
1

NURBS Evaluation using the GPU

Adarsh Krishnamurthy

Sara McMains

UC Berkeley

Berkeley, CA, USA 

University of California, Berkeley

Outline

13 April 2009

NURBS 
Definitions

Performance 
Optimization

NURBS 
Evaluation

Modeling 
Operations

x y

z u index

Knots

2 of 42

University of California, Berkeley

Surface Representations

3D Surface
Parametric Surfaces

Subdivision Surfaces

ÁGood for Booleans
ÁProhibitive computational 

requirements
Á Interactive 

rendering difficult 
ÁDifficult to define for an 

arbitrary object

Implicit Surfaces

Á Good for smooth 
surfaces

Á Difficult to dimension 
models

Á No exact conics

ÁBezier, NURBS, and other 
spline surfaces

Á Industry standard for 
CAD applications

ÁEasy to evaluate
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NURBS Representation

13 April 2009

Non Uniform Rational B-
Spline surfaces

De facto surface 
representation
ÅMost general spline
ÅPiecewise-polynomial 

tensor product surfaces

Compact definition
Defined completely by
ÅControl mesh
Åu and v knot vectors

Knot vector demo
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NURBS Representation
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Trimmed NURBS Models

13 April 2009

Parametric Domain Surface

u

v

6 of 42



2

University of California, Berkeley

Outline

13 April 2009

NURBS 
Definitions

Performance 
Optimization

NURBS 
Evaluation

Modeling 
Operations

x y

z u index

Knots

7 of 42 University of California, Berkeley

NURBS Evaluations
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GPU Approach Limitation

Bezier curves
[Loop et al. 2005]

Restricted to cubic Beziercurves

NURBSRendering
[Guthe et al. 2005]

Approximated higher order 
surfaces

Algebraic Surfaces
[Loop et al. 2006]

Restricted to bi-cubic surfaces

NURBS Rendering
[Kanai et al. 2007]

Required different programs for 
different degree

CPU Approach Limitation

Preprocess NURBS 
surfaces to tessellate 
into triangles

High CPU memory
High pre-processing time
Lack of interactivity
Level of Detail (LOD) artifacts

Computationally 
intensive

Performed repeatedly

NURBS 
Model

NURBS 
Evaluation

Triangles Display

Requirements

GPU parallel algorithm

Fast

Unified Implementation
ÅArbitrary degree
ÅArbitrary number of control 

points, knots

CPU GPUGPU

No approximations
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NURBS Curve Evaluation

Â Several methods for evaluation
Â Power law

Â Numerically unstable for higher degrees

Â Issues with single precision graphics cards

Â Subdivision
Â Requires recursion

Â Not easily parallelizable

Â de Boor evaluation
Â Evaluate higher degree basis functions using lower degree 

basis functions

Â Steps (given parameter óuô)
Â Find the knot span in which óuô lies

Â Compute the non-zero basis functions

Â Multiply non-zero basis functions with the 
corresponding control points and add
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Example - Order 3 (Quadratic, Degree 2)
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Parallelizing Basis Function Evaluation
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Unroll Recursion

Start from 0-degree basis function 
ïstep function

Build higher degree basis 
functions from lower degree
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Evaluate for different parameter 
values simultaneously

Degree 0Degree 1Degree 2Degree 3

GPU ImplementationParticular parameter value u

Standard Serial ImplementationFaster Parallel Implementation

0 1
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GPU Implementation ðPing Pong
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Knot Array

Basis Array

p =1 p =2p = 3 p = 4

u

Tex1 Tex2

Example

Order 4

Knot Vector
[0.0  0.0  0.0  0.0  0.1  0.1  0.5  1.0  1.0  1.0  1.0]
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NURBS Surface Evaluation
Â Data Input

Â Control Point Mesh (n x m)

Â Order 
Â u direction (ku)

Â v direction (kv)

Â Knot Vector 
Â u direction (n+ku)

Â v direction (m+kv)

Â Evaluation
Â Given parameter values : u, v

Â Steps
Â Compute the non-zero óuô basis functions

Â Compute the non-zero óvô basis functions

Â Multiply non-zero basis functions with the corresponding control points and 
add (ku x kv multiplications)
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Parallelizing Control Point Multiplication

13 April 2009 Basis Functions

n

m

Control Mesh u

v

Evaluation Mesh

Expand summation

Use already evaluated basis 
functions

Only a sub-mesh of control points 
need to be multiplied

Add each multiplicative term in 
parallel

Bi-cubic ï16 termsBi-cubic ï4 x 4

Standard Serial ImplementationFaster Parallel Implementation
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Tex(k) = Tex(k-1) + BiBjwijPij
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Optimizations ðPacking
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Â 4 Component operations 
on the GPU

Â Width Direction

Â Order dependent

Â Different fragment 
programs

Â Height Direction

Â Direct extension

Basis Array

Knot Array
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