. ’

4 Simulation Results

In the following simulation example we use the parame-
ters from the LeSabre cars used by the California PATH
program. These parameters are: M = 1701.0 Ky,
Ca =0.3693 N -s%/m?, J = 2.603 Kg-m2, R = 0.323m.
We also take the road LuGre friction parameter in Eq.(1)
parameter to be 8§ = 1 and the braking gain K; = 0.9.
The nominal values of the parameters in the dynamic
LuGre friction model are the same as those in [11].

We simulate an emergency braking maneuver with a .
vehicle initial velocity of v = 30m/s and the designed
observed-based controller. The initial condition for ob-
server dynamics is %(0) = [0 29.5 0]7 and the true
state is x(0) = [0 30 0.5]T, namely we use the mea-
surement Rw (=29.5m/s) as the initial condition for 9.
Fig. 1 shows the time responses of the real state vector
x and estimated state vector %, while Fig. 2(c) shows
the time responses of the estlmated friction parameter
6. Fig. 2(a) shows the time responses of the controlled



pressure P while Fig. 2(b) shows the controlled sliding
surface 3. Fig. 2(d) illustrates the difference, §, of mea-
surement y and output of observer §. From these figures
we can see that the estimated state Z and parameter 8
converge to their respective true values quickly, and that
the controlled input (pressure P) remains within its fea-
sible domain, enabling the vehicle to come to a quick halt
(decelerating at around 10m/s?). This example verifies
the results of the previous section. However, the simula-
tion results also reveal that the estimated states ¢ and 9y
do not converge to their true states during the braking
process, even though the vehicle achieved its maximum
estimated deceleration level, which is based on estimated
states, as shown by Fig. 2(b). We will discuss these re-

sults in more detail in the following section.
State and Estimated State Variables
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Figure 1: Estimated and real state variables.

5 Discussions

In the previous section we presented a simulation exam-

ple in which the vehicle achieves its maximum estimated
deceleration level in spite of the slow convergence rate
of the control systems’s estimated linear velocity error ¢
and relative velocity error #,. In this section we produce

an approximate analytical explanation of this result.

From the state error dynamics (13) we find

j=—lh~ltog-o)gli+fiE)  (19)

where fi(X) = (9 — @)[(1 — 010 (23)]E1 — v — (01 +

02)s — 1[0f (23) ~ 61 (@)} and g = 4 (&%) 8. In

our example, we chose a relative large value for the gain
L with Iy > I3 (L = [-400 — 60 — 500]7). As a con-
sequence, § — 0 quickly. Similarly, we can also assume
that 8 — 0 quickly due to our choice of a high adap-
tation gain v (= 200) and the presence of persistence of

excitation, which we observed in the numerical example.

A more thorough analysis to determine conditions for

the existance of persistence of excitation is in progress.

23
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Figure 2: (a) Controlled braking pressure P and (b) sliding
surface § (c) Estimated friction parameter 9 and
(d) measurement error § (rad/s).

Using the approximation §j ~ 0 and § ~ 0, we now
analyze the dynamics of the state errors (13) and obtain

% = A(z3)% (20)
where_ —000f(z3) 0 0
A(zs) = | g[1 — 010f(x3)] —gov —go2
afl -1 0f(z3)] —gov —aoy

Notice that 0o = 280, § ~ 1 and £ > f(zs) > 2=
We can therefore conclude that # — 0 quickly with a
decaying rate of around goff(z3) during the beginning
of braking process, due to the fact that v, is large. This
explains why the estimated state #; converges quickly
to the real state z;. In the case of the state estimates
Z2 and #3, from Eq.(20) we find that the eigenvalues of

matrix A(z3) associated with these two states are

(99v + aoa) £ /(gow)? + (a02)® + 4¢%0,02
2

82,3 =

Since o, and oy are very.small,

-1k 323<0, Vt>0

The rate of decay for Z2 and %3 is small and the eigenvec-
tor associated with s, is around we ~ [0 1 1)T. More-
over, the eigenvector w, is independent of state variables,
as shown in Fig. 3. In section 3 we proved that X — 0
and, from the analysis in this section, we found that the
convergence of states £ and Z3 is very slow, which is
illustrated by the numerical example of the previous sec-
tion. Fig. 3 shows a sketch of the trajectory portrait of
the approximate nonlinear system (20). For any initial
condition Py = (#;(0), #2(0), #3(0)) € R?, the flow tra-
jectory will quickly approach to the &, x #3 plane because -



Figure 3: A schematic trajectory plot for nonlinear system
X = A(:Ca)i.

of the rapid convergence of Z; (s; is large). Moreover,
the trajectory will converge to ws on the %o X 3 plane
if £2(0) > 0 and £3(0) > 0, as shown in Fig. 3. Thus, if

we pick £0)>0,  £(0) 20, (21)
then. o
- max{%2(0), £3(0)} > Z2(t) » 25(t) 20, Vi>1o

where i is fairly small and depends on the coﬁvérgen'ce
rate and initial conditions of Z (¢).

Remark 4 Note that by Theorem 1 we obtained A=
Amaz and A = Amez due to the fact & — x. However,
since the states-£3 and £z converge slowly, there will be
" some error between A and A. This error can be estimated
_ as follows. - '

< z E3  x9Z3 — T3T
SR E-hl i X
ST AL
T2To I T
< (@=A()A0), Vt=to

Note that in general A(0) < 3% during normal driving
conditions before braking. As a consequence, the slip
estimate error is small. Similarly, it can be shown that
Amaez — Amaz Will also be small after the state £; — 0.
Therefore, the proposed control system will achieve a
near maximum deceleration level, in spite of the fact
that state estimation errors 5 and %3 converge slowly.

6 Conclusions

In this paper we discussed emergency braking control
under unknown tire/road conditions and system states,
based on a dynamical friction model and the assumption
that the only available measurable signal to the con-
troller is the wheel angular velocity. The braking pres-
sure controller is determined based on the estimation of
system state variables and the unknown friction param-
eter. The simulation results show that the vehicle can
be stopped quickly with near maximum deceleration by
applying this controller. The asymptotic convergence of
the estimated states and parameters estimates has been
proven. Moreover, it was also shown that the friction

" properties can be estimated and near maximum deceler-

12]
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ation achieved, in spite of the slow convergence rate of
the vehicle velocity and wheel relative velocity error es-
timates. Fortunately, both automated highway systems
(AHS) and manual traffic applications rely on various
other measurements to guarantee safety; (e.g. radar sen-
sors and human perception). Thus, the control system
does not need an accurate estimate of the vehicle veloc-
ity. Simulation tests conducted so far suggest that the
proposed control scheme, based on an observed dynamic
friction model, achieves near maximum deceleration in a
faster and more stable manner than previous static ap-
proaches. An alternate design, using both the vehicle’s
linear acceleration with an accelerometer and wheel an-
gular acceleration as in [2] is in progress. -
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