ME185

Introduction to Continuum Mechanics

Panayiotis Papadopoulos

Department of Mechanical Engineering, University of California, Berkeley

Copyright (© 2008 by Panayiotis Papadopoulos



Introduction

This set of notes has been written as part of teaching ME185, an elective senior-year
undergraduate course on continuum mechanics in the Department of Mechanical Engineering

at the University of California, Berkeley.

Berkeley, California P. P.
August 2008

i



Contents

1 Introduction

1.1
1.2

Solids and fluids as continuous media . . . . . . . . . . . ... ..

History of continuum mechanics . . . . . . . . . .. .. ... ... ... ..

2 Mathematical preliminaries

2.1
2.2
2.3
24

Elements of set theory . . . . . . . .. ..o
Vector spaces . . . . . ..o
Points, vectors and tensors in the Euclidean 3-space . . . . . . . .. ... ..

Vector and tensor calculus . . . . . . . ..,

3 Kinematics of deformation

3.1
3.2
3.3
3.4

Bodies, configurations and motions . . . . . . ... ... ...
The deformation gradient and other measures of deformation . . . . . . . . .
Velocity gradient and other measures of deformation rate . . . . . . . . . ..

Superposed rigid-body motions . . . . .. ... oL

4 Basic physical principles

4.1
4.2
4.3
4.4
4.5
4.6
4.7

The divergence and Stokes’ theorems . . . . . . . . . .. ... ... .....
The Reynolds’ transport theorem . . . . . . . . ... ... ... ... ....
The localization theorem . . . . . . . . . . ... . Lo
Mass and mass density . . . . . .. ..o
The principle of mass conservation . . . . . . ... . ... ... .......
The principles of linear and angular momentum balance . . . . . . . . . . ..

Stress vector and stress tensor . . . . . . . .. L

il

[\)

o = W W

14

19
19
28
48
93



4.8 The transformation of mechanical fields under superposed rigid-body motions 85

4.9 The Theorem of Mechanical Energy Balance . . . . . . . ... ... ... .. 88
4.10 The principle of energy balance . . . . . . . . . . ... ... ... 91
4.11 The Green-Naghdi-Rivlin theorem . . . . . . . . . . . ... ... ... .. .. 95
Infinitesimal deformations 99
5.1 The Gateaux differential . . . . . . . .. ... 100
5.2  Consistent linearization of kinematic and kinetic variables . . . . . .. . .. 101
Mechanical constitutive theories 109
6.1 General requirements . . . . .. ... 109
6.2 Inviscid fluids . . . . . . ..o 110
6.3 Viscous fluids . . . . . . .. 115
6.4 Non-linearly elastic solid . . . . . . . . . . .. ... 119
6.5 Linearly elastic solid . . . . . . ... Lo Lo 125
6.6 Viscoelastic solid . . . . . ... L 129
Boundary- and Initial/boundary-value Problems 135
7.1 Incompressible Newtonian viscous fluid . . . . . . . . .. ... .. ... ... 135
7.1.1  Gravity-driven flow down an inclined plane . . . . . . . . . . . . ... 135
7.1.2 Couette flow . . . . . . . .. 137
7.1.3 Poiseuille flow . . . . ... 139
7.2  Compressible Newtonian viscous fluids . . . . . ... ... ... ... .... 140
7.2.1 Stokes” First Problem . . . . . . .. ... ... 140
7.2.2  Stokes” Second Problem . . . ... ... ... 141
7.3 Linear elastic solids . . . . . . . . ... 143
7.3.1 Simple tension and simple shear . . . . . . ... ... 143
7.3.2 Uniform hydrostatic pressure . . . . . . . . ... ... ... ... 144
7.3.3 Saint-Venant torsion of a circular cylinder . . . . . .. .. ... ... 144
7.4 Non-linearly elastic solids . . . . . . ... .. ... oL 146
74.1 Rivlin’scube . . . . ..o 146
7.5 Multiscale problems . . . . . . ... 149

v



7.5.1 The virial theorem . . . . .

7.6 Expansion of the universe . . . . .

Appendix A

A.1 Cylindrical polar coordinate system






List of Figures

2.1
2.2
2.3

3.1
3.2
3.3

3.4
3.5
3.6
3.7

3.8
3.9
3.10
3.11

3.12

3.13
3.14
3.15

Schematic depiction of a set . . . . . . ...
Example of a set that does not form a linear space . . . . . . . . . . ... ..

Mapping between two sets . . . . . . . .. ..

A body B and its subset S. . . . . ..
Mapping of a body B to its configuration at time t. . . . . . . . . . . ... ..
Mapping of a body B to its reference configuration at time ty and its current
configuration at time t. . . . . . . L.
Schematic depiction of referential and spatial mappings for the velocity v. . .
Particle path of a particle which occupies X in the reference configuration.

Stream line through point X at time t. . . . . . . . . . . ... ... ... ...
Mapping of an infinitesimal material line elements dX from the reference to

the current configuration. . . . . . . .. ..o

Application of the inverse function theorem to the motion x at a fixed time t.

Interpretation of the right polar decomposition. . . . . . . . . . . . . .. ...
Interpretation of the left polar decomposition. . . . . . . . . . . . . ... ...

Interpretation of the right polar decomposition relative to the principal direc-

tions M 4 and associated principal stretches As. . . . . . .. ... ... ..
Interpretation of the left polar decomposition relative to the principal directions

RM,; and associated principal stretches X;. . . . . . . . . ... ... ... ..

Geometric interpretation of the rotation tensor R by its action on a vector x.

Spatially homogeneous deformation of a sphere. . . . . . . . .. . ... ...

Image of a sphere under homogeneous deformation. . . . . . . . . . .. ...

vil

10

19
20

21
22
25
26

29
30
35
36

38



3.16 Mapping of an infinitesimal material volume element dV to its image dv in
the current configuration. . . . . . . . .. L
3.17 Mapping of an infinitesimal material surface element dA to its image da in
the current configuration. . . . . . . . .. . e
3.18 Configurations associated with motions x and x* differing by a superposed

rigid motion XT. .. .. e

4.1 A surface A bounded by the curve C. . . . . . . . ...
4.2 A region P with boundary OP and its image Py with boundary 0Py in the
reference configuration. . . . . .. . . o0 e
4.3 A limiting process used to define the mass density p at a point x in the current
CONFIGUTAtION. . . . . . . . e
4.4 Setting for a derwation of Cauchy’s lemma. . . . . . . . .. ... ..
4.5  The Cauchy tetrahedron. . . . . . . . . . . . . .
4.6 Interpretation of the Cauchy stress components on an orthogonal parallelepiped
aligned with the {e;}-axes. . . . . . . . . .

4.7 Projection of the traction to its normal and tangential components. . . . . .

6.1 Traction acting on a surface of an inviscid fluid. . . . . . . . . .. . ... ..
6.2 A ball of ideal fluid in equilibrium under uniform pressure. . . . . . . . . ..
6.3  Orthogonal transformation of the reference configuration. . . . . . . . . . ..
6.4 Static continuation E?(s) of Ey(8) by d. . . . . . ...

6.5 An interpretation of relaxation . . . . . . . . ...

7.1 Flow down an inclined plane . . . . . . . . . . . . ...
7.2 Couette flow . . . . . . . .
7.3  Semi-infinite domain for Stokes’ Second Problem . . . . . . . . . . ... ...

7.4 Function f(X\) in Rivlin’s cube . . . . . . . ...

viii

46

47

o4

63

63

68

73

75

79

122



List of Tables

X



Chapter 1

Introduction

1.1 Solids and fluids as continuous media

All matter is inherently discontinuous, as it is comprised of distinct building blocks, the
molecules. Each molecule consists of a finite number of atoms, which in turn consist of finite
numbers of nuclei and electrons.

Many important physical phenomena involve matter in large length and time scales.
This is generally the case when matter is considered at length scales much larger than
the characteristic length of the atomic spacings and at time scales much larger than the
characteristic times of atomic bond vibrations. The preceding characteristic lengths and
times can vary considerably depending on the state of the matter (e.g., temperature, precise
composition, deformation). However, one may broadly estimate such characteristic lengths
and times to be of the order of up to a few Angstroms (1 A= 107'° m) and a few femtoseconds
(1 femtosecond = 10715 sec), respectively. As long as the physical problems of interest occur
at length and time scales of several orders of magnitude higher that those noted previously,
it is possible to consider matter as a continuous medium, namely to effectively ignore its
discrete nature without introducing any even remotely significant errors.

A continuous medium may be conceptually defined as a finite amount of matter whose
physical properties are independent of its actual size or the time over which they are mea-
sured. As a thought experiment, one may choose to perpetually dissect a continuous medium

into smaller pieces. No matter how small it gets, its physical properties remain unaltered.



2 History of continuum mechanics

Mathematical theories developed for continuous media (or “continua”) are frequently referred
to as “phenomenological”, in the sense that they capture the observed physical response
without directly accounting for the discrete structure of matter.

Solids and fluids (including both liquids and gases) can be accurately viewed as continuous
media in many occasions. Continuum mechanics is concerned with the response of solids

and fluids under external loading precisely when they can be viewed as continuous media.

1.2 History of continuum mechanics

Continuum mechanics is a modern discipline that unifies solid and fluid mechanics, two of
the oldest and most widely examined disciplines in applied science. It draws on classical
scientific developments that go as far back as the Hellenistic-era work of Archimedes (287-
212 A.C.) on the law of the lever and on hydrostatics. It is motivated by the imagination
and creativity of da Vinci (1452-1519) and the rigid-body experiments of Galileo (1564-
1642). It is founded on the laws of motion put forward by Newton (1643-1727), later set on
firm theoretical ground by Euler (1707-1783) and further developed and refined by Cauchy
(1789-1857).

Continuum mechanics as taught and practiced today emerged in the latter half of the
20th century. This “renaissance” period can be attributed to several factors, such as the
flourishing of relevant mathematics disciplines (particularly linear algebra, partial differential
equations and differential geometry), the advances in materials and mechanical systems tech-
nologies, and the increasing availability (especially since the late 1960s) of high-performance
computers. A wave of gifted modern-day mechanicians, such as Rivlin, Truesdell, Ericksen,
Naghdi and many others, contributed to the rebirth and consolidation of classical mechan-
ics into this new discipline of continuum mechanics, which emphasizes generality, rigor and

abstraction, yet derives its essential features from the physics of material behavior.

ME185



Chapter 2

Mathematical preliminaries

2.1 Elements of set theory

This section summarizes a few elementary notions and definitions from set theory. A set X
is a collection of objects referred to as elements. A set can be defined either by the properties

of its elements or by merely identifying all elements. For example,
X ={1,2,3,4,5} (2.1)
or
X = {all integers greater than 0 and less than 6} . (2.2)

Two sets of particular interest in the remainder of the course are:
N = {all positive integers} (2.3)

and

R = {all real numbers} (2.4)

If z is an element of the set X, one writes x € X. If not, one writes x ¢ X.

Let X, Y be two sets. The set X is a subset of the set Y (denoted as X C Y or Y D X)) if
every element of X is also an element of Y. The set X is a proper subset of the set (denoted
as X C Y orY D X) if every element of X is also an element of Y, but there exists at least
one element of Y that does not belong to X.



4 Vector spaces

The union of sets X and Y (denoted by X UY) is the set which is comprised of all
elements of both sets. The intersection of sets X and Y (denoted by X NY') is a set which
includes only the elements common to the two sets. The empty set (denoted by () is a set
that contains no elements and is contained in every set, therefore, X U() = X.

The Cartesian product X x Y of sets X and Y is a set defined as
X xY = {(x,y)such that z € X,y € Y} . (2.5)

Note that the pair (z,y) in the preceding equation is ordered, i.e., the element (x,y) is, in
general, not the same as the element (y, z). The notation X2, X3, ... is used to respectively

denote the Cartesian products X x X, X x X x X, ...

2.2 Vector spaces

Consider a set V whose members (typically called “points”) can be scalars, vectors or func-
tions, visualized in Figure 2.1. Assume that V is endowed with an addition operation (+)
and a scalar multiplication operation (+), which do not necessarily coincide with the classical

addition and multiplication for real numbers.

A "point" that
belongsto v

Figure 2.1: Schematic depiction of a set

A linear (or wector) space {V,+;R,-} is defined by the following properties for any
u,v,w e Vand o, € R:

(i) a-u+p-veV (closure),

(i) (u+v)+w=u+ (v+w) (associativity with respect to + ),

ME185



Mathematical preliminaries )

(iii) 30 €Y | u+0=u (existence of null element),
(iv) 3 —u€V | u+(—u)=0 (existence of negative element),
(V) u+v=v+u (commutativity),
(vi) (af)-u=a-(F-u) (associativity with respect to -),
(vil) (o« +f)-u=a-u+ [ -u (distributivity with respect to R),
(vill) a- (u+v)=a-u+a-v (distributivity with respect to V),
(ix) 1-u=u (existence of identity).
Examples:

(1) V = P, := {all second degree polynomials az* + bz + c} with the standard polynomial

addition and scalar multiplication.

It can be trivially verified that {P,,+;R,-} is a linear function space. P, is also

“equivalent” to an ordered triad (a,b,c) € R3.

(2) Define V = {(z,y) € R? | 22 + y* = 1} with the standard addition and scalar multi-

plication for vectors. Notice that given u = (z1,y;) and v = (x2,y,) as in Figure 2.2,

y u+v

Figure 2.2: Example of a set that does not form a linear space
property (i) is violated, i.e., since, in general, for o = 3 =1,

u—|—V:(ZE1+{lZ’2, y1+y2)7

ME185



6 Vector spaces

and (7 + 29)% + (y1 + y2)? # 1. Thus, {V, +;R, -} is not a linear space. O

Consider a linear space {V, +; R, -} and a subset U of V. Then U forms a linear sub-space

of V with respect to the same operations (+) and (), if, for any u,v € U and o, 3, € R
a-u+ pf-velUu,

i.e., closure is maintained within U.

Example:

(a) Define the set P, of all algebraic polynomials of degree smaller or equal to n > 2 and
consider the linear space {P,,+;R, -} with the usual polynomial addition and scalar

multiplication. Then, P, is a linear subspace of {P,, +; R, -}. O

In order to simplify the notation, in the remainder of these notes the symbol - used in
scalar multiplication will be omitted.

Let vy - Vo, ..., v, be elements of the vector space {V,+;R, -} and assume that
avitave+...+opv, =0 & ag=ay=...=a,=0. (2.6)

Then, {vy,Vvs,...,v,} is a linearly independent set in V. The vector space {V,+;R,-} is
infinite-dimensional if, given any n € N, it contains at least one linearly independent set
with n + 1 elements. If the above statement is not true, then there is an n € N, such that
all linearly independent sets contain at most n elements. In this case, {V,+; R, -} is a finite
dimensional vector space (specifically, n-dimensional).

A basis of an n-dimensional vector space {V,+;R, -} is defined as any set of n linearly
independent vectors. If {g;, go, ..., g, } form a basis in {V,+; R, -}, then given any non-zero

v eV,
181+ g+ ... +a,g, + v = 0 < notall ay,...,aq,, 0 equal zero . (2.7)

More specifically, 3 # 0 because otherwise there would be at least one non-zero o;, i = 1,.. ., n,
which would have implied that {g;, g2, ..., &, } are not linearly independent.

Thus, the non-zero vector v can be expressed as

(€51 (&%) Qp

v = —Egl—ﬁgg—...—ﬁgn. (2.8)

ME185



Mathematical preliminaries 7

The above representation of v in terms of the basis {gi, g2, ...,g,} is unique. Indeed, if,
alternatively,

V. = g+ 7282+ .+ n8n (2.9)

then, upon subtracting the preceding two equations from one another, it follows that

0 = (vl+%)g1+<%+%)gz+...+(%+%)gn, (2.10)

which implies that v; = —%, i=1,2,...,n,since {g1, &2, ..., &, } are assumed to be a linearly
independent.

Of all the vector spaces, attention will be focused here on the particular class of Euclidean
vector spaces in which a vector multiplication operation (-) is defined, such that for any

u,v,w €V and a € R,

(x) u-v =v-u (commutativity with respect to -),

(xi) u-(v+w)=u-v+u-w (distributivity),

(xii) (au)-v=u-(av) = a(u-v) (associativity with respect to -)
(xiii) uv-u>0andu-u=0<u=0.

This vector operation is referred to as the dot-product. An n-dimensional vector space
obeying the above additional rules is referred to as a Fuclidean vector space and is denoted
by E™.

Example:
The standard dot-product between vectors in R™ satisfies the above properties. U

The dot-product provide a natural means for defining the magnitude of a vector as
laf = (u-w)t®. (2.11)

Two vectors u, v € E™ are orthogonal, if u-v = 0. A set of vectors {uy, uy, ...} is called

orthonormal, if

1 ifi=j

where 9;; is called the Kronecker delta symbol.

ME185



8 Points, vectors and tensors in the Euclidean 3-space

Every orthonormal set {e1, e;...e;}, &k < n in E™ is linearly independent. This is because,

if
a1€e1 +agey + ... +orer = 0 o (213)
then, upon taking the dot-product of the above equation with e;, 7 = 1,2, ..., k, and invoking

the orthonormality of {e;, es...e;},
aj(e; - €)+as(er-e)+...+ar(ep-e)=a;=0. (2.14)

Of particular importance to the forthcoming developments is the observation that any

vector v € E™ can be resolved to an orthonormal basis {e;, e, ...,e,} as
n
V = vie; + 1€y +...+ve, = Zviei , (2.15)
i=1

where v; = v-e;. In this case, v; denotes the i-th component of v relative to the orthonormal

basis {ei, ey, ...,€,}.

2.3 Points, vectors and tensors in the Euclidean 3-
space

Consider the Cartesian space E® with an orthonormal basis {e;, ey, e3}. As argued in the
previous section, a typical vector veE? can be written as

3
A% :Zviei , U =V €. (216)

i=1

Next, consider points @,y in the Euclidean point space £3, which is the set of all points in the
ambient three-dimensional space, when taken to be devoid of the mathematical structure of
vector spaces. Also, consider an arbitrary origin (or reference point) O in the same space.
It is now possible to define vectors x,y € E?, which originate at O and end at points x and
y, respectively. In this way, one makes a unique association (to within the specification of
O) between points in £2 and vectors in E3. Further, it is possible to define a measure of

distance between x and y, by way of the magnitude of the vector v =y — x, namely

d(r,y) = [x—y| = [x—y) (x—y)]"*. (2.17)

ME185



Mathematical preliminaries 9

In E3, one may define the vector product of two vectors as an operation with the following

properties: for any vectors u, v and w, and any scalar «,
(a) uxv=—-vxu,

(b) (uxv)-w = (vxw)-u = (wxu)-v, or, equivalently [uvw| = [vwu] = [wuv],
where [uvw| = (u x v) - w is the triple product of vectors u, v, and w,

, u-v
(¢) luxv| = |ul|lv|sinf , cosf = CROLECELE ,0<60<m.

Appealing to property (a), it is readily concluded that u x u = 0. Likewise, properties
(a) and (b) can be used to deduce that (u X v)-u = (u x v)-v = 0, namely that the vector
u x v is orthogonal to both u and v.

By definition, for a right-hand orthonormal coordinate basis {e;, ey, e3}, the following

relations hold true:
e Xe = e3 , € Xe3 =€ , e3xe = €. (2.18)
These relations, together with the implications of property (a)
e Xe = e Xe = ey3xe; =0 (2.19)
and
€ Xe = —€3 , e3Xe = —e , € Xe3 = —e (2.20)

can be expressed compactly as

3
e Xe; = Zeijkek s (221)

k=1
where €5, is the permutation symbol defined as
1 if (i, 5, k) = (1,2,3), (2,3,1), or (3,1,2)
= =1 i (i,5,k) = (219), (32,1), or (132) - (2.22)
0  otherwise

It follows that

3 3
uxv = (Z uiei) X (Z UjGj) =
i=1 j=1 =1 j

= =1 j

3
Uv;j€; X €; = Z Z Zuivjeijkek . (223)

3
= 1 j=1 k=1

3 3
= i=

1

ME185



10 Points, vectors and tensors in the Euclidean 3-space

Let U, V be two sets and define a mapping f from U to V as a rule that assigns to each
point v € U a unique point v = f(u) € V, see Figure 2.3. The usual notation for a mapping
is: f:U—=V, u—ov= f(u) €V. With reference to the above setting, ¢ is called the

domain of f, whereas V is termed the range of f.

Figure 2.3: Mapping between two sets

A mapping T : E? — E3 is called linear if it satisfies the property
T(au+ fv) = aT(u) + fT(v) , (2.24)

for all u,v € E% and «, 3 € N. A linear mapping is also referred to as a tensor.

Examples:

(1) T: E* — E3 T(v) = v for all v € E3 This is called the identity tensor, and is
typically denoted by T = 1.

(2) T: E*— E3 T(v) =0 for all v € E3. This is called the zero tensor, and is typically
denoted by T = 0. O

The tensor product between two vectors v and w in E? is denoted by v ® w and defined

according to the relation

(vew)u = (w-u)v, (2.25)

for any vector u € £3. This implies that, under the action of the tensor product v ® w, the
vector u is mapped to the vector (w - u)v. It can be easily verified that v ® w is a tensor

according to the previously furnished definition. Using the Cartesian components of vectors,
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Mathematical preliminaries 11

one may express the tensor product of v and w as

3 3 3 3

VW = (Z v;€;) ® (Z wje;) = ZZviwjei Re; . (2.26)

i=1 i=1 j=1

It will be shown shortly that the set of nine tensor products {e; ® e;}, 4,5 = 1,2, 3, form a
basis for the space L£(E?, E?) of all tensors on E?.

Before proceeding further with the discussion of tensors, it is expedient to introduce a
summation convention, which will greatly simplify the component representation of both
vectorial and tensorial quantities and their algebra. This originates with A. Einstein, who
employed it first in his relativity work. The summation convention has three rules, which,

when adapted to the special case of E?, are as follows:

Rule 1. If an index appears twice in a single component term or in a product term, the
summation sign is omitted and summation is automatically assumed from value 1 to

3. Such an index is referred to as dummy.

Rule 2. An index which appears once in a single component or in a product expression is
not summed and is assumed to attain a single value (1, 2, or 3). Such an index is

referred to free.
Rule 3. No index can appear more than twice in a single component or in a product term.

Examples:

3
1. The vector representation u = Zuiei is replaced by u = w;e; and it involves the

i=1
summation of three terms.
3 3
2. The tensor product u ® v = ZZuivjei ® e; is equivalently written as u @ v =
i=1 j=1

uvje; ® e; and it involves the summation of nine terms.
3. The term u,;v; is a single term with two free indices ¢ and j.

4. It is easy to see that d;;u; = 01;u1 +09;us+03;us = u;. This index substitution property

is frequently used in component manipulations.

ME185



12 Points, vectors and tensors in the Euclidean 3-space

5. A similar index substitution property applies in the case of a two-index quantity,

namely 0;ja;r, = 0151, + 0;a0% + 03;a3K = Qjp- O

With the summation convention in place, take a tensor T € L(E?, E?) and define its
components T;;, such that Te; = T};e;. It follows that
(T-Tjei®e;)v = (T —-Te ®ej)veg
= Teyvr — Tijup(e; ® €))ey
= Tiwejvp — Tiui(e; - ex)e;
= Tievp — Tijvi0,5€;
= Tievr, — Lipvre;

=0, (2.27)

hence,

T = ﬂjei@)e]’ . (228)

This derivation demonstates that any tensor T can be written as a linear combination of the
nine tensor product terms {e; ® e,}. The components of the tensor T relative to {e; ® e;}

can be put in matrix form as

Ty Tiy Tis
[Tij] — Tor T Ths . (2-29)
T3 T3 T33

The transpose TT of a tensor T is defined by the property
u-Tv = v-Tlu, (2.30)
for any vectors u and v in £3. Using components, this implies that
wliv; = viAjju;, = viAju, (2.31)
where A;; are the components of T7. It follows that

ME185



Mathematical preliminaries 13

Since u; and v; are arbitrary, this implies that A;; = T};, hence the transpose of T can be

written as

T = Te;®e; . (2.33)

A tensor T is symmetric if T7 = T or, when both T and T7 are resolved relative to the
same basis, Tj; = Tj;. Likewise, a tensor T is skew-symmetric if T' = —T or, again, upon
resolving both on the same basis, T;; = —T;;. Note that, in this case, 11, = Ty = T33 = 0.

Given tensors T,S € L (E3, E3), the multiplication TS is defined according to
(TS)v = T(Sv) (2.34)

for any v € E3.

In component form, this implies that

(TS)V = T(SV) = T[(Sijei®ej)(vkek)]

= T(S;jvEd;ne;)
= T(Siv;ei)
= ThiSivje;
= (TriSijer ® e;)(ue) , (2.35)
which leads to
(TS) = TSijer ®e;j . (2.36)

The trace trT : L(E?, E3) +— R of the tensor product of two vectors u ® v is defined as
tru®@v = u-v, (2.37)

hence, the trace of a tensor T is deduced from equation (2.37) as
trT = tr(Tie;®e;) = Tie -e; = 105 = Ty . (2.38)

The contraction (or inner product) T -S : L(E?, E®) x L(E?, E®) — R of two tensors T and
S is defined as
T-S = tr(TST). (2.39)

Using components,
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14 Vector and tensor calculus

A tensor T is invertible if, for any w € E3, the equation
Tv = w (2.41)
can be uniquely solved for v. Then, one writes
v="T'w , (2.42)

and T~ is the inverse of T. Clearly, if T~! exists, then

T 'w—v =0
=T (Tv)-v
= (T 'T)v—-v
= (T7'T -1)v, (2.43)

hence T~'T =TI and, similarly, TT~! = 1.
A tensor T is orthogonal if

™ = T, (2.44)

which implies that
T'T = TT? = 1. (2.45)

It can be shown that for any tensors T, S € L(E?, E?),
S+T)" = s"+17 | (ST)" = TTST. (2.46)
If, further, the tensors T and S are invertible, then

(ST)™t = T'S™t. (2.47)

2.4 Vector and tensor calculus

Define scalar, vector and tensor functions of a vector variable x and a real variable t. The

scalar functions are of the form
pr:R=R, t—¢=0i(t)
Go: B> R, x — ¢ = $a(x) (2.48)
¢3 . E3 XRﬁRa (X7t)_>¢:¢3(xat) 3
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while the vector and tensor functions are of the form

vi:R—E t—v=vt
vo i BP = E? | x — v =vy(x) (2.49)

vy B2 xR — E? | (x,t) = v =v3(x, 1)

and
T, :R— L(E* B, t - T =Tyt)
Ty: B° — L(E? E?), x — T = Ty(x) (2.50)
Ts: B> xR — L(E* E*), (x,t) — T = Ts(x,1) ,
respectively.
0
The gradient grad ¢(x) (otherwise denoted as V¢(x) or Q;E(X)) of a scalar function

¢ = ¢(x) is a vector defined by

(wrado) v = [Lotxtov) (251)

dw w0

for any v € E3. Using the chain rule, the right-hand side of equation (2.51) becomes

vi . (2.52)

0o(x + wv) d(x; + wv;) _ 06(x)
:| w=0 B axl Z

Lo +wv)

—(x +wv =

dw 0 O(z; + wv;) dw
Hence, in component form one may write

99(x)

grad ¢(x) oz, © (2.53)
In operator form, this leads to the expression
d \Y 0 e (2.54)
ra = = =€ . .

Example: Consider the scalar function ¢(x) = |[x|? = x - x. Its gradient is

o 0 o 8(xjxj) o 835]' 8xj
grad¢p = 8—X(X-x) = o e = 8—%x3+x38—xi e;

= (5ijxj+xj5,-j)e,- = 2112','62' = 2Xx . (255)
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16 Vector and tensor calculus

Alternatively, using directly the definition

d

(@) v = | {lx wv)- (oot uv)]

w=0

= [i{x-x+2wx-v—l—w2v-v}]
dw _—

= [2x-v+4+2wv-v],_,

=2X-V (2.56)
U
. . ov(x) .
The gradient gradv(x) (otherwise denoted as Vv(x) or o ) of a vector function
v = v(x) is a tensor defined by the relation
d

(gradv(x))w = {—V(xjtww)} , (2.57)

dw w0

for any w € E3. Again, using chain rule, the right-hand side of equation (2.57) becomes

d ov; d(z; ; ov;
{—V(X + ww)] = { vilx + ww) d(z; + ww])] e = vi(x) wje; (2.58)
dw 0 0(z; + ww;) dw 0 0z;
hence, using components,
v,
grad(v(x) = Mei Qe . (2.59)
8@-
In operator form, this leads to the expression
rad = V = i®e- (2.60)
& N B 0:1;2 I .
Example: Consider the function v(x) = ax. Its gradient is
0 d(aur;
gradv = (gf) = gz )e,- ®e; = adje;Re; = ae;®e; =al, (2.61)
since (e; ® €;)v = (v - €;)e; = v;e; = v. Alternatively, using directly the definition,
d
(gradv)w = |—(v+ww) = aw , (2.62)
dw w0

hence grad v = al.
The divergence divv(x) (otherwise denoted as V - v(x)) of a vector function v = v(x) is
a scalar defined as

divv(x) = tr(gradv(x)) , (2.63)
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on, using components,

divv(x) = = ;.

In operator form, one writes

. 0
div = V- = a—gjzel

Example: Consider again the function v(x) = ax. Its divergence is

divv(x) = O(aw:) _ 0w —

o, a@mi ady = 3a.

The divergence div T(x) (otherwise denoted as V - T(x)) of a tensor function T

is a vector defined by the property that
(divT(x))-c = div (T (x))c) ,

for any constant vector ¢ € E3.

Using components,

divT) = div(T"c)
= div[(Tije; ® e;)(crer)]

= div[T};ckdine;]
[

= div Tijciej]

hence,

(2.64)

(2.65)

(2.66)

O

=T (x)

(2.67)

(2.68)

(2.69)
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18 Vector and tensor calculus

In the case of the divergence of a tensor, the operator form becomes

. 0
div = V- = a—xleZ

Finally, the curl curl v(x) of a vector function v(x) is a vector defined as

curlv(x) = V xv(x),

which translates using components to

CUI'IV(X) = <axe,) X (Ujej) = %ei X e; = Te,-jkek = 6Z'jk%ei .
i i i

In operator form, the curl is expressed as

curl = Vx = —e; X .

(2.70)

(2.71)

(2.72)

(2.73)

ME185



Chapter 3

Kinematics of deformation

3.1 Bodies, configurations and motions

Let a continuum body B be defined as a collection of material particles, which, when con-
sidered together, endow the body with local (pointwise) physical properties which are inde-
pendent of its actual size or the time over which they are measured. Also, let a typical such

particle be denoted by P, while an arbitrary subset of B be denoted by S, see Figure 3.1.

Figure 3.1: A body B and its subset S.

Let x be the point in £ occupied by a particle P of the body B at time ¢, and let x be
its associated position vector relative to the origin O of an orthonormal basis in the vector

space E3. Then, define by x : (P,t) € B xR — E? the motion of B, which is a differentiable

mapping, such that
x = X(P.1) = %,(P) . (3.1)

In the above, X, : B — &3 is called the configuration mapping of B at time t. Given ¥,
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20 Bodies, configurations and motions

the body B may be mapped to its configuration R = x,(B,t) with boundary OR at time ¢.
Likewise, any part S C B can be mapped to its configuration P = x,(S,t) with boundary
OP at time t, see Figure 3.2. Clearly, R and P are point sets in £3.

Figure 3.2: Mapping of a body B to its configuration at time t.

The configuration mapping ¥, is assumed to be invertible, which means that, given any
point x € P,
P =x;'(x). (32)

The motion X of the body is assumed to be twice-differentiable in time. Then, one may

define the velocity and acceleration of any particle P at time ¢ according to

_ x() _ Px(Pt)

The mapping x represents the material description of the body motion. This is because
the domain of x consists of the totality of material particles in the body, as well as time. This
description, although mathematically proper, is of limited practical use, because there is no
direct quantitative way of tracking particles of the body. For this reason, two alternative
descriptions of the body motion are introduced below.

Of all configurations in time, select one, say Rg = x(B,to) at a time t = 3, and refer
to it as the reference configuration. The choice of reference configuration may be arbitrary,
although in many practical problems it is guided by the need for mathematical simplicity.
Now, denote the point which P occupies at time t; as X and let this point be associated

with position vector X, namely

X = x(Pto) = Xy(P) - (3-4)
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Kinematics of deformation 21

Thus, one may write
x = x(Pt) = x(xz' (X)) = x(X,1). (3.5)
The mapping x : E? x R — E3, where
x = x(X,t) = x,(X) (3.6)

represents the referential or Lagrangian description of the body motion. In such a descrip-
tion, it is implicit that a reference configuration is provided. The mapping x;, is the placement

of the body relative to its reference configuration, see Figure 3.3.

a
'
\ P
. °
\
\

Ro R

Figure 3.3: Mapping of a body B to its reference configuration at time ty and its current

configuration at time t.

Assume now that the motion of the body B is described with reference to the configuration
Ry defined at time ¢t = ty and let the configuration of B at time ¢ be termed the current
configuration. Also, let {Eq, Es, E3} and {eq, ey, e3} be fixed right-hand orthonormal bases
associated with the reference and current configuration, respectively. With reference to the
preceding bases, one may write the position vectors X and x corresponding to the points

occupied by the particle P at times ¢ty and ¢ as
X = XAEA y X = 1;€;, (37)

respectively. Hence, resolving all relevant vectors to their respective bases, the motion x

may be expressed using components as

xr;,e; = XZ‘(XAEA,t)eZ', (38)
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or, in pure component form,

v = i(Xat) . (3.9)

The velocity and acceleration vectors, expressed in the referential description, take the
form
Ix(X, 1) Px(X,t)

respectively. Likewise, using the orthonormal bases,
vV = Ui(XA,t)ei 4 a = (J,Z'(XA,t)ei . (311)

Scalar, vector and tensor functions can be alternatively expressed using the spatial or
Eulerian description, where the independent variables are the current position vector x and
time ¢. Indeed, starting, by way of an example, with a scalar function f = f(P,t), one may

write
f=FPH = fxi'x),0) = fxt). (3.12)
In analogous fashion, one may write

f=fet) = fxaX).t) = f(X,1). (3.13)

The above two equations can be combined to write

~

f = f(Pt) = f(x,t) = f(X,1). (3.14)
(X, 1) X (x,1)

Figure 3.4: Schematic depiction of referential and spatial mappings for the velocity v.

Any function (not necessarily scalar) of space and time can be written equivalently in

material, referential or spatial form. Focusing specifically on the referential and spatial
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descriptions, it is easily seen that the velocity and acceleration vectors can be equivalently

expressed as
v = v(X,t) = v(x,1) , a = a(X,t) = a(x,t), (3.15)
respectively, see Figure 3.4. In component form, one may write
v = 0;(Xa,t)e; = 0i(xj,t)e; , a = a;(Xa,t)e, = a;(xj,t)e; . (3.16)

Given a function f = f(X, ), define the material time derivative of f as

df (X, 1)

F==5" (3.17)

From the above definition it is clear that the material time derivative of a function is the
rate of change of the function when keeping the referential position X (therefore also the
particle P associated with this position) fixed.

If, alternatively, f is expressed in spatial form, i.e., f = f (x,t), then

h Of (x, 1) 4 Of (x,1) COx(X, 1)
N ot Ox ot
_Of(x,1) | Of(xt)

o T ox Y

= 8f(a>;’ t + gradf- v . (3.18)

/

The first term on the right-hand side of (3.18) is the spatial time derivative of f and corre-
sponds to the rate of change of f for a fized point x in space. The second term is called the
convective rate of change of f and is due to the spatial variation of f and its effect on the
material time derivative as the material particle which occupies the point x at time ¢ tends
to travel away from x with velocity v. A similar expression for the material time derivative
applies for vector functions. Indeed, take, for example, the velocity v = v(x,t) and write
_ ov(x,t) L ov(x,t) ox(X,t)

8\7(8)2 t) 0\7?)}(( t) 4
~—o T Tox Y

_0v(x,1) -
= T (grad v)v . (3.19)

A
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24 Bodies, configurations and motions

A volume/surface/curve which consists of the same material points in all configurations
is termed material. By way of example, consider a surface in three dimensions, which can
be expressed in the form F(X) = 0. This is clearly a material surface, because it contains
the same material particles at all times, since its referential representation is independent
of time. On the other hand, a surface described by the equation F(X,¢) = 0 is generally
non material, because the locus of its points contains different material particles at different
times. This distinction becomes less apparent when a surface is defined in spatial form, i.e.,
by an equation f(x,t) = 0. In this case, one may employ Lagrange’s criterion of materiality,

which states the following:

Lagrange’s criterion of materiality (1783)

A surface described by the equation f(x,t) = 0 is material if, and only if, f = 0.

A sketch of the proof is as follows: if the surface is assumed material, then
fx1) = F(X)=0, (3.20)

hence

fot) = F(X)=0. (3.21)
Conversely, if the criterion holds, then

f(X>t) - f(X(th)>t) = E(X’t) =0, (3'22)

which implies that F' = F(X), hence the surface is material.
A similar analysis applies to curves in Euclidean 3-space. Specifically, a material curve
can be be viewed as the intersection of two material surfaces, say F'(X) =0 and G(X) = 0.

Switching to the spatial description and expressing these surfaces as
F(X) = F(x;'(x)) = f(x,t) =0 (3.23)

and
G(X) = G(x;'(x) = glxt) =0, (3.24)

it follows from Lagrange’s criterion that a curve is material if f = ¢ = 0. It is easy to show

that this is a sufficient, but not a necessary condition for the materiality of a curve.
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Some important definitions regarding the nature of the motion x follow. First, a motion x
is steady at a point x, if the velocity at that point is independent of time. If this is the case
at all points, then v = v(x) and the motion is called steady. If a motion is not steady, then
it is called unsteady. A point x in space where v(x,t) = 0 at all times is called a stagnation
point.

Let x be the motion of body B and fix a particle P, which occupies a point X in the
reference configuration. Subsequently, trace its successive placements as a function of time,

i.e., fix X and consider the one-parameter family of placements
x = x(X,t) , (X fixed) . (3.25)

The resulting parametric equations (with parameter ¢) represent in algebraic form the particle
path of the given particle, see Figure 3.5. Alternatively, one may express the same particle

path in differential form as

dx = v(X,7)dr , x(tp) = X , (X fixed), (3.26)
or, equivalently,
dy = v(y,7)dr , y(t) = x , (xfixed). (3.27)
Ro

Figure 3.5: Particle path of a particle which occupies X in the reference configuration.

Now, let v = v(x,t) be the velocity field at a given time ¢. Define a stream line through x
at time t as the space curve that passes through x and is tangent to the velocity field v at

all of its points, i.e., it is defined according to

dy =v(y,t)dr , y(n) = x , (tfixed) , (3.28)
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26 Bodies, configurations and motions

where 7 is a scalar parameter and 7y some arbitrarily chosen value of 7, see Figure 3.6. Using

components, the preceding definition becomes

dyl dy2 dy3
0 T3 -5 =dr , wi(n)=ax , (ffixed). 3.29
By t) Byt Oy (70) (t fixed) (3.29)

Figure 3.6: Stream line through point x at time t.

The streak line through a point x at time ¢ is defined by the equation
y = x(¢'(x),1), (3.30)
where 7 is a scalar parameter. In differential form, this line can be expressed as
dy = v(y,t)dt , y(r) = x. (3.31)

It is easy to show that the streak line through x at time ¢ is the locus of placements at time ¢
of all particles that have passed or will pass through x. Equation (3.31) can be derived from
(3.30) by noting that v(y,t) is the velocity at time 7 of a particle which at time 7 occupies
the point x, while at time ¢ it occupies the point y.

Note that given a point x at time ¢, then the path of the particle occupying x at ¢ and
the stream line through x at ¢t have a common tangent. Indeed, this is equivalent to stating
that the velocity at time ¢ of the material point associated with X has the same direction
with the velocity of the point that occupies x = x(X,?).

In the case of steady motion, the particle path for any particle occupying x coincides with
the stream line and streak line through x at time ¢. To argue this property, take a stream
line (which is now a fixed curve, since the motion is steady). Consider a material point P
which is on the curve at time ¢. Notice that the velocity of P is always tangent to the stream
line, this its path line coincides with the stream line through x. A similar argument can be

made for streak lines.
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In general, path lines can intersect, since intersection points merely mean that different
particles can occupy the same position at different times. However, stream lines do not inter-
sect, except at points where the velocity vanishes, otherwise the velocity at an intersection
point would have two different directions.

Example: Consider a motion x, such that

xi =x1(Xat) = X
X2 = x2(Xa,t) = Xo+1X5 (3.32)
xs = x3(Xa,t) = —tXo + Xj,

with reference to fixed orthonormal system {e;}. Note that x = X at time ¢t = 0, i.e., the
body occupies the reference configuration at time ¢ = 0.

The inverse mapping x; * is easily obtained as

X1 =x,'(2;) = me™

_ To — tl’g

Xo =G (@) = T (3.83)
_ txs + T3

X =) = T

The velocity field, written in the referential description has components v;(X4,t) =
8Xi(XA,t) e
ot T
01(Xa,t) = Xq€'
U9(Xa,t) = X3 (3.34)
03(Xa,t) = — Xy,

while in the spatial description has components ¥;(x;,t) given by

U1(xj,t) = (e e = 1

5 tro + X3

Ua(xj,t) = Ty (3.35)
N Ty — txg

v3(x;,t) = TR

Note that x = 0 is a stagnation point and, also, that the motion is steady on the x;-axis.
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. . . .o A 82XZ (XA7 t)
The acceleration in the referential description has components a;(X,t) = —
hence,
a1(Xa,t) = Xpe'
as(Xa,t) = (3.36)
d?’(XAa t) =0 )
while in the spatial description the components a;(;,t) are given by
El,l(l'j, t) = T
as(zj,t) =0 (3.37)
dg(l’j, t) =0
O

3.2 The deformation gradient and other measures of
deformation

Consider a body B which occupies its reference configuration Ry at time ¢y and the current
configuration R at time t. Also, let {E4} and {e;} be two fixed right-hand orthonormal
bases associated with the reference and current configuration, respectively.

Recall that the motion x is defined so that x = x (X, ¢) and consider the deformation of an
infinitesimal material line element dX located at the point X of the reference configuration.
This material element is mapped into another infinitesimal line element dx at point x in the
current configuration at time ¢, see Figure 3.7.

It follows from chain rule that

_ | 9x _
dx = {8—){} (X,t)dX = FdX , (3.38)

where F is the deformation gradient tensor, defined as

ox(X,1)
F = S0 (3.39)
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Ro R

Figure 3.7: Mapping of an infinitesimal material line elements dX from the reference to the

current configuration.

Using components, the deformation gradient tensor can be expressed as

8xi(XB, t)

i QEs = Fiae;QE, . 3.40
oX . ST DY A€; Q@ Fiy ( )

It is clear from the above that the deformation gradient is a two-point tensor which has one
“leg” in the reference configuration and the other in the current configuration. It follows
from (3.38) that the deformation gradient F provides the rule by which infinitesimal line
element are mapped from the reference to the current configuration. Using (3.40), one may

rewrite (3.38) in component form as
dIi = iAdXA = Xi,AdXA . (341)

Recall now that the motion x is assumed invertible for fixed ¢. Also, recall the inverse
function theorem of real analysis, which, in the case of the mapping x can be stated as

0
follows: For a fixed time ¢, let x, : Ro — R be continuously differentiable (i.e., IXt exists

0X
0
and is continuous) and consider X € R, such that det 8—>§(X) # 0. Then, there is an open

neighborhood Py of X in Ry and an open neighborhood P of R, such that x,(Py) = P

and ’x, has a continuously differentiable inverse x; ', so that x; (P) = Py, as in Figure 3.8.

-1
Moreover, for any x € P, X = x; '(x) and axgix(x) = (F(X,t))" %

'This means that the derivative of the inverse motion with respect to x is identical to the inverse of the

gradient of the motion with respect to X.
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Ro R

Figure 3.8: Application of the inverse function theorem to the motion x at a fixed time t.

The inverse function theorem states that the mapping x is invertible at a point X for a

w = det F satisfies the condition
J # 0. The condition det J # 0 will be later amended to be det J > 0.

fixed time t, if the Jacobian determinant J = det

Generally, the infinitesimal material line element dX stretches and rotates to dx under
the action of F. To explore this, write dX = MdS and dx = mds, where M and m are unit
vectors (i.e., M- M = m-m = 1) in the direction of dX and dx, respectively and dS > 0
and ds > 0 are the infinitesimal lengths of dX and dx, respectively.

Next, define the stretch X\ of the infinitesimal material line element dX as

ds
g 42
A ds’ (3.42)

and note that

dx = FdX = FMdS
= mds , (3.43)

hence

Am = FM . (3.44)

Since det F # 0, it follows that A # 0 and, in particular, that A > 0, given that m is chosen

to reflect the sense of x. In summary, the preceding arguments imply that A € (0, 00).

To determine the value of A, take the dot-product of each side of (3.44) with itself, which

ME185



Kinematics of deformation 31

leads to

(Am) - (Am) = M(m-m) = \* = (FM) - (FM)
= M - F(FM)
=M. (F'TF)M
—=M-CM, (3.45)

where C is the right Cauchy-Green deformation tensor, defined as
C = F'F (3.46)

or, upon using components,

Cap = FiaFip . (3.47)

Note that, in general C = C(X,t), since F = F(X,t). Also, it is important to observe
that C is defined with respect to the basis in the reference configuration. Further, C is a
symmetric and positive-definite tensor. The latter means that, M - CM > 0 for any M # 0
and M-CM = 0, if, and only if M = 0, both of which follow clear from (3.45). To summarize
the meaning of C, it can be said that, given a direction M in the reference configuration, C
allows the determination of the stretch A of an infinitesimal material line element dX along

M when mapped to the line element dx in the current configuration.

Recall that the inverse function theorem implies that, since det F # 0,

Ix; ' (x)

dX =
ox

dx = Fldx . (3.48)

Then, one may write, in analogy with the preceding derivation of C, that

dX = F'dx = F 'mds
= MdS , (3.49)

hence

M = F'm. (3.50)
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Again, taking the dot-products of each side with itself leads to

(M) (M) = (M- M) = 55 = (Fm) - (F'm)
—m-F7(F 'm)
=M (F'FYm
=m-B'm, (3.51)

where F~7 = (F7 )T = (FT)~! and B is the left Cauchy-Green tensor, defined as
B = FF’ (3.52)

or, using components,

In contrast to C, the tensor B is defined with respect to the basis in the current configu-
ration. Like C, it is easy to establish that the tensor B is symmetric and positive-definite.
To summarize the meaning of B, it can be said that, given a direction m in the current
configuration, B allows the determination of the stretch A\ of an infinitesimal element dx
along m which is mapped from an infinitesimal material line element dX in the reference
configuration.

Consider now the difference in the squares of the lengths of the line elements dX and dx,

namely, ds? — dS? and write this difference as

ds* —dS* = (dx - dx) — (dX - dX)
= (FdX) - (FdX) — (dX - dX)
= dX - FT(FdX) — (dX - dX)
= dX - (CdX) — (dX - dX)

= dX - (C—T1)dX
= dX - 2EdX , (3.54)
where
1 1
E = 5(c -1) = §(FTF 1) (3.55)
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is the (relative) Lagrangian strain tensor. Using components, the preceding equation can be
written as
1

Eap = §(FiAFz'B —04B) , (3.56)

which shows that the Lagrangian strain tensor E is defined with respect to the basis in the
reference configuration. In addition, E is clearly symmetric and satisfies the property that
E = 0 when the body undergoes no deformation between the reference and the current
configuration.

The difference ds? — dS? may be also written as

ds® — dS* = (dx - dx) — (dX - dX)
= (dx - dx) — (F'dx) - (F~'dx)
(dx - dx) — dx - F~HFdx)
= dx - dx — (dx - B~ 'dx)
=dx-(i— B )dx
d

= dX -2edX , (3.57)
where
1
e = 5(1 — B_l) (3.58)

is the (relative) Eulerian strain tensor or Almansi tensor, and i is the identity tensor in the
current configuration. Using components, one may write
1 ~1

€ij = 5(52'1' - Bj;

) . (3.59)
Like E, the tensor e is symmetric and vanishes when there is no deformation between the
current configuration remains undeformed relative to the reference configuration. However,
unlike E, the tensor e is naturally resolved into components on the basis in the current
configuration.

While, in general, the infinitesimal material line element dX is both stretched and rotated
due to F, neither C (or B) nor E (or e) yield any information regarding the rotation of dX.

To extract rotation-related information from F, recall the polar decomposition theorem, which

states that any invertible tensor F' can be uniquely decomposed into

F = RU = VR, (3.60)
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where R is an orthogonal tensor and U,V are symmetric positive-definite tensors. In com-

ponent form, the polar decomposition is expressed as

Fiy = RipUpa = VijR;a . (3.61)

The tensors (R, U) or (R, V) are called the polar factors of F.

Given the polar decomposition theorem, it follows that

C = F'F = (RU)’(RU) = U'R'RU = UU = U? (3.62)

and, likewise,

B = FF' = (VR)(VR)! = VRR'V = VV = V%, (3.63)

The tensors U and V are called the right stretch tensor and the left stretch tensor, respec-
tively. Given their relations to C and B, it is clear that these tensors may be used to deter-
mine the stretch of the infinitesimal material line element dX, which explains their name.
Also, it follows that the component representation of the two tensors is U = UygE4 ® Ep
and V = Vj;e; ®ej, i.e., they are resolved naturally on the bases of the reference and current
configuration, respectively. Also note that the relations U = C'/? and V = B'/2 hold true,

as it is possible to define the square-root of a symmetric positive-definite tensor.

Of interest now is R, which is a two-point tensor, i.e., R = R;se; ® E4. Recalling
equation (3.38), attempt to provide a physical interpretation of the decomposition theorem,
starting from the right polar decomposition F = RU. Using this decomposition, and taking

into account (3.38), write

dx = FdX = (RU)dX = R(UdX) . (3.64)

This suggests that the deformation of dX takes place in two steps. In the first one, dX is
deformed into dX’ = UdX, while in the second one, dX' is further deformed into RdX’ = dx.
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Note that, letting dX' = M'dS’, where M’ - M’ = 1 and dS’ is the magnitude of dX’,
dX'-dX' = (M'dS')- (M'dS") = dS”
= (UdX) - (UdX)
= dX - (CdX)
= (MdS) - (CMdS)
=dS* M- CM
= dS*\? | (3.65)

d
which, since A = é, implies that dS" = ds. Thus, dX’ is stretched to the same differential
length as dx due to the action of U. Subsequently, write

dx-dx = (RdX')- (RdX) = dX'- (R"RdX') = dX'-dX', (3.66)

which confirms that R induces a length-preserving transformation on X’. In conclusion,
F = RU implies that dX is first subjected to a stretch U (possibly accompanied by rotation)
to its final length ds, then is reoriented to its final state dx by R, see Figure 3.9.

dX dX! 4 dx

Figure 3.9: Interpretation of the right polar decomposition.

Turning attention to the left polar decomposition F = VR, note that
dx = FdX = (VR)dX = V(RdX). (3.67)

This, again, implies that the deformation of dX takes place in two steps. Indeed, in the
first one, dX is deformed into dx’ = RdX, while in the second one, dx’ is mapped into

Vdx' = dx. For the first step, note that

dx'-dx' = (RdX)-(RdX) = dX - (R"RdX) = dX-dX, (3.68)
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which means that the mapping from dX to dx’ is length-preserving. For the second step,

write

dx - dx' = dX-dX = dS?
= (Vldx) - (V ldx)
= dx - (B~ 'dx)
= (mds) - (B"'mds)
=ds’m-B 'm

1
= ﬁd$2 , (3.69)

which implies that V induces the full stretch A during the mapping of dx’ to dx.
Thus, the left polar decomposition F = VR means that the infinitesimal material line
element dX is first subjected to a length-preserving transformation, followed by stretching

(with further rotation) to its final state dx, see Figure 3.10.

R %
/\ /_\
A
X i dx

Figure 3.10: Interpretation of the left polar decomposition.

It is conceptually desirable to decompose the deformation gradient into a pure rotation
and a pure stretch (or vice versa). To investigate such an option, consider first the right polar
decomposition of equation (3.66). In this case, for the stretch U to be pure, the infinitesimal

line elements dX and dX’ need to be parallel, namely
dX' = UdX = \dX, (3.70)
or, upon recalling that dX = MdS,

UM = AM. (3.71)
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Equation (3.71) represents a linear eigenvalue problem. The eigenvalues A4 > 0 of (3.71)
are called the principal stretches and the associated eigenvectors M 4 are called the principal

directions. When A4 are distinct, one may write

UM, = )\(A)M(A)
UM = )\(B)M(B), (3.72)

where the parentheses around the subscripts signify that the summation convention is not

in use. Upon premultiplying the preceding two equations with Mpg and M4, respectively,

one gets

Subtracting the two equations from each other leads to
(A) = A)M) - M) = 0, (3.75)

therefore, since, by assumption, A4 # Ap, it follows that
My -Mp = dap, (3.76)

i.e., that the principal directions are mutually orthogonal and that {M;j, My, M3} form an

orthonormal basis on E?.

It turns out that regardless of whether U has distinct or repeated eigenvalues, the classical
spectral representation theorem guarantees that there exists an orthonormal basis M4 of E3

consisting entirely of eigenvectors of U and that, if A4 are the associated eigenvalues,

3
U =3 MayMu ®My) (3.77)
A=1
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Thus,

3 &
C = U = (D MaMu ®Mw)(Q_ MmMe) © M)

A=1 B=1
3

WAB) (M) @ Ma)) (M(p) @ M(5))

|
ij

A=1 B=1
3 3
= A Am) (Ma) - M(p)) (Ma) ® M(5))
A=1 B=1
3
= )\%A)M(A) X M(A) (3.78)
A=1
and, more generally,
3
Uum = Z ATy M4y @ M) (3.79)
A=1

for any integer m.

Now, attempt a reinterpretation of the right polar decomposition, in light of the discussion
of principal stretches and directions. Indeed, when U applies on infinitesimal material line
elements which are aligned with the principal directions M 4, then it subjects them to a pure
stretch. Subsequently, the stretched elements are reoriented to their final direction by the

action of R, see Figure 3.11.

)_> Mo /\Sth/I}3//\2 RM,

AsM3
oM, X
\7 )—> M RM,
A M,

Figure 3.11: Interpretation of the right polar decomposition relative to the principal directions

M 4 and associated principal stretches Ay.

Following an analogous procedure for the left polar decomposition, note for the stretch

V to be pure it is necessary that

dx = Vdx' = \dx (3.80)
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or, recalling that dx’ = RMd.S,

VRM = ARM . (3.81)

This is, again, a linear eigenvalue problem that can be solved for the principal stretches \;
and the (rotated) principal directions m; = RM;. Appealing to the spectral representation

theorem, one may write

3 3
V =) Ag(RMy) ® (RMp) = ) Agmg @myg . (3.82)

i=1 i=1

A reinterpretation of the left polar decomposition can be afforded along the lines of
the earlier corresponding interpretation of the right decomposition. Specifically, here the
infinitesimal material line elements that are aligned with the principal stretches M 4 are first
reoriented by R and subsequently subjected to a pure stretch to their final length by the
action of V| see Figure 3.12.

M;
)}? MQ )\3 RM3 )\2 RM2
M RM >/7

1 3 X
RM,
RM; \{

Figure 3.12: Interpretation of the left polar decomposition relative to the principal directions

RM; and associated principal stretches \;.

Returning to the discussion of the polar factor R, recall that it is an orthogonal tensor.
This, in turn, implies that (det R)? = 1, or det R = £1. An orthogonal tensor R is termed
proper (resp. improper) if det R =1 (resp. det R = —1).

Assuming, for now, that R is proper orthogonal, and invoking elementary properties of

ME185



40 Deformation gradient and other measures of deformation

determinant, it is seen that

R'R = I=R'R - R" =1 - R”

R R - 1I) = -R - D7

=detRTdet(R — I) = —det(R — I)7

=det(R — I) = —det(R — I)

=det(R — I) = 0, (3.83)

so that R has at least one unit eigenvalue. Denote by p a unit eigenvector associated with
the above eigenvalue (there exist two such unit vectors), and consider two unit vectors q
and r = p x q that lie on a plane normal to p. It follows that {p,q,r} form a right-hand

orthonormal basis of E? and, thus, R can be expressed with reference to this basis as
R = R,p®p + Rpyp®q + R,p®r + Rypyq®p + Ra®q + Rypq®r
+ R,r®p + R,r®q + R,ror. (3.84)
Note that, since p is an eigenvector of R,
Rp =p = R,p+ Rypq + R,r = p, (3.85)

which implies that
R, =1, Ry, =R, =0. (3.86)

Moreover, given that R is orthogonal,
R'p=R'p=p= R,p+ Ryq + R,r = p, (3.87)

therefore
R,, = R, = 0. (3.88)

Taking into account (3.86) and (3.88), the orthogonality of R can be expressed as
(P®p + Rya®q + Ryroq + Ryq®r + R,ror)

(po®p + Rpa®q + Ryq®r+ R,r®q + R,r®r)
= pep + q®q + rer. (3.89)
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and, after reducing the terms on the left-hand side,
pop + (R, + Rl )q®q + (R}, + R )r®r
+ (RygRyr + RegRer)a®r + (R Ryy + RyRy)r®q
= pRpP + q®q + rer. (3.90)
The above equation implies that
2 2
R}, + R} =1, (3.91)
R + R, =1, (3.92)
R, Ry + RoyR. = 0, (3.93)
R, R, + RyRy = 0. (3.94)
Equations (3.91) and (3.92) imply that there exist angles 6 and ¢, such that
R, = cos® , R,, = sinf, (3.95)
and
R,, = cos¢ , R, = sing. (3.96)
It follows from (3.93) (or (3.94)) that
cosfsing + sinfcos¢p = sin(p + 6) = 0, (3.97)
thus
¢ = —0 + 2knr  or ¢ =71 — 0 + 2kr, (3.98)

where k is an arbitrary integer. It can be easily seen that the latter choice yields an improper

orthogonal tensor R, thus ¢ = —6 + 2kx, and, consequently,

R,, = cos0 ,
R,, = sinf,
R,.. = cosf,
R, = —sinf.

(3.99)
(3.100)
(3.101)
)

(3.102
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From (3.86), (3.88) and (3.99-3.102), it follows that R can be expressed as
R = p®p + cosf(qRq + r®r) — sinf(q®®r — rxq) . (3.103)

The angle 6 that appears in (3.103) can be geometrically interpreted as follows: let an

arbitrary vector x be written in terms of {p,q,r} as

X = pp + qq + rr, (3.104)
where
p=PpP'X , ¢g=q9'X , r =r-X, (3.105)
and note that
Rx = pp+ (qcosf — rsinf)q + (gsinf + rcosf)r . (3.106)

Equation (3.106) indicates that, under the action of R, the vector x remains unstretched
and it rotates by an angle 6§ around the p-axis, where 6 is assumed positive when directed

from q to r in the sense of the right-hand rule.

\‘\\ :\jpﬁ—“:;’/
T Y 4
I
I
/
A / Rx
b X
/
/
/
/
/
-
r

a
Figure 3.13: Geometric interpretation of the rotation tensor R by its action on a vector X.

The representation (3.103) of a proper orthogonal tensor R is often referred to as the
Rodrigues formula. If R is improper orthogonal, the alternative solution in (3.98 in connec-
tion with the negative unit eigenvalue p implies that, Rx rotates by an angle 6 around the

p-axis and is also reflected relative to the origin of the orthonormal basis {p, q,r}.
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A simple counting check can be now employed to assess the polar decomposition (3.60).
Indeed, F has nine independent components and U (or V) has six independent components.
At the same time, R has three independent components, for instance two of the three
components of the unit eigenvector p and the angle 6.

Example: Consider a motion x defined in component form as

X1 = x1(Xa,t) = (Vacos¥X;) — (vasind) X,
X2 = x2(Xa,t) = (Vasind)X; + (vVacosd) X,
X3 = x3(Xat) = X3,

where a = a(t) > 0 and ¢ = 9J(1).
This is clearly a planar motion, specifically independent of Xs5.

The components F;4 = x; 4 of the deformation gradient can be easily determined as

Vacos?d —y/asind 0

Vasind  J/acost? 0
0 0 1

[Fia] =

This is clearly a spatially homogeneous motion, i.e., the deformation gradient is independent
of X. Further, note that det(F;4) = a > 0, hence the motion is always invertible.

The components C'yg of C and the components U,p of U can be directly determined as

a 0 0
0 a O
001

[Cap] =

and

Also, recall that
CM = \’M ,

which implies that A\; = Ay = y/a and A3 = 1.
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Given that U is known, one may apply the right polar decomposition to determine the

rotation tensor R. Indeed, in this case,

Vacosd —y/asindg 0 ﬁ 0 0 cosd —sind 0
[Ria) = | Vasind /acos? 0 0 ﬁ 0| = | sind cos?d O
0 0 1 0 0 1 0 0 1
Note that this motion yield pure stretch for ¥ = 2kn, where k£ =0,1,2,.. .. U

Example: Sphere under homogeneous deformation

Consider the part of a deformable body which occupies a sphere Py of radius o centered

at the fixed origin O of £3. The equation of the surface P, of the sphere can be written as
Im-1m = 0%, (3.107)

where

I = oM, (3.108)

and M-M = 1. Assume that the body undergoes a spatially homogeneous deformation with
deformation gradient F(¢), so that
7w = FII | (3.109)

where 7r(t) is the image of IT in the current configuration. Recall that Am = FM, where

A(t) is the stretch of a material line element that lies along M in the reference configuration,

Po P
Figure 3.14: Spatially homogeneous deformation of a sphere.

and m(t) is the unit vector in the direction this material line element at time ¢, as in the

figure above. Then, it follows from (3.107) and (3.109) that

T = olm . (3.110)
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Also, since \>’m - B~'m = 1, where B(#) is the left Cauchy-Green deformation tensor,
equation (3.110) leads to
7 -Blr = o*. (3.111)

Recalling the spectral representation theorem, the left Cauchy-Green deformation tensor

can be resolved as

3
B = ) Mym;@m | (3.112)
i=1

where (A2, m;), i = 1,2, 3, are respectively the eigenvalues (squares of the principal stretches)
and the associated eigenvectors (principal directions) of B. In addition, note that m;, i =
1,2, 3, are orthonormal and form a basis of £, therefore the position vector 7 can be
uniquely resolved in this basis as

T = mm; . (3.113)
Starting from equation (3.112), one may write
3
B! = Z A&?m(i) @ myg , (3.114)
i=1
and using (3.113) and (3.114), deduce that
m Bl = \ 7. (3.115)

It is readily seen from (3.115) that

2 2 2

s . ™
¥tutu-
1 2 3

which demonstrates that, under a spatially homogeneous deformation, the spherical region Py
is deformed into an ellipsoid with principal semi-axes of length o); along the principal
directions of B, see Figure 3.15. 0J

Consider now the transformation of an infinitesimal material volume element dV of the
reference configuration to its image dv in the current configuration due to the motion x.
The referential volume element is defined as an infinitesimal parallelepiped with sides dX!,
dX?, and dX3. Likewise, its spatial counterpart is the infinitesimal parallelepiped with sides

dx!, dx?, and dx?, where each dx' is the image of dX’ due to x, see Figure 3.15.
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Figure 3.16: Mapping of an infinitesimal material volume element dV to its image dv in the

current configuration.

First, note that
dV = dX'. (dX?* x dX?) = dX?- (dX® x dX') = dX*. (dX' x dX?), (3.116)

where each of the representation of dV in (3.116) corresponds to the triple product [dX' dX? dX?]
of the vectors dX!,dX? and dX®. Recalling that the triple product satisfies the property
[dX!dX? dX?] = det [[dX}], [dX3], [dX3]], it follows that in the current configuration

dv = dx' - (dx* x dx®)
= (FdX') - ((FdX?) x FdX?))
= det [[FiadX}], [FiadX3], [FiadX}]]
= det [Fia[dX}, dX3, dX3]]
= (det F) det [[dX}], [dX7], [dX7]]
= JdV . (3.117)
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A motion for which dv = dV (i.e. J = 1) for all infinitesimal material volumes dV" at all
times is called isochoric (or volume preserving).

Here, one may argue that if, by convention, dV > 0 (which is true as long as dX', dX?
and dX3 observe the right-hand rule), then the relative orientation of line elements should
be preserved during the motion, i.e., J > 0 everywhere and at all time. Indeed, since the
motion is assumed smooth, any changes in the sign of J would necessarily imply that there
exists a time ¢t at which J = 0 at some material point(s), which would violate the assumption
the assumption of invertibility. Based on the preceding observation, the Jacobian J will be
taken to be positive at all time. Consider next the transformation of an infinitesimal material
surface element dA in the reference configuration to its image da in the current configuration.
The referential surface element is defined as the parallelogram formed by the infinitesimal

material line elements dX' and dX?2, such that
dA = dX' x dX? = NdA, (3.118)

where N is the unit normal to the surface element consistently with the right-hand rule, see

Figure 3.16. Similarly, in the current configuration, one may write
da = dx' x dx* = nda , (3.119)

where n is the corresponding unit normal to the surface element defined by dx! and dx2.

Figure 3.17: Mapping of an infinitesimal material surface element dA to its image da in the

current configuration.

Let dX be any infinitesimal material line element, such that N - dX > 0 and consider

the infinitesimal volumes dV and dv formed by {dX', dX? dX} and {dx', dx?, dx = FdX},
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respectively. It follows from (3.117) that

dv = dx-(dx' x dx*) = dx-nda = (FdX)-nda
= JdV
= JdX - (dX' x dX?) = JdX-NdA , (3.120)

which implies that
(FdX) -nda = JdX -NdA , (3.121)

for any infinitesimal material line element dX. This, in turn, leads to
nda = JF T'NdA . (3.122)

Equation (3.122) is known as Nanson’s formula. Dotting each side in (3.122) with itself and

taking square roots yields
|da| = J+/N-(C7IN)|dA] . (3.123)

As argued in the case of the infinitesimal volume transformations, if an infinitesimal material
line element satisfies dA > 0, then da > 0 everywhere and at all time, since J > 0 and C™!

is positive-definite.

3.3 Velocity gradient and other measures of deforma-

tion rate

In this section, interest is focused to measures of the rate at which deformation occurs in
the continuum. To this end, define the spatial velocity gradient tensor L as

ov
L = dv = — . 124
grad v . (3 )

This tensor is naturally defined relative to the basis {e;} in the current configuration. Next,
recall any such tensor can be uniquely decomposed into a symmetric and a skew-symmetric

part, so that L can be written as
L=D+W, (3.125)

where

D = %(LJFLT) (3.126)
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is the rate-of-deformation tensor, which is symmetric, and

W = %(L — L) (3.127)

is the vorticity (or spin) tensor, which is skew-symmetric.
Consider now the rate of change of the deformation gradient for a fixed particle associated
with point X in the reference configuration. To this end, write the material time derivative

of F as

XD 0 e OV () Ox(X.t)
F‘( X >_8—XX(X’t)_ X T ox ox e B

where use is made of the chain rule. Also, in the above derivation the change in the order

of differentiation between the derivatives with respect to X and t is allowed under the

0?x

0Xot
Given (3.128), one may express with the aid of the product rule the rate of change of the

1S continuous.

assumption that the mixed second derivative

right Cauchy-Green deformation tensor C for a fixed particle X as

C =FTF = F'F+F'F = (LF)"F+F'(LF) = F' (LY +L)F = 2F"DF . (3.129)

Likewise, for the left Cauchy-Green deformation tensor, one may write

B =FF?T = FF’ + FF’ = (LF)F’ + F(LF)” = LB+ BL” . (3.130)

Similar results may be readily obtained for the rates of the Lagrangian and Eulerian strain

measures. Specifically, it can be shown that

E = F'DF (3.131)
and
1
e = 5(B—1L+LTB—1). (3.132)

Proceed now to discuss physical interpretations for the rate tensors D and W. Starting from

(3.44), take the material time derivatives of both sides to obtain the relation

Am + \m = FM + FM
=LFM = L(Am) = ALm . (3.133)
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Note that M = 0, since M is a fixed vector in the fixed reference configuration, hence does

not vary with time. Upon taking the dot-product of each side with m, it follows that
An-m+Am-m = ALm)-m . (3.134)

However, since m is a unit vector, it follows that m - m = 0, so that the preceding equation
simplifies to

A = Am-Lm . (3.135)

Further, since the skew-symmetric part W of L satisfies
m-Wm = m-(-W/ )m = —m-Wm, (3.136)
hence m - Wm = 0, one may rewrite (3.135) as
A = Am-Dm (3.137)

or, alternatively, as

InA = m-Dm = D-(m®m) . (3.138)

Thus, the tensor D fully determines the material time derivative of the logarithmic stretch
In A for a material line element along a direction m in the current configuration.

Before proceeding with the geometric interpretation of W, some preliminary development
on skew-symmetric tensors is required. First, note that any skew-symmetric tensor in E3,
such as W, has only only three independent components. This suggests that there exists a
one-to-one correspondence between skew-symmetric tensors and vectors in £2. To establish

this correspondence, observe that
1 T
W = §(W—W ), (3.139)
so that, when operating on any vector z € E3,

1
Wz = §VVZ](GZ X €, —€; X e,-)z

- %Wij[(z -ej)e; — (z- e)ej] . (3.140)
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Recalling the standard identity u x (v x w) = (u-w)v — (v - u)w, the preceding equation

can be rewritten as

1
Wz = §VVZ][Z X (ei X e])]

=~ JWillesx e) x2

= SWil(e: x ) x 4

= {(%Wjiei) X ej]} X 7

— WXz, (3.141)
where the vector w is defined as

w = lVle-ei X €, (3.142)

%

and is called the azial vector of the skew-symmetric tensor W. Using components, one may

represent W in terms of w and vice-versa. Specifically, starting from (3.142),

1
W = wier = §VV]ZGZ ><ej = §Wji€ijkek, (3143)
hence,
1

Conversely, starting from (3.141),

VVZ‘]'Z]'GZ‘ = 6k W;ZL€; = €k WEZ;€; , (3145)

so that

VVZ" = €W = €Wy - (3146)

The above relations apply to any skew-symmetric tensor. If W is specifically the vorticity
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tensor, then the associated axial vector satisfies the relation

1
w = E(Uj’i — ’Ui,j)ei X €;
1
= Z(Uj,i - Ui,j)eijkek
1
= i(eijkvy’,i — €ijkVi ;)€
1
= Z(eijkvj,i y 6jik'Ui,j)ek
= §eijkvj,z‘ek
1
=3 curlv . (3.147)

In this case, the axial vector w is called the vorticity vector. Also, a motion is termed
irrotational if W = 0 (or, equivalently, w = 0).

Let w = w(x, t) be the vorticity vector field at a given time ¢. The vortez line through x
at time t is the space curve that passes through x and is tangent to the vorticity vector field

w at all of its points, hence is defined as
dy =w(y,t)dr , y(n) = x , (tfixed) . (3.148)

For an irrotational motion, any line passing through x at time ¢ is a vortex line.
Returning to the geometric interpretation of W, take m to be a unit vector that lies

along a principal direction of D in the current configuration, namely
(D—~i)m = 0. (3.149)

It follows from (3.149) that

= In A, (3.150)

(Dm) - m = ym-m = v =

> >0

i.e., the eigenvalues of D are equal to the material time derivatives of the logarithmic stretches
In A of line elements along the eigendirections m in the current configuration.
Recalling the identity (3.133), write

. A A,
m = Lm—xm = (L—X1>m

:<D—%>m+Wm, (3.151)
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which holds for any direction m in the current configuration. Setting in the above equation
m = m, it follows that
m = Wm = wxm. (3.152)

Therefore, the material time derivative of a unit vector m along a principal direction of D
is determined by (3.152). Recalling from rigid-body dynamics the formula relating linear to
angular velocities, one may conclude that w plays the role of the angular velocity of a line

element which, in the current configuration, lies along the principal direction m of D.

3.4 Superposed rigid-body motions

A rigid motion is one in which the distance between any two material points remains constant
at all times. Denoting by X and Y the position vectors of two material points on the fixed

reference configuration, define the distance function as
dX,Y) = X-Y]. (3.153)
According to the preceding definition, a motion is rigid if, for any points X and Y,
d(X,Y) = d(x(X,t),x(Y,1)) = d(x,y), (3.154)

for all times t.
Now, introduce the notion of a superposed rigid-body motion. To this end, take a motion
x of body B such that, as usual, x = x(X,¢). Then, let another motion x* be defined for
B, such that
xt = xT(X,t), (3.155)

so that x and x* differ by a rigid-body motion. Then, with reference to Figure 3.18, one

may write
xt = x"(X,t) = x*(x;'(%),1) = x*(x1). (3.156)
Said differently,
xt = x(X) = x/(x) = x/ (x:,(X)) (3.157)
or, equivalently,
Xi = X/ oX: - (3.158)
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Figure 3.18: Configurations associated with motions x and x* differing by a superposed rigid

motion xT.

Clearly, the superposed motion x*(x,t) is invertible for fixed ¢, since x* is assumed invert-
ible for fixed t¢.
Similarly, take a second point Y in the reference configuration, so that y = x(Y,¢) and

write
yh = x"(Y) = xTa ).t = Xy, 1) (3.159)
Recalling that R and R™ differ only by a rigid transformation, one may conclude that
(x-y) (x-y) =x"—y") -x"=-y")
= Xt - x . 0] XFFx ) - xT(y.1)] (3.160)

for all x, y in the region R at time t. Since x and y are chosen independently, one may

differentiate equation (3.160) first with respect to x to get

xoy = |22 e - xt 0 3.161)

Then, equation (3.161) may be differentiated with respect to y, which leads to

. [oxtx )] [oxt (v, )
= . 3.162
X { ox Jy ( )
Since the motion x ™ is invertible, equation (3.162) can be equivalently written as
ox (x0)1" _ [oxT(y.0)]"
7 = | = ) 3.163
{ ox oy ( )
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Then, the left- and right-hand side should be necessarily functions of time only, hence

oxx0]" _ [oxr ] _ o
= = t) . 164
R 2 Q" (1) (3.164
X' (x,t) _ Ox"(y.1)
0x N oy
that QT(¢)Q(t) = 1, i.e., Q(¢) is an orthogonal tensor. Further, note that using the chain

Since equation (3.164) implies that = Q(t), it follows immediately

rule the deformation gradient F* of the motion x* is written as

Xt oxox

+ _
F 90X ox X

= QF . (3.165)

Since, by assumption, both motions x and x* lead to deformation gradients with positive
Jacobians, equation (3.165) implies that det@Q > 0, hence detQ = 1 and Q is proper
orthogonal.
Since Q is a function of time only, equation (3.164); can be directly integrated with
respect to x, leading to
xt = xT(x,t) = Q(t)x+c(t), (3.166)

where c(t) is a vector function of time. Equation (3.166) is the general form of the superposed
rigid motion x on the original motion x.
Given (3.165)3 and recalling the right polar decomposition of F, write
Ft = R"U"
=QF = QRU,

(3.167)

where R, R™ are proper orthogonal tensors and U, U" are symmetric positive-definite

tensors. Since, clearly,
(QR)"(QR) = (R"Q")(QR) = R"(Q"QR = R'R =1 (3.168)

and also det (QR) = (det Q)(det R) = 1, therefore QR is proper orthogonal, the uniqueness

of the polar decomposition, in conjunction with (3.167), necessitates that
R" = QR (3.169)

and

Ut = U. (3.170)
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Similarly, the left decomposition of F yields

Ft = VIRT = V/(QR)
= QF = Q(VR),

which implies that
VT(QR) = Q(VR),

hence,

vt = QvQ” .

It follows readily from (3.165)3 that

Ct = F"'F' = (QF)"(QF) = (F'Q")(QF) = F'F = C

. B' = F'F" = (QF)(QF)" = (QF)(F'Q") = QBQ".
Likewise,
Et = %(c+—1) - %(C—I) - E
and
e = SI-B") = S[I-(QBQ"))
- Ja-Q7BQY)

- L1-QBQ")
- Qu-B)Q"
= QeQ’ .

(3.171)

(3.172)

(3.173)

(3.174)

(3.175)

(3.176)

(3.177)

A vector or tensor is called objective if it transforms under superposed rigid motions

in the same manner as its natural basis. Physically, this means that the components of

an objective tensor relative to its basis are unchanged if both the tensor and its natural

basis are transformed due to a rigid motion superposed to the original motion. Specifically,

a referential tensor is objective when it does not change under superposed rigid motions,
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since its natural basis {E4 ® Ep} remains untransformed under superposed rigid motions,
as the latter do not affect the reference configuration. Hence, referential tensors such as
C, U and E are objective. Correspondingly a spatial tensor is objective if it transforms
according to (-)¥ = Q(-)QT. This is because its tensor basis {e; ® e;} transforms as
{(Qei) @ (Qe;)} = Q{e; ® e;}QT. Hence, spatial tensors such as B, V and e are objective.
It is easy to deduce that two-point tensors are objective if they transform as (-)* = Q(-) or
()" = (-)Q" depending on whether the first or second leg of the tensor lies in the current
configuration, respectively. Analogous conclusions may be drawn for vectors, which, when
objective, remain untransformed if they are referential or transform as (-)™ = Q( ) if they
are spatial.

Examine next the transformation of the velocity vector v under a superposed rigid-body

motion. In this case

v =x"(X,t)

=+ -

—x (1) = [QOx+c@)] = Qt)x+ Qv + &(t) . (3.178)

Since QQT =1,

QQT = QQ"+QQ" = 0. (3.179)
Setting
Q) = QM1Q"(t) , (3.180)

it follows from (3.179) that €2 is skew-symmetric, hence there exists an axial vector w such
that Qz = w x z, for any z € E3. Returning to (3.178), write, with the aid of (3.166) and
(3.180),

vi = QQ(H)x+Qt)v+e¢(t) = QxT —ct)) + Q(t)v +¢(t) . (3.181)
Invoking the definition of the axial vector w, one may rewrite (3.181) as
vi = wx (xt —c)+Qv+ec. (3.182)

Equation (3.181) reveals that the velocity is not an objective vector.
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Next, examine how the various tensorial measures of deformation rate transform under

superposed rigid motions. Starting with the spatial velocity gradient, write
ov™ 0
+ _ + :
o(Qv)
=
+ ox+t

2(Qv) ox

ox O0x*t

ov 0
a—;aX—JF[QT(XJF —c)]

= Q+QLQ", (3.183)

= Q4

- Q+Q

where use is made of (3.181), the definition of L and the chain rule. It follows from (3.183)

that L is not objective. Also, the rate-of-deformation tensor D transforms according to

1
D+ — §(L+_|_L+T)

= 2(@+QLQ") + 52+ QLQT)
1

= 5(Q + Q7)) + Q%(L +LNQT

= QDQ", (3.184)
which implies that D is objective. Turning to the vorticity tensor W, one may write
+ Loos +T
W' = §(L —L7)

- S(@+QLQ7) - (@ +QLa’)’

1 1
= S(2-07)+Q (L -1)Q
= Q+QWQ", (3.185)
from where it is seen that W is not objective.
Objectivity conclusions can be drawn for other kinematic quantities of interest by appeal-
ing to results already in place. For instance, infinitesimal material line elements transform

as

dx" = FrdX = (QF)dX = Q(FdX) = Qdx, (3.186)
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hence dx is objective. Similarly, infinitesimal material volume elements transform as
dvt = JTdV =det(QF)dV = (det Q)(det F)dV = (detF)dV = JdV = dv, (3.187)
hence dv is an objective scalar quantity. For infinitesimal material area elements, write

dat =n'dat = JTFtTNdA
= J(QF) 'NdA = J(Q 'F')NdA = JQF '"NdA = Qnda = Qda,
(3.188)

hence the vector da is objective. Now, taking the dot-product of each side of (3.188) with
itself yields
(ntda*) - (nTda™) = (Qnda) - (Qnda) , (3.189)

therefore (da™)? = da?, hence also da™ = da (as long as da is taken positive from the outset)
and nT = Qn.
In closing, note that the superposed rigid motion operation (-)* commutes with the

transposition (-)7, inversion (+)~! and material time derivative (- ) operations.
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Chapter 4

Basic physical principles

4.1 The divergence and Stokes’ theorems

By way of background, first review the divergence theorem for scalar, vector and tensor

functions. To this end, let P be a bounded closed region with smooth boundary 0P in the

Euclidean point space £3. Recall that P is bounded if it can be enclosed by a sphere of

finite radius, closed if it contains its boundary and smooth if the normal n to its boundary

is uniquely defined at all boundary points.

Next, define a scalar function ¢ : P — R, a vector function v : P — E3, and a tensor

function T : P — L(E?, E?). All three functions are assumed continuously differentiable.

Then, the gradients of ¢ and v satisfy

/gradédv = / onda ,
P oP

and

/gradvdv = / v®nda .
P oP

In addition, the divergences of v and T satisfy

/divvdv = / v-nda ,
P P
/diVTdU = / Tn da .
P oP
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62 The divergence and Stokes’ theorems

Equation (4.3) expresses the classical divergence theorem. The other three identities can be
derived from this theorem. Indeed, the identity (4.4) can be derived by dotting the left-hand
side by a constant vector ¢ and using (4.3) and the definition of the divergence of a tensor.

This leads to

/didev-c = /divT-cdv = /diV(TTC)dU = / (T"c¢)-nda
P P P apP
= / (Tn)-cda = / Tnda-c. (4.5)
oP oP

Since c¢ is chosen arbitrarily, equation (4.4) follows immediately. Equation (4.1) can be

deduced from (4.4) by setting T = ¢I, in which case, for any constant vector c,
/ div(¢I)dv-c = / div(¢c)dv = / trgrad(¢c) dv = / tr(c ® grad ¢) dv
P P P P

= /grad¢-cdv = /grad¢dv~c = /grad¢dv-c
P P P

which, again due to the arbitrariness of ¢, implies (4.1). Lastly, (4.2) is obtained from (4.1)

by taking any constant ¢ and writing

[/Pgradvdvrc _ /P(gl"adv)Tcdv _ /Pgrad(v~c)du
— /BP(v.c)nda = /ap(n®v)cda = [/ap(n(gv)da}c’ (4.7)

which proves the identity.

Consider a closed non-intersecting curve C which is parametrized by a scalar 7, 0 < 7 < 1,
so that the position vector of a typical point on C is c(7). Also, let A be an open surface
bounded by C, see Figure 4.1. Clearly, any point on A possesses two equal and opposite
unit vectors, each pointing outward to one of the two sides of the surface. To eliminate the
ambiguity, choose one of the sides of the surface and denote its outward unit normal by n.
This side is chosen so that ¢(7) X ¢(7 + dr) points toward it, for any 7 € [0,1). If now v is

a continuously differentiable vector field, then Stokes’ theorem states that

/curlv-ndA = /v~dx. (4.8)
A c
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This integral on the right-hand side of (4.8) is called the circulation of the vector field v
around C. The circulation is the (infinite) sum of the tangential components of v along C. If
v is identified as the spatial velocity field, then Stokes’ theorem states that the circulation of
the velocity around C equals to twice the integral of the normal component of the vorticity

vector on any open surface that is bounded by C.

C

Figure 4.1: A surface A bounded by the curve C.

4.2 The Reynolds’ transport theorem

Let P be a closed and bounded region in £2 with smooth boundary 9P and assume that the
particles which occupy this region at time ¢ occupy a closed and bounded region P, with

smooth boundary 0P,y at another time ¢y, see Figure 4.2.

X
E—

Do

Ro R

IR, OR

Figure 4.2: A region P with boundary OP and its image Py with boundary 0Py in the reference

configuration.

Further, let a scalar field ¢ be defined by a referential function ngS or a spatial function ¢,

such that
¢ = &(Xat) = Q;(Xa t)' (49)
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Both 95 and 95 are assumed continuously differentiable in both of their variables. In the

forthcoming discussion of balance laws, it is important to be able to manipulate integrals of

the form

d ~

il d 4.10

ﬁA¢v, (4.10)
namely, material time derivatives of volume integrals defined in some subset of the current
configuration.

d d

Example: Consider the integral in (4.10) for ¢ = 1. Here, %/ dv = %Vol{(P)}, which
- P

is the rate of change at time ¢ of the total volume of the region occupied by the material
particles that at time ¢ occupy P. O

In evaluating (4.10), one first notes that the differentiation and integration operations
cannot be directly interchanged, because the region P over which the integral is evaluated
is itself a function of time. Therefore, one needs to first map the integral to the (fixed)
reference configuration, interchange the differentiation and integration operations, evaluate
the derivative of the integrand, and then map the integral back to the current configuration.

Taking this approach leads to

@ pdv = 4 bJ dV (pull-back to Pp)
dt Jp dt Jp,
—/ i[QAﬁJ]dV (interchan 4 nd/)
= ) erchange — a
99 0.
= —J+o—| dV
|55
= / (¢ + ¢J divv)dV (J = Jdivv)
Po
= / (¢ + ¢ divv)JdV
Po
= /(qﬁl—q@divv) dv (push-forward to P) . (4.11)
P

This result is known as the Reynolds’ transport theorem. Note that the theorem applies also
to vector and tensor functions without any modifications.

To interpret the Reynolds’ transport theorem, note that the left-hand side of (4.11) is
the rate of change of the integral of ¢ over the region P, when following the set of particles

that happen to occupy P at time t. The right-hand side of (4.11) consists of the sum of two
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terms. The first one is the integral of the rate of change of ¢ for all particles that happen to
occupy P at time t. The second one is due to the rate of change of the volume occupied by

the same particles assuming that <Z; remains constant in time for those particles.

The Reynolds’ transport theorem can be restated in a number of equivalent forms. To

this end, write with the aid of the divergence theorem (4.3),

d [ -~ - .
E/Pgbdv = /P(QS—I—QSdlvv)dv

[ ]od 9 .
_/P 8t+8x V—|—<Z>d1VV] dv

e -

= /73 BT +div(¢pv) | dv

= 9 dv + ov-nda . (4.12)
p Ot oP

An alternative interpretation of the theorem is now in order. Here, the right-hand side of
(4.12) consists of the sum of two terms. The first term is the integral of the rate of change
of ¢ at time ¢ for all points that form the fixed region P. The second term is the rate at
which the volume of P weighted by ¢ changes as particles exit P across OP.

Example: Consider again the special case ng(x, t) = 1, which corresponds to the transport of

volume. Here,

4 dv = /divvdv = / v-nda . (4.13)
dt Jp P ap

This means that the rate of change of the volume occupied by the same material particles
equals the boundary integral of the normal component of the velocity v - n of 9P, i.e., the

rate at which the volume of P changes as the particles exit across the boundary 0P of the

fixed region P which equals to P at time ¢. U
‘ 09 o[-, . 99,
Starting from (4.12), note that [ — dv = — [ ¢dv, since — is the rate of change of ¢
p Ot ot Jp ot

for fixed position in space (hence, P is also fixed in space). Therefore, one may alternatively

express (4.12) as

d ~ 0 ~ -
%/Pgbdv = E/Pgbdvjt apqﬁv-nda. (4.14)
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4.3 The localization theorem

Another important result with implications in the study of balance laws is presented here by
way of background. Let ¢ : R x R — R be a function such that ¢ = gzNS(x, t), where R C E3.

Also, let é be continuous function in the spatial argument. Then, assume that

/édv =0, (4.15)
P

for all P C R at a given time t. The localization theorem states that this is true if, and only
if, ¢ = 0 everywhere in R at time ¢.

To prove this result, first note that the “if” portion of the theorem is straightforward,
since, if ¢ = 0 in R, then (4.15) holds trivially true for any subset P of R. To prove the
converse, note that continuity of 95 in the spatial argument x at a point x; € R means that

for any time ¢t and every € > 0, there is a § = §(¢) > 0, such that

|6(x, 1) — ¢(x0, )| < €, (4.16)
provided that
Ix —x0)| < d(e) . (4.17)
Now proceed by contradiction: assume that there exists a point xy € R, such that, at any
fixed time t, QNS(xo,t) = ¢9 > 0. Then, invoking continuity of qz~5, there exists a § = 5(%),
such that

56, 1) — B, 1)) = 190e0) — dnl < 2 (118)
whenever
Ix —x0)| < 5(%). (4.19)

Now, define the region Ps that consists of all points of R for which |x — xo| < 0 (%) This

is a sphere of radius ¢ in £* with volume vol(P;) = / dv > 0. It follows from (4.18) that
Ps

o(x,t) > % everywhere in Ps. This, in turn, implies that

ddv > %o dv = %o vol(Ps) > 0, (4.20)
Ps Ps 2 2
which constitutes a contradiction. Therefore, the localization theorem holds.

The localization theorem can be also proved with ease for vector and tensor functions.
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4.4 Mass and mass density

Consider a body B and take any arbitrary part S C B. Define a set function m : § — R
with the following properties:

(i) m(S) >0, for all S C B (i.e., m non-negative)
(i) m(0) = 0.

(ili) m(U2,S;) Zm ), where §; € B,i=1,2,...,and §;NS; =0, if i # j (i.e., m

countably addltlve)

A function m with the preceding properties is called a measure on B. Assume here that
there exists such a measure m and refer to m(B) as the mass of body B and m(S) as the
mass of the part § of B. In other words, consider the body as a set of particles with positive
mass.

Recall now that at time t the body B occupies a region R C £% and the part S occupies a
region P. Assuming that m is an absolutely continuous measure, it can be established that

there exists a unique function p = p(x,t), such that, for any function f = f(P,t) = f(x,1),

/dem = /prdv (4.21)
/Sfdm = /prdv. (4.22)

The function p > 0 is termed the mass density. Its existence is a direct consequence of a

one may write

and

classical result in measure theory, known as the Radon-Nikodym theorem.

As a special case, one may consider the function f = 1, so that (4.21) and (4.22) reduce

/B dm = /R pdv — m(B) (4.23)

/S dm - /P pdv = m(S) . (4.24)
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The mass density of a particle P occupying point x in the current configuration may be

defined by a limiting process as
m(S(;)

P = 51—r>r(lJ VOI(P(s) ’
where Ps C £2 denotes a sphere of radius 6 > 0 centered at x and S; the part of the body

(4.25)

that occupies Ps at time t, see Figure 4.3.

| - \ \ 5
\ | / |
\ ~_ -7 !

\\ 86 // 736
~~.__--7 B R

Figure 4.3: A limiting process used to define the mass density p at a point x in the current

configuration.

An analogous definition of mass density can be furnished in the reference configuration,
where, for any function f = f(P,t) = f(X,1),
/fdm = fpodV (4.26)
B

Ro

and

/fdm = fpdv . (4.27)
S

Po
Here, the mass density po = po(X,t) in the reference configuration may be again defined by

a limiting process, such that at a given point X,

Po = lim m(Sé)

o 4.2
5—0 vol(Pos) (4.28)

where Py s C £ denotes a sphere of radius § > 0 centered at X and Ss the part of the body

that occupies Py s at time ty. Also, as in the spatial case, one may write

/Bdm = /RO podV = m(B) (4.29)
and
/Sdm = /POpOdV = m(S) . (4.30)

The continuum hypothesis is crucial in establishing the existence of p and py.
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4.5 The principle of mass conservation

The principle of mass conservation states that the mass of any material part of the body

remains constant at all times, namely that

d
— = 4.31
ZmUS) =0 (4.31)
or, upon recalling (4.24),
d
— dv = 0. 4.32
i ), (4.32)

The preceding is an integral form of the principle of mass conservation in the spatial descrip-

tion. Using the Reynolds’ transport theorem, the above equation may be written as

/[P—l—pdivv] dv = 0. (4.33)
P

Assuming that the integrand in (4.33) is continuous and recalling that S (hence, also P) is

arbitrary, it follows from the localization theorem that
p+pdivy = 0. (4.34)

Equation (4.34) constitutes the local form of the principle of mass conservation in the spatial

description.’ It can be readily rewritten as

dp  Op . B
E—l-a—x-v—{—pdlvv =0 (4.35)
hence, also as
dp .
% +div(pv) = 0. (4.36)

Example: In a volume-preserving flow of a material with uniform density, conservation of

9,
mass reduces to a—'z = 0. Hence, recalling (4.14), one may write

d op
— [ pdv = —dv+/ pv-nda = / pv-nda . (4.37)
dt Jp p Ot oP oP

O

I This is also sometimes referred to as the “continuity” equation, with reference to the continuity of fluid

flow in a control volume P.
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An alternative form of the mass conservation principle can be obtained by recalling

equations (4.24) and (4.30), from which it follows that

m(S) = /P,odv - /P podV . (4.38)

Recalling also (3.117), one concludes that

/ pJ dV = / podV . (4.39)
Po Po

This is an integral form of the principle of mass conservation in referential description. From

it, one finds that
/ (pJ —po)dV = 0. (4.40)
Po

Taking into account the arbitrariness of Py, the localization theorem may be invoked to yield

a local form of mass conservation in referential description as

po = pJ . (4.41)

4.6 The principles of linear and angular momentum

balance

Once mass conservation is established, the principles of linear and angular momentum are
postulated to describe the motion of continua. These two principles originate from the work
of Newton and Euler.

By way of background, review Newton’s three laws of motion, as postulate for particles in
1687. The first law says that a particle stays at rest or continues at constant velocity unless
an external force acts on it. The second law says that the total external force on a particle is
proportional to the rate of change of the momentum of the particle. The third law says that
every action has an equal and opposite reaction. As Euler recognized, Newton’s three laws
of motion, while sufficient for the analysis of particles, are not strictly appropriate for the
study of rigid and deformable continua. Rather, he postulate a linear momentum balance
law (akin to Newton’s second law) and an angular momentum balance law. The latter can

be easily motivated from the analysis of systems of particles.
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To formulate Euler’s two balance laws, first define the linear momentum of the part of
the body that occupies the infinitesimal volume element dv at time ¢ as dmv, where dm is
the mass of dv. Also, define the angular momentum of the same part relative to the origin
of the fixed basis {e;} as x x (dmv), where x is the position vector associated with the
infinitesimal volume element. Similarly, define the linear and angular momenta of the part
S which occupies a region P at time ¢ as [ s Vdm and /. s X X vdm, respectively.

Next, admit the existence of two types of external forces acting on B at any time t.
There are: (a) body forces per unit mass (e.g., gravitational, magnetic) b = b(x,t) which
act on the particles which comprise the continuum, and (b) contact forces per unit area
t = t(x,t;n) = ty)(x,t), which act on the particles which lie on boundary surfaces and
depend on the orientation of the surface on which they act through the outward unit normal
n to the surface. The force ty) is alternatively referred to as the stress vector or the traction
vector.

The principle of linear momentum balance states that the rate of change of linear mo-
mentum for any region P occupied at time ¢ by a part S of the body equals the total external

forces acting on this part. In mathematical terms, this means that

d
— [ vdm = /bdm+/ tm) da (4.42)
dt Js s op
or, equivalently,
d
— | pvdv = /pbdv+/ tm) da . (4.43)
dt Jp P oP

Using conservation of mass, the left-hand side of the equation can be written as

% vadv = /P%(pv)dij/P(pv)divvdv
= /(pv+p\'/)dv+/(pv)divvdv
P P
= /[(p'+pdivv)v+p\'f]dv
P
= /padv, (4.44)
P

hence, the principle of linear momentum balance can be also expressed as

/padv = /pbdv+/ tn) da . (4.45)
P P oP
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The principle of angular momentum balance states that the rate of change of angular
momentum for any region P occupied at t by a part S of the body equals the moment of all

external forces acting on this part. Again, this principle can be expressed mathematically as

d
— [ xxvdm = /xxbdm+/ X X tm)da (4.46)
dt Js S oP
or, equivalently,
d
— [ xxpvdy = [ xxpbdv+ [ XXty da. (4.47)
dt Jp P op

Again, appealing to conservation of mass, one may easily rewrite the term on the left-hand
side of (4.47) as

% 7)Xx,ovolv = /P{%(xxpv)—l—(xxpv)divv} dv

= /{[Xxpv+xxpv+x><p\'f]—|—(x><pvdivv)}dv
P

= /{xx(p’+pdivv)v—|—xxpa} dv
P

= /xxpadv. (4.48)
P

As a result, the principle of angular momentum balance may be also written as

/XXpadv = /xprdv+/ X X t(n da . (4.49)
P P oP

The preceding two balance laws are also referred to as Fuler’s laws. They are termed
“balance” laws because they postulate that there exists a balance between external forces
(and their moments) and the rate of change of linear (and angular) momentum. Euler’s laws
are independent axioms in continuum mechanics.

In the special case where b = 0 in P and t(,) = 0 on JP, then equations (4.43) and
(4.47) readily imply that the linear and the angular momentum are conserved quantities in P.
Another commonly encountered special case is when the velocity v vanishes identically. In
this case, equations (4.43) and (4.47) imply that the sum of all external forces and the some
of all external moments vanish, which gives rise to the classical equilibrium equations of

statics.
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4.7 Stress vector and stress tensor

As in the case of mass balance, it is desirable to obtain local forms of linear and angular
momentum balance. Recalling the corresponding integral statements (4.43) and (4.47), it
is clear that the Reynolds’ transport theorem may be employed in the rate of change of
momentum terms to yield volume integrals, while the body force terms are already in the
form of volume integral. Therefore, in order to apply the localization theorem, it is essential
that the contact form terms (presently written as surface integrals) be transformed into

equivalent volume integral terms.

n =n no P2

JP oP! op"

Figure 4.4: Setting for a derivation of Cauchy’s lemma.

By way of background, consider some properties of the traction vector t(,). To this end,
take an arbitrary region P C R and divide it into two mutually disjoint subregions P; and
P, by means of an arbitrary smooth surface o, namely P = P; U P, and P; NPy = (), see
Figure 4.4. Also, note that the boundaries 9P, and 0P, of P; and P, , respectively, can be
expressed as OP; = 0P’ Uo and 0P, = OP” Uo. Now, enforce linear momentum balance

separately in P; and P, to find that

4 pvdy = / pbdv—i—/ t(n) da (4.50)
dt Jp, Pr oy

and
d
— [ pvdv = / pbdv—i—/ tm) da (4.51)
dt P2 P2 OP2

Subsequently, add the two equations together to find that

d
— pvdv = / pb dv +/ tm) da (4.52)
dt P1UP2 P1UP2 OP1UIP:
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or
d
— [ pvdv = /pbdv+/ twm) da . (4.53)
dt Jp P 8P1UAP,
Further, enforce linear momentum balance on the union of P; and P, to find that
d
— | pvdv = / pbdv +/ tm) da . (4.54)
dt Jp P op
Subtracting (4.54) from (4.53) leads to
/ t(n) da = / t(n) da . (4.55)
OP1UIP2 oP
Recalling the decomposition of 0P; and 9P,, the preceding equation may be also expressed
as
/ t(n) dCL+/ t(n) da = / t(n) da (456)
oP'Uo P U oP
or
/ tm) da+/t(n1)da+/t(n2)da = / tm) da , (4.57)
PP o o oP
so, finally,

/t(nl)da—i-/t(m) da = 0, (4.58)

which can be also written as

/t(n) da+/t(_n) da = 0. (4.59)

Since o is an arbitrary surface, assuming that t depends continuously on n and x along o,

the localization theorem yields the condition
tm) +tn = 0. (4.60)

This result is called Cauchy’s lemma on ty). It states that the stress vectors acting at x on

opposite sides of the same smooth surface are equal and opposite, namely that
t(x,t;n) = —t(x,t;—n) . (4.61)

It is important to recognize here that in continuum mechanics Cauchy’s lemma is not a
principle. Rather, it is derivable from linear momentum balance, as above. This is in stark

contrast with particle mechanics, where action-reaction is a principle, also known as Newton’s
Third Law.
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At this stage, consider the following problem, originally conceived by Cauchy: take a
tetrahedral region P C R, such that three edges are parallel to the axes of {e;} and meet
at a point x, as in Figure 4.5. Let o; be the face with unit outward normal —e;, and oy the
(inclined) face with outward unit normal n. Denote by A the area of gy, so that the area

vector ndA can be resolved as
nA = (nleZ)A = Aniei = Aiei, (462)

where A; = An; is the area of the face o;. In addition, the volume V of the tetrahedron can

1
be written as V = gAh, where h is the distance of x from face oy.

Figure 4.5: The Cauchy tetrahedron.

Now apply balance of linear momentum to the tetrahedral region P in the form of equa-

tion (4.45) and concentrate on the surface integral term, which, in this case, becomes

/ t(n)da = /t(_el)da—F/ t(_ez)da—i-/ t(_efs)da+/ t(n)da. (463)
aP o1 02 03 0

Upon using Cauchy’s lemma, this becomes

/ tn) da = —/ t(el)da—/ ten) da—/ tes) da—l—/ t(n)da. (4.64)
oP o1 02 03 o0

Returning now to the balance of linear momentum statement (4.45), it can be written as

/ p(a — b) dv = / t(n) da — / t(el) da — / t(e2) da — / t(eg) da . (465)
P oo o1 02 o3

Assuming that p, a, and b are bounded, one can obtain an upper-bound estimate for the

domain integral on the left-hand side as

/Pp(a—b)dv 3

< /|p(a—b)dv\ - /K(x,t)dv KV = K*ian. (466)
P P
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where K(x,t) = |p(a—b)| and K* = K(x*,t), with x* being some interior point of P. The
preceding derivation made use of the mean-value theorem for integrals.?
Assuming that t(e;) are continuous in x, apply the mean value theorem for integrals

component-wise to get

/t(ei) da = t;A;, (4.67)
so that summing up all three like equations
3
Z/ te)da = tiA; = tiAn, . (4.68)
i=1 7 i
Also, for the inclined face
/ t(n) da = f(kn)A. (469)
oo

In the preceding two equations, t; and t(, are the traction vectors at some interior points

of 0; and gy. Recalling from (4.65) and (4.66) that

3
/ t(n) da — Z/ t(ei) da
a0 ’L:]. g;

1
< GKAR, (4.70)

write

= At An| = At —tin| < %K*Ah, (4.71)

3
/ t(n) da — Z/ t(ei) da
oo i=1 o;

which simplifies to

1
tiy—ting| < -K"h. 4.72
| (n) i | - 3 ( )

Now, upon applying the preceding analysis to a sequence of geometrically similar tetra-

hedra with heights h; > hy > ..., where lim; ., h; = 0, one finds that
[t — tin < 0, (4.73)

where, obviously, all stress vectors are evaluated exactly at x. It follows from (4.73) that at
point x

2Mean-value Theorem for Integrals: If P has positive volume (vol(P) > 0) and is compact and connected,

and f is continuous in €3, then there exists a point x* € P for which [ f(x)dv = f(x*)vol(P).
P
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where the superscript has been dropped, since, now, X* = x.

With the preceding development in place, define the tensor T as
T = t;®e, (4.75)
so that, when operating on n,
Tn = (t; ®e;)n = ti(e;-n) =tin; = ty, (4.76)

as seen from (4.74). The tensor T is called the Cauchy stress tensor.

It can be readily seen from (4.75) that

T = Tkiek ®Xe = tl' X e; 9 (477)
hence
Also, since

ti ‘e = Tkiek e, = T'], s (479)
it is immediately seen that

Note that, from its definition in (4.75), it is clear that the Cauchy stress tensor does not
depend on the normal n.
Return now to the integral statement of linear momentum balance and, taking into

account (4.76), apply the divergence theorem to the boundary integral term. This leads to

/padv = /pbdv+/ tm) da
P P oP
= /pbdv—l—/ Tnda
P oP

= /pbdv—l—/didev. (4.81)
P P

It follows from the preceding equation that the condition

/(pa —pb—divT)dv = 0, (4.82)
P
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holds for an arbitrary area P, which, with the aid of the localization theorem leads to a local

form of linear momentum balance in the form
divT +pb = pa. (4.83)

An alternative statement of linear momentum balance can be obtained by noting from

(4.75) that
/padv = /pbdv—l—/ tm) da
P P oP
= /pbdv+/ t;n; da
P oP

= /pbdv%—/ti,idv. (4.84)
P P

Again, appealing to the localization theorem, this leads to
ti;+pb = pa. (4.85)

Turn attention next to the balance of angular momentum and examine the boundary integral

term in (4.49). This can be written as

/ X X t(n) da = / X X t;n; da = /(X X tl)ﬂ dv = /(Xﬂ' X t; +x X tl,l) dv . (486)
oP oP P P

Substituting the preceding equation into (4.49) yields

/(x X pa)dv = /(X X pb) dv + / (x; X t; +x X t;;)dv (4.87)
P P

P

or, upon rearranging the terms,
/ [x x (pa—pb—t;;)+x,;xt]dv = 0. (4.88)
P

Recalling the local form of linear momentum balance equation (4.85), the above equation

reduces to
P

The localization theorem can be invoked again to conclude that
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or

e, xt;, = 0. (4.91)

In component form, this condition can be expressed as
e; x (Tje;) = Tje; xe; = Tje e, = 0, (4.92)
which means that T;; = T};, i.e., the Cauchy stress tensor is symmetric (or, said differently,

the skew-symmetric tensor T —T7 vanishes identically). Hence, angular momentum balance

restricts the Cauchy stress tensor to be symmetric.

T35
Tas
|
113 : |
A
| T
|
T31 | T22
I
e
’ €2 U Ty, N T
e, Ty S

Figure 4.6: Interpretation of the Cauchy stress components on an orthogonal parallelepiped

aligned with the {e;}-azes.

An interpretation of the components of T on an orthogonal parallelepiped is shown in

Figure 4.6. Indeed, recalling (4.78), it follows that
t1 = Tne + Txnex + Txe;, (4.93)

which means that 7;; is the i-th component of the traction that acts on the plane with
outward unit normal e;. More generally, 7T;; is the i-th component of the traction that acts
on the plane with outward unit normal e;. The components 7;; of the Cauchy stress tensor
can be put in matrix form as
Ty T T
[Tij] = Toy Top To3 ) (4-94)
Ty Ty Tss
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where [T};] is symmetric. The linear eigenvalue problem
(T—Ti)n = 0 (4.95)

yields three real eigenvalues T} > T, > T3, which are solutions of the characteristic polyno-

mial equation

T3 — 1T + 1I;T — 111y = 0, (4.96)

where Ir, I17 and 111 are the three principal invariants of the tensor T, defined as

IT = tI‘(T)
Iy = %[(u(T)f T (4.97)
Iy = é[(tr(T))g—3trT(trT2)+2trT3] ~ detT. (4.98)

As is well-known, the associated unit eigenvectors n, n® and n® of T are mutually
orthogonal provided the eigenvalues are distinct. Also, whether the eigenvalues are distinct
or not, there exists a set of mutually orthogonal eigenvectors for T.

The traction vector t(,) can be generally decomposed into normal and shearing compo-
nents on the plane of its action. To this end, the normal traction (i.e., the projection of t()
along n) is given by

(t(n) ‘n)n = (n® Il)t(n) , (4.99)

as in Figure 4.7. Then, the shearing traction is equal to

,,,,,,, tm
(t(n) . n)n A / (n)

Figure 4.7: Projection of the traction to its normal and tangential components.
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t(n) — (t(n) . n)n = t(n) — (Il X n)t(n) = (1 —_neg n)t(n) . (4100)
If n is a principal direction of T, equations (4.95) and (4.100) imply that
i—-n®n)ty = (i—-n®n)Tn = i—-n®@n)ITn = 0, (4.101)

namely that the shearing traction vanishes on the plane with unit normal n.
Next, consider three special forms of the stress tensor that lead to equilibrium states in

the absence of body forces.

(a) Hydrostatic pressure

In this state, the stress vector is always pointing in the direction normal to any plane
that it is acting on, i.e.,

t(n) = —pn, (4102)

where p is called the pressure. It follows from (4.76) that

T = —pi. (4.103)

(b) Pure tension along the e-axis

Without loss of generality, let e = e;. In this case, the traction vectors t; are of the
form

tl = Tel s tg = t3 =0. (4104)

Then, it follows from (4.78) that
T =Te®e) = Tle®e) . (4.105)

(¢) Pure shear on the (e, k)-plane

Here, let e and k be two orthogonal vectors of unit magnitude and, without loss of

generality, set e; = e and e; = k. The tractions t; are now given by
tl = Teg s tg = Te1 y tg = 0. (4106)
Appealing, again, to (4.78), it is easily seen that

T =Te®es+e®e) = Texk+k®e). (4.107)
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It is possible to resolve the stress vector acting on a surface of the current configuration
using the geometry of the reference configuration. This is conceivable when, for example,
one wishes to measure the internal forces developed in the current configuration per unit
area of the reference configuration. To this end, start by letting df be the total force acting
on the differential area da with outward unit normal n on the surface P in the current
configuration, i.e.,

df = t(n)da. (4108)

L and assume that

Also, let dA be the image of da in the reference configuration under x;
its outward unit is N. Then, define pn) to be the traction vector resulting from resolving

the force df, which acts on 0P, on the surface 0F,, namely,
df = p(N)dA . (4109)

Clearly, t and p are parallel, since they are both parallel to df.
Returning to the integral statement of linear momentum balance in (4.45), note that this

can be now readily “pulled-back” to the reference configuration, hence taking the form

Po Po

0Py

Upon applying the Cauchy tetrahedron argument to Py, it is immediately concluded that

PN) = PalVa, (4.111)

where py are the tractions developed in the current configuration, but resolved on the
geometry of the reference configuration on surfaces with outward unit normals E4. Further,

let the tensor P be defined as

P = ps®E,, (4.112)
so that, when operating on N,
PN = (pa®E4)N = paNy, (4.113)
thus, from (4.111), it is seen that
p = PN. (4.114)
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The tensor P is called the first Piola-Kirchhoff stress tensor and it is naturally unsymmetric,

since it has a mixed basis, i.e.,

P = Pse,@E, . (4115)
It follows from (4.112) that
P = Pa ®EA = P,-Ae,- ®EA s (4116)
which implies that
PaA = BAei . (4117)
Further, since
Pa-€ = Piei-e; = Pja, (4.118)
it is clear that
Pia = € -pa. (4.119)

Turning attention to the integral statement (4.110), it is concluded with the aid of (4.114)

and the divergence theorem that

Po Po 9Py

:/pobdv+/ PN dA
Po IPo

- / pobdV + / Div P dA (4.120)
Po Po

which, upon using the localization theorem, results in
poa = pob+ DivP | (4.121)

This is the local form of linear momentum balance in the referential description.

Alternatively, equation (4.113) and the divergence theorem can be invoked to show that

Po Po IPo

:/pobdv+/ pANAdA
Po IPo

Po Po
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from which another version of the referential statement of linear momentum balance can be

derived in the form

Pod = p(]b —|—pA7A > (4123)

Starting from the integral form of angular momentum balance in (4.49) and pulling it

back to the reference configuration, one finds that

/ x X ppadV = / xxpode—l—/ X X pm) dA . (4.124)
Po Po 9Po

Using (4.113) and the divergence theorem on the boundary term gives rise to

/XXpoadV :/Xxpode+/ X X paNadA
Po Po 9Po

= / Xxpode+/ (x X pa)adV . (4.125)
Po Po

Expanding and appropriately rearranging the terms of the above equation leads to
/ [x X (poa—pob —P4a)+x4Xxpa]dV = 0. (4.126)
Po

Appealing to the local form of linear momentum balance in (4.123) and, subsequently, the

localization theorem, one concludes that
XaxXpa = 0. (4.127)
With the aid of (4.117) and the chain rule, the preceding equation can be rewritten as
X4 XPa = FiaxPiae; xe; = FaPjae e, = 0, (4.128)

which implies that FPT = PF?. This is a local form of angular momentum balance in the
referential description.

Recalling (4.108) and (4.108), one may conclude with the aid of (4.76), (4.114) and
Nanson’s formula (3.122) that

PNdA = Tnda = TJF 'NdA, (4.129)
so that

1
T = jPFT : (4.130)
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Clearly, the above relation is consistent with the referential and spatial statements of an-
gular momentum balance, namely (4.130) can be used to derive the local form of angular
momentum balance in spatial form from the referential statement and vice-versa. Likewise,
it is possible to derive the local linear momentum balance statement in the referential (resp.
spatial) form from its corresponding spatial (resp. referential) counterpart.

Note that there is no approximation or any other source of error associated with the
use the balance laws in the referential vs. spatial description. Indeed, the invertibility of
the motion at any fixed time implies that both forms of the balance laws are completely
equivalent.

Other stress tensors beyond the Cauchy and first Piola-Kirchhoff tensors are frequently
used. Among them, the most important are the mominal stress tensor IT defined as the

transpose of the first Piola-Kirchhoff stress, i.e.,
n=PprP = Jr'T, (4.131)
the Kirchhoff stress tensor 7, defined as
T = JT = PF", (4.132)
and the second Piola-Kirchhoff stress S, defined as
S = F'P = JF'TF . (4.133)

It is clear from (4.133) that S has both “legs” in the reference configuration and is symmetric.
All the stress measures defined here are obtainable from one another assuming that the

deformation is known.

4.8 The transformation of mechanical fields under su-
perposed rigid-body motions

In this section, the transformation under superposed rigid motions is considered for mechan-
ical fields, such as the stress vectors and tensors. To this end, start with the stress vector

t = t(x,¢;n), and recalling the general form of the superposed rigid motion in (3.166), write

ME185



86 Mechanical fields under superposed rigid motions

tT =t (x",t;nT). To argue how t and t* are related, first recall that n* = Qn and that
t is linear in n, as established in (4.76). Since the two motions give rise to the same defor-
mation, it is then reasonable to assume that, under a superposed rigid motion, t* will not
change in magnitude relative to t and will have the same orientation relative to n* as t has

relative to n. Therefore, it is postulated that
tt = Qt. (4.134)

The above transformation indeed implies that [tT]| = |t| and t* - ntT =t - n.

Unlike the transformation of kinematic terms, which is governed purely by geometry, in
the case of kinetic terms (both mechanical and thermal) the transformation is governed by
the principle of invariance under superposed rigid motion. This, effectively, states that the
balance laws are invariant under superposed rigid motions, in the sense that their mathemat-
ical representation remains unchanged under such motions. To demonstrate this principle,
consider the transformation of the Cauchy stress tensor. Taking taking into account (4.76),
invariance under superposed rigid motions implies that t* = T™n™. This means that if two
motions differ by a mere rigid motion, then the relation between the stress vector t on a
plane with an outward unit normal n and the Cauchy stress tensor T is the same with the
relation of the stress vector t* on a plane with outward unit normal n* with the Cauchy
stress tensor T™. Invariance of (4.76) under superposed rigid motions in conjunction with

(4.134) implies that

tt =Qt = QTn

(4.135)
=T™n" = TTQn,
from where it is concluded that
QT -T'Q)n = 0, (4.136)
hence
T = QTQ". (4.137)

Equation (4.137) implies that T is an objective spatial tensor.
Recall next the relation between the Cauchy and the first Piola-Kirchhoff stress tensor in

(4.130). Given that this relation is itself invariant under superposed rigid motions it follows
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that
PY = JITHF DT = J(QTQN)(QF ™) = QUJTF ') = QP (4.138)

where the kinematic transformations (3.165) and (3.187) are employed.®> Equation (4.138)
implies that P is an objective two-point tensor. Similarly, turning to the second Piola-

Kirchhoff stress tensor, it follows from (4.133) that

St = JTEHITHET)T = JFETQN(QTQN)(QF )
= JFITF T = S, (4.139)

which implies that S is an objective referential tensor.

Since (4.139) holds true, it follows also that
St = 8§, (4.140)

namely that the rate of S is objective. However, from (4.137) and the relation (3.180) it can

be seen that

T" = QTQ" +QTQ" + QTQ"
= (2Q)TQ" + QTQ" + QT(2Q)”
= Q(QTQ") + QTQ" + (QTQ)"Q"
= QT+ QTQ" —TQ , (4.141)

which shows that, unlike T, the spatial tensor T is not objective. A similar conclusion may
be drawn for the rate P of the first Piola-Kirchhoff stress tensor.
Invariance under superposed rigid motions applies to the principle of mass conservation.

Indeed, using the local referential form (4.41) of this principle gives rise to
(4.142)

which imply that
pt = p. (4.143)

3 Also, note that, by its definition, (F~1)* = (F™)~!.
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Finally, admitting invariance under superposed rigid motions of the local spatial form (4.83)

of linear momentum balance leads to
divt T + p'bt = prat . (4.144)

Resorting to components, note that

aTz’}r _ I QiTQj1) Oxm

8x;r 0%, 8x;r
0T}
=y . Qj1Qjm
0T
Qik ar, "
Qik o, ( )
. . ox T . 0z,
where it is recognized from (3.166) that e Q" , therefore, in components, Fre Qjm-
X X
J
Equation (4.145) can be written using direct notation as
divi Tt = QdivT . (4.146)
Using (4.83), (4.144) and (4.146), one concludes that
divt T = pf(a® —b") = p(at —b")
= leVT = Qp(a_ b) ’
from where it follows that
at —b" = Q(a—b) . (4.147)

This means that, under superposed rigid motions, the body forces transform as

b" = Qb+at - Qa. (4.148)

4.9 The Theorem of Mechanical Energy Balance

Consider again the body B in the current configuration R and take an arbitrary material

region P with smooth boundary JP.
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Recalling the integral statement of linear momentum balance (4.43), define the rate at
which the external body forces b and surface tractions t do work in P and on 0P, respectively,

as
Ry(P) = / pb - v dv (4.149)
P
and
R.(P) = / ¢ vda . (4.150)
oP
respectively. Also, define the rate of work done by all external forces as
R(P) = Ry(P)+ R.(P) . (4.151)

In addition, define the total kinetic energy of the material points contained in P as

K(P) = /P%V~Vpdv. (4.152)

Starting from the local spatial form of linear momentum balance (4.83), one may dot both

sides with the velocity v to obtain
pv-v = pb-v+4+divT -v. (4.153)
Now, note that
(divT)-v = div(T'v) — T -gradv

= div(Tv) - T - (D+ W)
= div(Tv)—-T-D, (4.154)
where angular momentum balance is invoked in the form of the symmetry of T. Equation

(4.154) can be used to rewrite (4.153) as
1 d

3 E(v-v) = pb-v+div(Tv)-T-D. (4.155)
Integrating (4.155) over P leads to
1 d
/ —p—(v-v)dv = / pb - vdv+ / div(Tv) dv —/ T-Ddv . (4.156)
p2 dt P P P
or, upon using conservation of mass and the divergence theorem,
1
4 —p(v-v)dv—l—/T-de = /pb-vdv+/ (Tv) -nda . (4.157)
dt Jp 2 P P ap
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Recalling (4.76), the preceding equation can be rewritten as

d 1p(v-v)alvjt/

— T -Ddv = /pb-vdv—l—/ t-vda . (4.158)
dt Jp 2 P P op

The second term on the right-hand side of (4.158),
S(P) = /T -Ddv (4.159)
P

is called the stress power and it represents the rate at which the stresses do work in P.

Taking into account (4.149), (4.150), (4.152), (4.159) and (4.158), it is seen that

%K(P)+S(P) = Ry(P)+ R.(P) = R(P) . (4.160)

Equation (4.160) (or, equivalently, equation (4.158)) states that, for any region P, the rate
of change of the kinetic energy and the stress power are balanced by the rate of work done
by the external forces. This is a statement of the mechanical energy balance theorem. It
is important to emphasize that mechanical energy balance is derivable from the three basic
principles of the mechanical theory, namely conservation of mass and balance of linear and

angular momentum.

Returning to the stress power term S(P), note that

/T~DdU:/T~LdU
P i
1 T
— —=PF" ) - Ldv
» \J

= /P (PF")-LdV

0

y / tr[(PFT)LT] aV

— / P-FdV, (4.161)
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where use is made of (4.130) and (3.128). Further,

/T~de - / P-FdV
P Po

= / (FS) - FdV
Po
= / S (FTF)dv
Po
:/S-E(FTFJFFTF)W
Po 2
:/ S-EdV, (4.162)
Po

where, this time use is made of (4.133) and the definition of the Lagrangian strain.
Equations (4.161) and (4.162) reveal that P is the work-conjugate kinetic measure to F
in Py and, likewise, S is work-conjugate to E. These equations appear to leave open the

question of work-conjugacy for T.

4.10 The principle of energy balance

The physical principles postulated up to this point are incapable of modeling the intercon-
vertibility of mechanical work and heat. In order to account for this class of (generally
coupled) thermomechanical phenomena, one needs to introduce an additional primitive law
known as balance of energy.

Preliminary to stating the balance of energy, define a scalar field r = r(x,t) called the
heat supply per unit mass (or specific heat supply), which quantifies the rate at which heat
is supplied (or absorbed) by the body. Also, define a scalar field h = h(x,t;n) = hwm)(x, 1)
called the heat flur per unit area across a surface P with outward unit normal n. Now,

given any region P C R, define the total rate of heating H(P) as

H(P) = /Pprdv—/aphda, (4.163)

where the negative sign in front of the boundary integral signifies the fact that the heat flux
is assumed positive when it exits the region P.
Next, assume the existence of a scalar function ¢ = &(x,t) per unit mass, called the

(specific) internal energy. This function quantifies all forms of energy stored in the body
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other than the kinetic energy. Examples of stored energy include strain energy (i.e., energy

due to deformation), chemical energy, etc. The internal energy stored in P is denoted by

UP) = /Ppedv. (4.164)

The principle of balance of energy is postulated in the form

1
a4 [—pv~v+p&t} dv = /pb~vdv+/ t~vda—|—/prdv—/ hda .  (4.165)
dt Jp |2 P op P oP

This is also sometimes referred to as a statement of the “First Law of Thermodynamics”.

Equivalently, equation (4.165) can be written as

d

5 [K(P)+U(P)] = R(P)+H(P). (4.166)

Subtracting (4.158) from (4.165) leads to a statement of thermal energy balance in the

4 pedv = /T-de+/p7’dv—/ hda . (4.167)
dt Jp P P oP

Returning to the heat flux h = h(x,t;n), and note that one can apply a standard ar-

form

gument to find the exact dependence of h on n, as already done with the stress vector
t = t(x,¢;n). Indeed, one may apply thermal energy balance to a region P with boundary
OP and to each of two regions P; and P, with boundaries OP; and 9P,, where Py UPy =P
and P; U Py = (. Also, the boundaries OP; = 9P’ U o, 9P, = OP” U ¢ have a common
surface o and 9P’ U dP” = OP. It follows that

4 pedv = /T-de+/prdv—/ hda . (4.168)
dt Jp P P ap
and, also,
d
— [ pedv = / T-de+/ prdv—/ hda (4.169)
dt P1 P1 P1 0Py
and
4 pedv = / T-de+/ prdv—/ hda (4.170)
dt P2 P2 P2 OP2
Adding the last two equations leads to
d
— pedv = / T-de+/ prdv—/ hda (4.171)
dt PLUPy PLUP: PLUPs OP1UOP2
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or, equivalently,

d pedv = /T-de+/p7’dv—/ hda . (4.172)
dt P P P OP1LUIP2
Subtracting (4.168) from (4.172) results in
/ hda—/ hda =0 (4.173)
OP1UIP: aP

or, equivalently,

/ hda+/ hda = / hda . (4.174)
OP'Uo OP"Uo oP

As in the case of the stress vector, the preceding equation may be expanded to

/ hda+/h(nl)da+/h(n2)da = / hda (4.175)
OP'UOP o o ap

or
/(h(n) —h(m))da = 0, (4.176)

where n; = n and ny = —n. Since ¢ is an arbitrary surface and h is assumed to depend

continuously on n and x along o, the localization theorem yields the condition
h(n) = —h(—n) . (4.177)

or, more explicitly,
h(x,t;n) = —h(x,t;—n) . (4.178)

This states that the flux of heat exiting a body across a surface with outward unit normal
n at a point x is equal to the flux of heat entering a neighboring body at the same point
across the same surface.

Using the tetrahedron argument in connection with the thermal energy balance equation

(4.167) and the flux continuity equation (4.178), gives rise to

where h; are the fluxes across the faces of the tetrahedron with outward unit normals e;.
Thus, one may write

h = q-n, (4.180)
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where q is the heat flur vector with components ¢; = h;.
Now, returning to the integral statement of energy balance in (4.165), use mass conser-

vation to rewrite it as

/(pv-v+pé)dv = /pb-vdv—l—/ t-vda+/prdv—/ hda . (4.181)
P P aP P aP

Using (4.76) and (4.180), the above equation may be put in the form

/(pv-v+pé)dv = /pb-vdv+/ (Tn)-vda+/prdv—/ q-nda. (4.182)
P P oP P oP
Upon invoking the divergence theorem, it is easily seen that
/ (Tn) -vda = /[(div T) - v+ T -D]dv (4.183)
P P

and

/ q-nda = /diquv. (4.184)
oP P

If the last two equations are substituted in (4.182), one finds that
/ [{pv—pb—divT}-v4ps =T -D—pr+divgldv = 0. (4.185)
P

Upon observing linear momentum balance and invoking the localization theorem, the pre-

ceding equation gives rise to the local form of energy balance as
pé = T-D+pr—divq. (4.186)

This equation could be also derived along the same lines from the integral statement of
thermal energy balance (4.167).*

Regarding invariance under superposed rigid-body motions, it is postulated that
eT = ¢ (4.187)

and

=1, qf = Qq. (4.188)

4The energy equation is frequently quoted in elementary thermodynamics texts as “dU = 6Q + dW”,
where dU corresponds to pe, 6Q to pr — divq, and W to T - D.
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Equation (4.188), and invariance of the thermal energy balance imply that

ht =dq"-n" = (Qq)-(Qn) = g-n="h. (4.189)

Example: Consider a rigid heat conductor, where rigidity implies that F = R (i.e., U =1).

This means that

F =R = QR (Q=RR")

LF = LR,

(4.190)

which implies that L = €, so that D = 0. Further, assume that Fourier’s law holds, namely
that
q = —kgradT (4.191)

where T is the empirical temperature and k& > 0 is the (isotropic) conductivity. These

conditions imply that the balance of energy (4.186) reduces to
pe —div(kgradT) —pr = 0. (4.192)

Further, assume that the internal energy depends exclusively on 7" and that this dependence

€
is linear, hence — = ¢, where c¢ is termed the heat capacity. It follows from (4.192) that

dt
pcT = div(k grad T) + pr | (4.193)

which is the classical equation of transient heat conduction. O]

4.11 The Green-Naghdi-Rivlin theorem

Assume that the principle of energy balance remains invariant under superposed rigid mo-

tions. With reference to (4.165), this means that

d 1 4 4 +
— +-p'v -v'|d
: 7L[pé? P } v

= / ptbt vTduT +/ tT-vTdat + / ptrtdvt — / htdat . (4.194)
P+ op+ P+ opP+

Now, choose a special superposed rigid motion, which is a pure rigid translation, such
that
Q=1 ., Q=0 ., c¢=co, (4.195)
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where ¢g is a constant vector in E3. It follows immediately from (3.178) and (4.195) that
vi = v+c vt = v. (4.196)

Moreover, it is readily concluded from (4.148), (4.134), (4.195) and (4.196) that under this

superposed rigid translation
b™ = b / tt = t. (4.197)

It follows from (4.143), (4.196) and (4.197) that (4.194) takes the form

d 1
7 7D[paejtip(v—l—co)-(V—I—co)] dv

= /pb-(v+co)dv+/ t~(v+co)da+/p7’dv—/ hda . (4.198)
P oP P aP

Upon subtracting (4.165) from (4.198), it is concluded that

d/ / 1 d
co |— [ pvdv— pbdv—/ tda| + =(co - co) —/pdv =0. (4.199)
0 [dt » » op J+5(c0 e [dt » }

Since c( is an arbitrary constant vector, one may set ¢y = €y, where ~ is an arbitrary

non-vanishing scalar constant. Substituting v with —v in (4.199), it is proved that

d
— dv = 0 4.200
i |, P (4.200)
hence, also,
d
— | pvdv = /pbdv+/ tda . (4.201)
dt Jp P op

This, in turn, means that conservation of mass and balance of linear momentum hold, re-
spectively.

Next, a second special superposed rigid-body motion is chosen, such that
Q =1 ) Q = QO ) c = 07 (4202>

where €y is a constant skew-symmetric tensor. Given (4.202), it can be easily seen from
(3.166) and (3.178) that

vi = v+ Qox = v+ wy XX (4.203)

and

vi = v+2Qv + Qx = V+we x (2v+wy x X) (4.204)
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where wy is the (constant) axial vector of €y. Equations (4.203) and (4.204) imply that
the superposed motion is a rigid rotation with constant angular velocity wy on the original
current configuration of the continuum. Taking into account (4.134) (4.148), (4.202) and
(4.204), it is established that in this case

b" = b+2Qyv+Q22x = b+ wy x (2v + wy X X) (4.205)
and
tt =t (4.206)
In addition, equations (4.203); and (4.205); lead to
viovh = vov+2(Qx) - v + (Qox) - (20x) (4.207)
and
b™-vT = b-v+b-(Ox)+2(QV) - (2x)+2(QV) -V
+ (%) - (Q0x) + (x) - v
= b-v+b-(OQx)+ (V) - (2x) + (2x) - (20%) , (4.208)
where the readily verifiable identities
(Qov)-v =0 : (Qov) - (Qox) + (22x) - v = 0 (4.209)

are employed. Similarly, using (4.203); and (4.205);, it is seen that

% %(VJr v = vev + v (Qox) + 2(Qv) - (Qox) +2(Qv) - v
+ (Q8x) - (Qox) + (20x) - v
= V- v+ V- (Q2x) + (V) - (Qox) + (22%) - (QoX) . (4.210)
Invoking now invariance of the energy equation under the superposed rigid rotation, it
can be concluded from (4.194), as well as (4.207) (4.208) and (4.210), that
d : :
o | re dv +/ p[V-v+v- (%) + (Qov) - (Qox) + (25x) - (Qox)] dv
P P
= / p[b-v+b-(Qox)+ () - (Qox) + (2x) - (x)] dv
P

+/ t-(v+Qox)da+/,0rdv—/ hda . (4.211)
oP P oP
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After subtracting (4.165) from (4.211) and simplifying the resulting equation, it follows that

/P pv - (Qox) dv = /P pb - (Qx) dv + / t - (Qox) da . (4.212)

oP

Observing that for any given vector z in E?
z-(Qox) = z-(wo XX) = wy-(xx12), (4.213)

and recalling that wy is a constant vector, equation (4.212) takes the form

wo-[/pxx(/dv—/pxxbdv—/a xxtda]. (4.214)
P P P

This, in turn, implies that

px X vdv = /pxxbdv—i—/ x X tda (4.215)
P oP

dt Jp
namely that balance of angular momentum holds.

The preceding analysis shows that the integral forms of conservation of mass, and balance
of linear and angular momentum are directly deduced from the integral form of energy bal-
ance and the postulate of invariance under superposed rigid-body motions. This remarkable
result is referred to as the Green-Naghdi- Rivlin theorem.

The Green-Naghdi-Rivlin theorem can be viewed as an implication of the general covari-
ance principle proposed by Einstein. According to this principle, all physical laws should
be invariant under any smooth time-dependent coordinate transformation (including, as a
special case, rigid time-dependent transformations). This far-reaching principle stems from
Einstein’s conviction that physical laws are oblivious to specific coordinate systems, hence
should be expressed in a covariant manner, i.e., without being restricted by specific choices
of coordinate systems. In covariant theories, the energy equation plays a central role, as

demonstrated by the Green-Naghdi-Rivlin theorem.
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Chapter 5
Infinitesimal deformations

The development of kinematics and kinetics presented up to this point does not require any
assumptions on the magnitude of the various measures of deformation. In many realistic
circumstances, solids and fluids may undergo “small” (or “infinitesimal”) deformations. In
these cases, the mathematical representation of kinematic quantities and the associated
kinetic quantities, as well as the balance laws, may be simplified substantially.

In this chapter, the special case of infinitesimal deformations is discussed in detail. Pre-
liminary to this discussion, it is instructive to formally define the meaning of “small” or
“infinitesimal” changes of a function. To this end, consider a scalar-valued real function
f = f(x), which is assumed to possess continuous derivatives up to any desirable order. To
analyze this function in the neighborhood of x = zy, one may use a Taylor series expansion

at ¢ in the form

2 3
flxo +v) = fwo) +vf'(20) + U—f”(%) + U—fm(l"O) +...

2
= f(@0) +0f (a0) + 5 (@) |

where v is a change to the value of 2y and = € (xg, z¢ + v). Denoting by ¢ the magnitude of
the difference between xg + v and xg, i.e., ¢ = |v|, it follows that as e — 0 (i.e., as v — 0),
the scalar f(xo + v) is satisfactorily approximated by the linear part of the Taylor series

expansions in (5.1), namely

flzo+v) = f(zo) + vf'(x0) - (5.2)
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100 The Gateaux differential

2
Recalling the expansion (5.1),, one says that ¢ = |v| is “small”, when the term %f”(a’:)

can be neglected in this expansion without appreciable error, i.e. when
2

—1"(z)

assuming that f(zo +v) # 0.

5.1 The Gateaux differential

Linear expansions of the form (5.2) can be readily obtained for vector or tensor functions
using the Gateaur differential. In particular, given § = §(X), where § is a scalar, vector or
tensor function of a scalar, vector or tensor variable X, the Gateaux differential DF(X,, D)

of § at X = X, in the direction U is defined as

DF(X0,0) = {ig(%o +w‘11)} ; (5.4)
dw w0
where w is a scalar. Then,
F(Xo+U) = F(Xo) + DF(X0,D) + o(|TP) , (5.5)
such that [ |2)
. o(| B

The linear part L[§; U]z, of § at X, in the direction U is then defined as
L[§:V]x, = §(Xo) + DF(X0, D) . (5.7)
Examples:

(1) Let §(X) = f(x) = 2. Using the definition in (5.4),

D f(xg,v) = %f(:)so +wv)}

w=0

d

w=0

d
= d—(m% + 2xowov + wzvz)}
w

w=0

= [29:01) + QW’UZ]WZO

= 2!13'01) .
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Hence,

L[f;v]e = xf+ 2100 .

U
(2) Let §(X) = T(x) = x ® x. Using, again, the definition in (5.4),
[ d
DT(xq,v) = —T(Xo—l—wv)]
| dw et
Lt ov) © (0 4 0v)
= |— w
_dw ’ ’ w=0
3 2
= @{XO®X0+W(X0®V+V®XO)+L‘J VR vV}
L w=0
= [(x®V+VE®X)+2wvRV] _,
=X ®V+VRXp .
It follows that
LIT;v]x, = X0®Xo+Xo®V+VE®Xg .
U

5.2 Consistent linearization of kinematic and kinetic

variables

Start by noting that the position vector x of a material point P in the current configuration
can be written as the sum of the position vector X of the same point in the reference config-
uration plus the displacement u of the point from the reference to the current configuration,

namely

x = X+u. (5.8)

As usual, the displacement vector field can be expressed equivalently in referential or spatial

form as

u = u(X,t) = a(x,t). (5.9)
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It follows that the deformation gradient can be written as

_ Ox X +u) ou
F=ox = ox ~1'x
=I1+H, (5.10)
where H is the relative displacement gradient tensor defined by
oa
H= —. 5.11
5X (5.11)

Clearly, H quantifies the deviation of F from the identity tensor.

Recalling the discussion in Section 5.1, a linearized counterpart of a given kinematic
measure is obtained by first expressing the kinematic measure as a function of H, i.e., as
§(H) and, then, by expanding §(H) around the reference configuration, where H = 0. This
leads to

FH) = F(0) + DF(0,H) + o |H|*) , (5.12)
where ||H|| is the two-norm of H defined at a point X and time ¢ as |H|| = (H-H)Y2
Taking into account (5.7) and (5.12), the linearized counterpart of F(H) is the linear part

L(F;H)g of § around the reference configuration in the direction of H, given by
L(§;H)o = §(0)+ DF(0,H) . (5.13)

Here, a suitable scalar measure of magnitude for the deviation of F from identity can be
defined as

e = cl) = sup [[H(X.0)] . (5.14)

where “sup” denotes the least upper bound over all points X in the reference configuration.

Now one may say that the deformations are “small” (of “infinitesimal”) at a given time ¢ if
¢ is small enough so that the term o(||H||?) can be neglected when compared with F(H).

Now, proceed to obtain infinitesimal counterparts of some standard kinematic fields,

starting with the deformation gradient F. To this end, first recall that F = F(H) = I + H.

Then, note that the Gateaux differential
DF(0,H) = { O+wH}
w=0

:{ I+wH}

w=0

= (5.15)
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Hence,

L[F;H], = F(0)+ DF(0,H)
=I+H. (5.16)
Effectively, (5.16) shows that the linear part of F is F itself, which should be obvious from
(5.10).

Next, starting from FF~! = I, take the linear part of both sides in the direction of H.
This leads to

LIFF~';H], = F(0)F~(0) + D(FF~1)(0,H) = L[LH], = I, (5.17)

where

D(FF)(0,H) = DF(0,H)F~'(0) + F(0)DF'(0, H)

(5.18)
=H+DF'0,H) = 0.
The preceding equation implies that
DF'(0,H) = —H . (5.19)
Hence, the linear part of F~! at H = 0 in the direction H is
LIFYHp =1-H. (5.20)

Next, consider the linear part of the spatial displacement gradient gradu. First, observe

that, using the chain rule, one finds that
gradu = (Graduw)F' = F-DF ! = I-F ', (5.21)

therefore

gradu = gradu(H) = I—- (I+H)™". (5.22)

This means that, taking into account (5.19),
D(gradu)(0,H) = —DF'(0,H) = H. (5.23)
As a result,

Llgradu;Hlp = gradu(0) + D(gradu)(0,H) = 0+H = H. (5.24)
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The last result shows that the linear part of the spatial displacement gradient grad u coincides
with the referential displacement gradient Grad u(= H). This, in turn, implies that, within
the context of infinitesimal deformations, there is no difference between the partial derivatives
of the displacement u with respect to X or x. This further implies that the distinction
between spatial and referential description of kinematic quantities becomes immaterial in
the case of infinitesimal deformations.

To determine the linear part of the right Cauchy-Green deformation tensor C, write

C=CH) = I+H)"I+H) = I+H+H" +H'H. (5.25)
Then,
DC(0,H) = i(’J(OerH)
7 B dw w=0
= {i {I+wH+H") +wvH"H}
dw w0
= H+H"+20H™H] _
=H+H". (5.26)
Consequently, the linear part of C at H = 0 in the direction H is
L[C;H], = C(0)+DC(0,H) = I+ (H+HT) . (5.27)

Using (5.27), it can be immediately concluded that the linear part of the Lagrangian

strain tensor E is
1
L [E;H], = 5(HJFHT) : (5.28)

At the same time, the Eulerian strain tensor e can be written as
e=¢H) = -(i-F"HF '(H) , (5.29)
hence its Gateaux differential is given, with the aid of (5.19), by
De(0,H) = —%(DF‘T(O, H) + DF'(0,H)) = %(H +H) . (5.30)
This means that the linear part of e is equal to

Lle:H]y = &(0) + De(0,H) — %(H+HT). (5.31)
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It is clear from (5.28) and (5.31) that the linear parts of the Lagrangian and Eulerian strain
tensors coincide. Hence, under the assumption of infinitesimal deformations, the distinction

between the two strains ceases to exist and one writes that
LIE;H]|o = L[e;H]p = €, (5.32)

where € is the classical infinitesimal strain tensor, with components €;; = %(u” + uj;).

Proceed next with the linearization of the right stretch tensor U. To this end, write
U? =C =I1+H+H" +H'H, (5.33)
so that, with the aid of (5.26),

DU?*(0,H) = DU(0,H)U(0) + U(0)DU(0,H) = 2DU(0,H)

- (5.34)

hence,

L[U;H], = U(0) + DU(0,H) = I+%(H+HT). (5.35)

Repeating the procedure used earlier in this section to determine the Gateaux differential

of F~!, one easily finds that
1
DU '(0,H) = —§(H+HT) (5.36)

and

L[UH], =1- %(H+HT) : (5.37)

0

It is now possible to determine the linear part of the rotation tensor R, written as

R = R(H) = FH)U Y(H), (5.38)
by first obtaining the Gateaux differential as

DR(0,H) = DF(0,H)U '(0) + F(0)DU *(0,H) = H—%(H+HT) = %(H—HT),
(5.39)

and then writing

LIR:H], = R(0)+ DR(0.H) = 1+ %(H _HT). (5.40)
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When H is small, the tensor

w = %(H—HT) (5.41)

is called the infinitesimal rotation tensor and has components w;; = 2(u;; — uj;).
Next, derive the linear part of the Jacobian J of the deformation gradient. To this end,

observe that

D(detF)(0,H) = didetF(wH)}
| AW w=0
[ d
= —det(I+wH)}
_dw w=0
[ d 1
= |— H- (—)I
et - (5m)]
NS PR A IS R A
= _du)[w{ ( w) +IH( w) IIH( w)+IIIH}]]w:0
_ |4 {1+wly+w Iy + w?’IIIH}]
_dw w=0

where Iy, I1y, and 111y are the three principal invariants of H. This, in turn, leads to
Lldet F;H]p = detF(0) + D(detF)(0,H) = 1+trH = 1+tre. (5.43)

The balance laws are also subject to linearization. For instance, the conservation of mass

statement (4.41) can be linearized to yield
Llpo;H]o = L[pJ;H]o . (5.44)
This means that
po = p(0).J(0)+ Dp(0,H).J(0) + p(0)D.J(0,H) . (5.45)

Since conservation of mass is assumed to hold in all configurations therefore also including

the reference configuration, it follows that
po = p(0)J(0) = p(0), (5.46)
thus equation (5.45), with the aid of (5.42) results in

Dp(0,H) + p(0) tre = 0, (5.47)
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or, equivalently,
Dp(0,H) = —pptre . (5.48)

The linear part of the mass density relative to the reference configuration now takes the form
LpHlo = p(0)+ Dp(0,H) = poll — tre) . (5.49)

Equation (5.49) reveals that the linearized mass density does not coincide with the mass

density of the reference configuration.
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Chapter 6

Mechanical constitutive theories

6.1 General requirements

The balance laws furnish a total of seven equations (one from mass balance, three from
linear momentum balance and three from angular momentum balance) to determine thirteen
unknowns, namely the mass density p, the position x (or velocity v) and the stress tensor
(e.g., the Cauchy stress T). Clearly, without additional equations this system lacks closure.
The latter is established by constitutive equations, which relate the stresses to the mass
density and the kinematic variables.

Before accounting for any possible restrictions or reductions, a general constitutive equa-

tion for the Cauchy stress may be written as
T = T(x,v,...,F,F, ... GradF,... . p,p,...) (6.1)

or, in rate form, as

T = 'i‘(x,v,...,F,F,...,GradF,...,p,p,...) . (6.2)
Analogous general functional representations may be written for other stress measures.

A number of restrictions may be placed to the preceding equations on mathematical or
physical grounds. Some of these restrictions appear to be universally agreed upon, while
others tend to be less uniformly accepted. Three of these restrictions are reviewed below.

First, all constitutive laws need to be dimensionally consistent. This simply means that

the units of the left- and right-hand side of (6.1) or (6.2) should be the same. For example,
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when applied to a constitutive law of the form T = aB, this would necessitate that the
parameter « have units of stress (since B is unitless). Second, the same laws need to be
consistent in their tensorial representation. This means that the right-hand side of (6.1)
and (6.2) should have a tensorial representation in terms of the Eulerian basis. This is to
maintain consistency with the left-hand sides, which are naturally resolved on this basis.
This restriction would disallow, for example, a constitutive law of the form T = SF, where
(3 is a constant.

The third source of restrictions is the postulate of invariance under superposed rigid
motions (also referred to as objectivity), which is assumed to apply to constitutive laws just
as it applies to balance laws. This postulate requires the functions T and 'i‘ in (6.1) and
(6.2) to remain unaltered under superposed rigid motions. By way of example, applying the

postulate of invariance under superposed rigid motions to the constitutive law
T = T(F) (6.3)

necessitates that

T = T(F"). (6.4)
Taking into account (3.165) and (4.137), equations (6.3) and (6.4) lead to
QT(F)Q" = T(QF), (6.5)

for all proper orthogonal tensors Q. Equation (6.5) places a restriction on the choice of T.

An identical restriction is placed on the function T, where, for example,
T = T(F), (6.6)

and T is the Jaumann rate of the Cauchy stress tensor. The same conclusion is reached

when using any other objective rate of the Cauchy stress tensor in (6.6).

6.2 Inviscid fluids

An inviscid fluid is defined by the property that the stress vector t acting on any surface

is always opposite to the outward normal n to the surface, regardless of whether the fluid
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is stationary or flowing. Said differently, an inviscid fluid cannot sustain shearing tractions

under any circumstances. This means that
hence
T = —pi, (6.8)

see Figure 6.1.

Figure 6.1: Traction acting on a surface of an inviscid fluid.

On physical grounds, one may assume that the pressure p depends on the density p, i.e.,

T = —p(p)i. (6.9)

This constitutive relation defines a special class of inviscid fluids referred to as elastic fluids.
It is instructive here to take an alternative path for the derivation of (6.9). In particular,

suppose that one starts from the more general constitutive assumption
T = T(p) . (6.10)

Upon invoking invariance under superposed rigid motions, it follows that

~

T = T(p") | (6.11)

which, with the aid of (4.137) and (4.143) leads to

A

QT(pQ" = T(p), (6.12)

for all proper orthogonal Q. Furthermore, substituting —Q for Q in (6.12), it is clear that
(6.12) holds for all improper orthogonal tensors Q as well, hence it holds for all orthogonal

tensors. A tensor function T(¢) of a scalar variable is termed isotropic when

QT (¢)Q" = T(¢), (6.13)
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for all orthogonal Q. This condition may be interpreted as meaning that the components of
the tensor function remain unaltered when resolved on any two orthonormal bases. Clearly,
the constitutive function T in (6.10) is isotropic.

The representation theorem for isotropic tensor functions of a scalar variable states that
a tensor function of a scalar variable is isotropic if, and only if, it is a scalar multiple of
the identity tensor. In the case of T in (6.10), this immediately leads to the constitutive
equation (6.9).

To prove the preceding representation theorem, first note that the sufficiency argument

is trivial. The necessity argument can be made by setting
Q=Q =e®ei—er@e3te3Qe, (6.14)

which, recalling the Rodrigues formula (3.103), corresponds to p = e, q = ey, r = e3, and
0 = /2, i.e., to a rigid rotation of w/2 with respect to the axis of e;. It is easy to verify

that, in this case, equation (6.13) yields

Ty —Tg T Ty Tz Tis
T3 T3z =Tz | = | To1 Tap Toz | - (6.15)
Toy —Tos  Th T3 T30 Ti3

This, in turn, means that
Toy = T3 , Tip = Ty =Tiz=T5 = 0 , Th =T . (6.16)

Next, set
Q=Q =e®e—eRe te e, (6.17)

which corresponds to p = es, q = e3, r = e;, and § = 7/2. This is a rigid rotation of /2

with respect to the axis of e;. Again, upon using this rotation in (6.13), it follows that

T3s T3y —T3 Ty T Tis
To3 Toy T = Ty Toe Tos ) (6- 18)
~Tig =T T Ts31 T30 Ti3
which leads to
Ty = T3 ; Tz = Ty = —Tio ; Tog = To . (6.19)
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One may combine the results in (6.16) and (6.19) to deduce that

T =71, (6.20)

where T' = T, = Ty = T33, which completes the proof.
Invariance under superposed rigid motions may be also used to exclude certain functional

dependencies in the constitutive assumption for T. Indeed, assume that
T = T(x,p), (6.21)

namely that the Cauchy stress tensor depends explicitly on the position. Invariance of T

under superposed rigid motions implies that
T = T(x*",p") (6.22)

hence
QT(x,p)Q" = T(Qx+c.p) , (6.23)

for all proper orthogonal tensors Q and vectors c. Now, choose a superposed rigid motion,

such that Q =T and ¢ = cg, where ¢y is constant. It follows from (6.23) that

~ A

T(x,p) = T(x+co,p) . (6.24)

However, given that cq is arbitrary, the condition (6.24) can be met only if T is altogether
independent of x.

A similar derivation can be followed to argue that a constitutive law of the form
T = T(v,p) (6.25)

violates invariance under superposed rigid motions. Indeed, in this case, invariance implies
that
T = T(v',p"), (6.26)

which readily translates to

~

QT (v,p)Q" = T(QQx+Qv +¢,p) . (6.27)
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Now, choose Q =1, € = 0 and ¢ = c(t, where cq is, again, a constant. It follows that for

this particular choice of a superposed motion

~ ~

T(v,p) = T(v+co,p), (6.28)

which leads to the elimination of v as an argument in T.
Returning to the balance laws for the elastic fluid, note that angular momentum balance
is satisfied automatically by the constitutive equation (6.8) and the non-trivial equations

that govern its motion are written in Eulerian form (which is suitable for fluids) as

p+pdivvy =0
(6.29)
—gradp(p) + pb = pa
or, upon expressing the acceleration in Eulerian form in terms of the velocities
p+pdivy =0
(6.30)

ov
—gradp(p) +pb = p(5 +Lv).

Equations (6.30), are referred to as the compressible Euler equations. Equations (6.30) form
a set of four coupled non-linear partial differential equations in x and ¢, which, subject to
the specification of suitable initial and boundary conditions and a pressure law p = p(p),
can be solved for p(x,t) and v(x,1).

Recall the definition of an isochoric (or volume-preserving) motion, and note that for such
a motion conservation of mass leads to po(X) = p(x,t) for all time. Then, upon appealing
to the local statement of mass conservation (4.34), it is seen that divv = 0 for all isochoric
motions.

A material is called incompressible if it can only undergo isochoric motions. If the invis-
cid fluid is assumed incompressible, then the constitutive equation (6.9) loses its meaning,
because the function p(p) does not make sense as the density p is not a variable quantity.
Instead, the constitutive equation T = —pi holds with p being the unknown. In summary,
the governing equations for an incompressible inviscid fluid (ofter also referred to as an ideal
fluid) are

divv =0

(6.31)

ov
—gradp + pob = po(a +Lv) ,
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where now the unknowns are p and v.

Notice that if a set (p, v) satisfies the above equations, then so does another set of the form
(p+ ¢, v), where ¢ is a constant. This suggests that the pressure field in an incompressible
elastic fluid is not uniquely determined by the equations of motion. The indeterminacy is
broken by specifying the value of the pressure on some part of the boundary of the domain.
This point is illustrated by way of an example: consider a ball composed of an ideal fluid,
which is in equilibrium under uniform time-independent pressure p. The same “motion” of

the ball can be also sustained by any pressure field p+ ¢, where ¢ is a constant, see Figure 6.2.

Figure 6.2: A ball of ideal fluid in equilibrium under uniform pressure.

6.3 Viscous fluids

All real fluids exhibit some viscosity, i.e., some ability to sustain shearing forces. It is easy
to conclude on physical grounds that the resistance to shearing is related to the gradient of
the velocity. Therefore, it is sensible to postulate a general constitute law for viscous fluids

in the form

~

T = T(p,L) (6.32)

or, recalling the unique additive decomposition of L in (3.125), more generally as

~

T = T(p,D,W). (6.33)

The explicit dependence of the Cauchy stress tensor on W can be excluded by invoking

invariance under superposed rigid-body motions. Indeed, invariance requires that

T = T(p", DT, WH). (6.34)
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Now, consider a special superposed rigid motion for which Q(t) = I, Q(t) = €, (€ being
constant skew-symmetric tensor), c(t) = 0 and ¢(¢) = 0. This is a superposed rigid rotation
with constant angular velocity defined by the skew-symmetric tensor €y (or, equivalently,

its axial vector wy). Recalling (3.184), (3.185) and (4.143), equation (6.34) takes the form
QT(»,D,W)Q" = T(p,QDQ",QWQ" + Q) , (6.35)

for all proper orthogonal Q. Given the special form of the chosen superposed rigid motion,

equation (6.35) leads to

T(p,D,W) = T(p,DQ", W + Q) , (6.36)
which needs to hold for any skew-symmetric tensor €2y5. This implies that the constitutive

function T cannot depend on W, thus it reduces to
T = T(p,D) . (6.37)

Invariance under superposed rigid motions for the constitutive function in (6.37) gives rise

to the condition
T = T(p", D), (6.38)

which, in turn, necessitates that

QT (p,D)Q" = T(p,QDQ"), (6.39)

for all proper orthogonal tensors Q. In fact, since both sides of (6.39) are even functions of
Q, it is clear that (6.39) must hold for all orthogonal tensors Q.
Neglecting, for a moment, the dependence of T on p in equation (6.39), note that a tensor

function T of a tensor variable S is called isotropic if

QT(S)Q" = T(QsQ"), (6.40)
for all orthogonal tensors Q. It can be proved following the process used earlier for isotropic
tensor functions of a scalar variable that a tensor function T of a tensor variable S is isotropic

if, and only if, it can be written in the form

~

T(S) = CLQI + als + &282 s (641)
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where ag, a1, and ay are scalar functions of the three principal invariants Ig, I1g and I11g
of S, i.e.,

ag = do(]g,]lg,]llg)
a1 = ay(Is, Is, I11g) . (6.42)
a9 = dg(]g,]lg,[][s)

The above result is known as the first representation theorem for isotropic tensors. Using
this theorem, it is readily concluded that the Cauchy stress for a fluid that obeys the general

constitutive law (6.37) is of the form
T = aoi + alD aF a2D2 . (643)

where ag, a; and as are functions of Ip, I1p, I11p and p. The preceding equation character-
izes what is known as the Reiner-Rivlin fluid. Materials that obey (6.43) are also generally
referred to as non-Newtonian fluids.

At this stage, introduce a physically plausible assumption by way of which the Cauchy
stress T reduces to hydrostatic pressure —p(p)i when D = 0. Then, one may rewrite the

constitutive function (6.43) as
T = (-p(p) + ap)i + @D + a,D* , (6.44)

where, in general, af = a(p, Ip, [Ip,I11p). Clearly, when aj = a1 = ay = 0, the viscous
fluid degenerates to an inviscid one.
From the above general class of viscous fluids, consider the sub-class of those which are

linear in D. To preserve linearity in D, the constitutive function in (6.44) is reduced to
T = (=p(p) + ap)I + D, (6.45)

where, aj = AMp and a; = 2y, where A and p depend, in general, on p. This means that the

Cauchy stress tensors takes the form
T = —p(p)i+AtrDi+2uD . (6.46)

Viscous fluids that obey (6.46) are referred to as Newtonian viscous fluids or linear viscous

fluids. The functions A and p are called the wviscosity coefficients.
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With the constitutive equation (6.46) in place, consider the balance laws for the Newto-
nian viscous fluid. Clearly, angular momentum balance is satisfied at the outset, since T in
(6.46) is symmetric. Conservation of mass and linear momentum balance can be expressed

as

p+pdivy =0
(6.47)
div(—p(p)i+ AtrDi+ 2uD) 4+ pb = pv .
Assuming that either A\ and p are independent of p (which is very common) or that p is

spatially homogeneous, one may write balance take the form

div(—p(p)i+ AtrDi+ 2uD) = — gradp + Agraddivv + p(divgrad v + grad divv)
= —gradp+ (A + p) graddivv + pdivgrad v . (6.48)

This implies that for this special case the governing equations of motions (6.47) can be recast
as
p+pdivvy =0
(6.49)
—gradp + (A + p) graddivv + pdivgrad v + pb = pv .

Equations (6.49), are known as the Navier-Stokes equations for the compressible Newtonian
viscous fluid. As in the case of the compressible inviscid fluid, there are four coupled non-
linear partial differential equations in (6.49) and four unknowns, namely the velocity v and
the mass density p.

If the Newtonian viscous fluid is incompressible, the Cauchy stress is given by
T = —pi+2uD , (6.50)
hence, the governing equations of (6.49) become

divv =0
(6.51)
—gradp + pdivgradv + pb = pv .
The former equation is a local statement of the constraint of incompressibility, while the

latter is the reduced statement of linear momentum balance that reflects incompressibility.

As in the inviscid case, the four unknowns now are the velocity v and the pressure p.
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The Navier-Stokes equations (compressible or incompressible) are non-linear in v due to

ov v
the acceleration term, which is expanded in the form v = e + 8—V In the special case of

very slow and nearly steady flow, referred to as creeping flow or Stokes flow, the acceleration

term may be ignored, giving rise to a system of linear partial differential equations.

6.4 Non-linearly elastic solid

Recalling the definition of stress power in the mechanical energy balance theorem of equation
(4.158), define the non-linearly elastic solid by admitting the existence of a strain energy

function U = U(F) per unit mass, such that
T-D = p¥. (6.52)
It follows that the stress power in the region P takes the form

/PT~de = /p\I/dU £ —/p\I/dv - —W(P) (6.53)

where W (P) = / pV dv is the total strain energy of the material occupying the region P.

P
As a result, the mechanical energy balance theorem for this class of materials takes the form

d
E[K(P) + W(P)] = Ry(P)+ R.(P) = R(P) . (6.54)
In words, equation (6.54) states that the rate of change of the kinetic and strain energy (which
together comprise the total internal energy of the non-linearly elastic material) equals the
rate of work done by the external forces.

Recall that the strain energy function at a given time depends exclusively on the defor-

mation gradient. With the aid of the chain rule, this leads to

UV = —.F .
5F , (6.55)
so that, upon recalling (6.52),
, v
T-D = p¥ = p2— . (LF .
p rop  (LF), (6.56)
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which, in turn, leads to

oV 0P

T L =p— (LF) = p——F'. L. :
pop  (LF) = por (6.57)
The preceding equation can be also written as
o
T-p——=F")-L =0. 6.58
(T - peF7) (6.58)

Observing that this equation holds for any L, it is immediately concluded that

%
T = pg—FFT : (6.59)

Upon enforcing angular momentum balance, equation (6.59) leads to

~ AN\ T
ov ov

This places a restriction on the form of the strain energy function W. Instead of explicitly

enforcing this restriction, one may simply write the Cauchy stress as

o A T
1 |ev ., o

Alternative expressions for the strain energy of the non-linearly elastic solid can be ob-
tained by invoking invariance under superposed rigid motions. Specifically, invariance of the

function ¥ implies that

Ut = U(F*) = U(QF) (6.62)
—

= V(F),

for all proper orthogonal tensors Q. Selecting Q = R”, where R is the rotation stemming
from the polar decomposition of F, it follows from (6.62) that
U(F) = ¥(QF) = ¥(RTRU) = ¥(U). (6.63)

Therefore, one may write

U = ¥U(F) = ¥(U) = ¥(C) = ¥(E), (6.64)
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by merely exploiting the one-to-one relations between tensors U, C and E. Then, the

material time derivative of ¥ can be expressed as

- ov . o
¥V = —.C = — - (2F'DF .
(o C = oo (2FDF) (6.65)
where (3.129) is invoked. It follows from (6.52) that
ov ov
T-D = p—— - (2F'DF) = 2pF—F"-D :
Pac ) 2 : (6.66)
which readily leads to ~
ov
T-2pF—F") D = 0. :
( PFoe ) 0 (6.67)
Given the arbitrariness of D, it follows that
ov
T = 2pF—~F". 6.68
PFoG (6.68)

Using an analogous procedure, one may also derive a constitutive equation for the Cauchy

stress in terms of the strain energy function ¥ as

0
T = ng—EFT : (6.69)

Now, consider a body made of non-linearly elastic material that undergoes a special

motion x, for which there exist times ¢; and t5(> t1), such that
x =x(X,t) = x(X,t2)
vV = X(Xatl) — X(X7t2) :

for all X. This motion is referred to as a closed cycle. Recall next the theorem of mechanical

(6.70)

energy balance in the form of (6.54) and integrate this equation in time between ¢; and t,

to find that

to
KR+ WP = [ [B(P) + R(P) dr. (6.71)
t1
However, since the motion is a closed cycle, it is immediately concluded from (6.70) that
1 - "
K(P) + W(P)J2 = { / Loy vt / P (F) dv] _ 0, (6.72)
P P t

thus, also

/tltz[Rb(PHRc(P)]dt = /: {/Ppb-vdv%—/m)t-vda} dt = 0. (6.73)
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This proves that the work done on a non-linearly elastic solid by the external forces during
a closed cycle is equal to zero.

Equation (6.54) further implies that

[K(P)+W(P)];, = /t [/Ppb-vdwfm)t-vda} dt . (6.74)

t1
This means that the work done by the external forces taking the body from its configuration
at time ¢ to time t(> t;) depends only on the end states at ¢t and ¢; and not on the path
connecting these two states. This is the sense in which the non-linearly elastic material is
characterized as path-independent.
The preceding class of non-linearly elastic materials for which there exists a strain energy
function W is sometimes referred to as Green-elastic or hyperelastic materials. A more general

class of non-linearly elastic materials is defined by the constitutive relation
T = T(F). (6.75)

Such materials are called Cauchy-elastic and, in general, do not satisfy the condition of
worklessness in a closed cycle. Recalling the constitutive equation (6.61), it is clear that any

Green-elastic material is also Cauchy-elastic.

P e

Po P
Figure 6.3: Orthogonal transformation of the reference configuration.

The concept of material symmetry is now introduced for the class of Cauchy-elastic ma-
terials. To this end, let P be a material particle that occupies the point X in the reference
configuration. Also, take an infinitesimal volume element P, which contains X in the ref-
erence configuration. Since the material is assumed to be Cauchy-elastic, it follows that
the Cauchy stress tensor for P at time ¢ is given by (6.75). Now, subject the reference

configuration to an orthogonal transformation characterized by the orthogonal tensor Q, see

ME185



Mechanical constitutive theories 123

Figure 6.3. This transforms the region Py to P). Note, however, that the stress at a point
is independent of the specific choice of reference configuration. Hence, when expressed in
terms of the deformation relative to the orthogonally transformed reference configuration,

the Cauchy stress at point P is, in general, given by
T = T'(FQ). (6.76)

The preceding analysis shows that the constitutive law depends, in general, on the choice of
reference configuration. For this reason, one may choose, at the expense of added notational

burden, to formally write (6.75) and (6.76) as
T = Tp,(F). (6.77)

and

T = Tp(FQ), (6.78)

respectively.
By way of background, recall here that a group G is a set together with an operation ,

such that the following properties hold for all elements a, b, ¢ of the set:
(i) a = b belongs to the set (closure),
(ii) (a*b)*c=a=x (b+c) (associativity),
(iii) There exists an element i, such that ¢ * a = a * i = a (existence of identity),

(iv) For every a, there exists an element —a, such that a * (—a) = (—a) * a = i (existence

of inverse).

It is easy to confirm that the set of all orthogonal transformations Q of the original refer-
ence configuration forms a group under the usual tensor multiplication, called the orthogonal
group or O(3). In this group, the identity element is the identity tensor I and the inverse

element is the inverse (or transpose) Q! (or QT) of any given element Q. The subgroup!

LA subset of the group set together with the group operation is called a subgroup if it satisfies the closure

property within the subset.
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Gp, € O(3) is called a symmetry group for the Cauchy-elastic material with respect to the
reference configuration Py if
TPO(F) = TPO (FQ) ) (679)

for all Q € Gp,. Physically, equation (6.79) identifies orthogonal transformation Q which
produce the same stress at P under two different loading cases. The first one subjects the
reference configuration to a deformation gradient F. The second one subjects the reference
configuration to an orthogonal transformation QQ and then to the deformation gradient F. If
the stress in both cases is the same, then the orthogonal transformation characterizes the ma-
terial symmetry of the body in the neighborhood of P relative to the reference configuration
Po.

If equation (6.79) holds for all Q € O(3), then the Cauchy-elastic material is termed
isotropic relative to the configuration Py. An isotropic material is insensitive to any orthog-
onal transformation of its reference configuration. Choosing Q = R” and recalling the left

polar decomposition of the deformation gradient, equation (6.79) implies that

A~

T = Tp, (F) = TPO (FRT> y TPO (VRRT> = T'Po (V) : (680)
In addition, invariance of Tpo under superposed rigid motions leads to the condition

QTx,(V)Q" = Tp,(QVQT), (6.81)

for all proper orthogonal tensors Q (hence, given that (6.80) is quadratic in Q, all orthog-
onal Q). This means that Tpo is an isotropic tensor function of V. Invoking the first

representation theorem for isotropic tensor functions, it follows that
T = Tp,(V) = api+a;V +ayV?, (6.82)
where ag, a;, and as are functions of the three principal invariants of V. An alternative

representation of the Cauchy stress of a Cauchy-elastic material is

T = Tp,(B) = byi+ B+ b,B?, 6.83
0

where, now, by, by, and by are functions of the three principal invariants of V. This can be

trivially derived by noting that Tp,(B) = Tp, (V).
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6.5 Linearly elastic solid

In this section, a formal procedure is followed to obtain the equations of motion and the
constitutive equations for a linearly elastic solid. To this end, start by writing the linearized

version of linear momentum balance as
L[divT;H|o + L[pb; H|o = L]pa; H|o . (6.84)

Now, proceed by making three assumptions:
First, let the reference configuration be stress-free, i.e., assume that if T = T(F) = T(H),
then

T(I)=T() = 0. (6.85)
It follows that
L[T;H], = T(0)+ DT(0,H) = DT(0,H), (6.86)
where
DT(0,H) = [%T(O—i—wH)} = CH. (6.87)

The quantity C is called the elasticity tensor. This is a fourth-order tensor that can be
resolved in components as

@ = C'Z-jklel- &® ej & € & e . (688)

The product CH in (6.87) can be written explicitly as

CH = (Cijue @ e;Q@e; @ e)(Hmpnem ® €,)
= CijuHmne @ ej[(e, @ €) - (e, @e,)]
= CijriHmn€i @ €[0kmdin)
= CijuHpe; @e; . (6.89)

At this state, note that invariance under superposed rigid motions implies that

A

QT(F)Q" = T(QF), (6.90)

for all proper orthogonal tensors Q. Taking into account (6.85), it is concluded from the

above equation that

~

T(Q(to)) = 0, (6.91)
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namely that any rigid rotation results in no stress. Hence, one may choose a special such
rotation for which Q(ty) = I (hence, also H(ty) = 0) and Q(ty) = Q¢ (hence, also H = €),

where € is a constant skew-symmetric tensor. In this case, one may write that

d — . _ . .
{d—T(O—i—wH)} = DT(0,H) = CH = CQy, = 0. (6.92)
w w=0
Since €2y is an arbitrarily chosen skew-tensor, this means that C{2 = 0 for any skew-

symmetric tensor Q. Recalling (6.86), (6.87) and that H = & + w, it follows that
LIT;H]p = Cle+w) = Ce = o. (6.93)

Here, o is the stress tensor of the theory of linear elasticity.
Since the distinction between partial derivatives with respect to X and x disappears in
the infinitesimal case, it is clear that so does the distinction between the “Div” and “div”

operators. Therefore,

L[divT;H|o = L[DivT;H]o = DivL[T;H], = Dive . (6.94)
By way of a second assumption, write

Lipa;H]o — 5(0)a(0) + [Dp(0, H)]a(0) + 5(0)[Da(0, H)] . (6.95)

With reference to (6.95), assume that in the linearized theory the acceleration a satis-
fies a(0) = O (i.e., there is no acceleration in the reference configuration) and also that
[Da(0,H)| = a (i.e., the acceleration is linear in H). It follows from (6.95) and the preced-
ing assumptions that

Llpa;H]g = poa . (6.96)

Finally, noting first that
L[pb;H]o = p(0)b(0) + [Dp(0, H)|b(0) + p(0)[Db(0, H)] (6.97)

assume that in the linearized theory b(0) = 0 (which, in view of the earlier two assumptions,
is tantamount to admitting that equilibrium holds in the reference configuration) and also
that [Db(0,H)] = b (i.e., the body force is linear in H). With (6.97) and the preceding

assumptions on b in place, it is easily seen that

L[pb;H]o = pob . (6.98)
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Taking into account (6.94), (6.96) and (6.98), equation (6.84) reduces to
Dive + ppb = poa . (6.99)

Of course, neither a nor b are explicit functions of the deformation. The acceleration a
depends on the deformation implicitly in the sense that the latter is obtained from the motion
x whose second time derivative equals a. On the other hand, b depends on the motion (and
deformation) implicitly through the balance of linear momentum.

In the context of linear elasticity, all measures of stress coincide, namely the distinction
between the Cauchy stress T and other stress tensors such as P, S, etc, disappears. To see
this point, recall the relation between T and P in (4.130) and take the linear part of both

sides to conclude that

LT;H]p = L EPFT;H} , (6.100)
which, in light of (6.93), implies that
o= ﬁ?(O)FT(OH[D%(O,H)} P(O)FT(O)+ﬁ[DP(O,H)]FT(0)+ﬁf’(0)[DFT(O,H)].

(6.101)
Recalling that the reference configuration is assumed stress-free, it follows from the above

equation that

o = DP(0,H), (6.102)
which implies further that
L[P;H], = P(0)+ DP(0,H) = o, (6.103)
hence,
L[P;H|, = L[T;H], . (6.104)

Similar derivations apply to deduce equivalency of T to other stress tensors in the infinites-
imal theory.

Return now to the constitutive law (6.93) and write it in component form as

0ij = Cijki€kl - (6.105)
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In general, the fourth-order elasticity tensor possesses 3 X 3 x 3 x 3 = 81 material constants
Cijri. However, since balance of angular momentum implies that o;; = oji and also, by the

definition of € in (5.32), ;; = €;i, it follows that
Cijtt = Ciint = Ciyjie = Ciak » (6.106)

which readily implies that only 6 x 6 = 36 of these components are independent.?
Next, note that in the infinitesimal theory, equation (6.93) may be derived from a strain

energy function W = W (e) per unit volume as

oW
. 1
o 5 (6.107)
where
W = %s-@s. (6.108)

It follows from (6.108) and (6.107) that

&TU (92W
e = i7 s 1
8€kl 85,-j85kl C]kl (6 09)

which, in turn, implies that C;ji; = Cyj. The preceding identity reduces the number of
independent material parameters from 36 to 36 — % +3=213

The number of independent material parameters can be further reduced by material
symmetry. To see this point, recall the constitutive equations (6.82) or (6.83) for the isotropic
non-linearly elastic solid and note that a corresponding equation can be easily deduced in

terms of the Almansi strain e, namely
T = Tpe) = coi+cre+ ce®, (6.110)

where c¢g, c¢1, and ¢y are function of the three principal invariants I., 11, and II1. of e.
Recalling (5.32)s and noting that, by assumption, the reference configuration is stress-free,

it is easy to see that the linearization of (6.110) leads to

o = c;l.1+ e, (6.111)

2To see this, take each pair (i,7) or (k,1) and use (6.106) to conclude that only 6 combinations of each

pair are independent.
3To see this, write the 36 parameters as a 6 x 6 matrix and argue that only the terms on and above (or

below) the major diagonal are independent.
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where ¢ and c¢; are constants. Setting ¢j = A and ¢; = 241, one may rewrite the preceding
equation as

o = Mrel+2ue . (6.112)

The parameters A and p are known as the Lamé constants. These are related to the Young’s

modulus E and the Poisson’s ratio v by

A= by R S (6.113)
(I+v)(1-2v) 2(1+v)
and, inversely,
g - HBA+2u) v = AR (6.114)
A+ 2N+ )

6.6 Viscoelastic solid

Most materials exhibit some memory effects, i.e., their current state of stress depends not
only on the current state of deformation, but also on the deformation history.
Consider first a broad class of materials with memory, whose Cauchy stress is given by
T(X,t) = T( 5 [F(X, 7)) X) . (6.115)
T<t
This means that the Cauchy stress at time ¢ of some material particle P which occupies
point X in the reference configuration depends on the history of the deformation gradient of
that point up to (and including) time ¢. Materials that satisfy the constitutive law (6.115)
are called simple.
Invoking invariance under superposed rigid motions and suppressing, in the interest of
brevity, the explicit dependence of functions on X, it is concluded that
QUT(9 [FNQT () = T( 5 [QNF(T) (6.116)
for all proper orthogonal Q(7), where —oco < 7 < t. Choosing Q(7) = RT(7), for all
T € (—o0,1], it follows that
RY(1)T( 9 [Fn)R() = T($[U(). (6.117)

where, as usual, F(7) = R(7)U(7). Equation (6.117) can be readily rewritten as

T(t) = RAOT(H [UE)]RT(2) . (6.118)

T<t
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or, equivalently,

T(t) = FOU ()T [UN)ULFT (1) . (6.119)

Upon recalling (4.133),, this means that

S(t) = JOU(OT(H [UMNU(H) = S(H[UM)) . (6.120)

T<t T<t

As usual, one may alternatively write

S(t) = S(H[C(M) = S(H[E()) . (6.121)

<t <t

Now, proceed by distinguishing between the past (7 < ¢) and the present (7 = ¢) in the

preceding constitutive laws. To this end, define
E.(s) = E(t—s)—E(t), (6.122)

where, obviously, E;(0) = 0. Clearly, for any given time ¢, the variable s is probing the
history of the Lagrangian strain looking further in the past as s increases.
Next, rewrite (6.121) as

S(t) = S(9[E(7)]) = S(5 [E(s).E(1)]) . (6.123)

<t s>0

Then, define the elastic response function S€ as

S*(E(t)) = S($H[0,E(1)]) . (6.124)

s>0
and the memory response function S™ as

S™( 5 [Eu(s), E(1)]) = S(9 [Ei(s), E(t)]) — S($[0,E(t)]) . (6.125)

s>0 s>0 s>0
In summary, the stress response is given by

S(t) = S(E(t)) + S™( 9 [Ei(s), E()]) - (6.126)

s>0

The first term on the right-hand side of (6.126) is the stress which depends exclusively on
the present state of the Lagrangian strain. The second term on the right-hand side of (6.126)

contains all the dependency of the stress response on past Lagrangian strain states.
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Note that, by definition, the stress during a state deformation, i.e., which E(t) = Eq,

where Eg is a constant, is equal to S(t) = S¢(Ey), or, equivalently, Sm(s.ijo[O, E(t)]) = 0.

All viscoelastic materials can be described by the constitutive equation (6.126). For such
materials, S™ is rate-dependent (i.e., it depends on the rate E of Lagrangian strain) and
also exhibits fading memory. The latter means that the impact on the stress at time ¢ of
the deformation at time t — s (s > 0) diminishes as s — oo. This condition can be expressed

mathematically as

Jim Sm(séo[Ef(s),E(t)]) =0, (6.127)

where

0 if0<s<d
E(s) = { BY( - (6.128)

s—0) fd<s<oo

is the static continuation of E(s) by . With reference to Figure 6.4, it is seen that the static

Ep(s) Ei(s)

Figure 6.4: Static continuation E?(s) of Ey(s) by 6.

continuation is a rigid translation of the argument E;(s) of the memory response function
S™ by 6. Therefore, the fading memory condition (6.127) implies that, as time elapses,
the effect of earlier Lagrangian strain states on S continuously diminishes and, ultimately,
disappears altogether. The condition (6.127) is often referred to as the relazation property.
This is because it implies that any time-dependent Lagrangian strain process which reaches
a steady-state results in memory response which ultimately relaxes to zero memory stress
(plus, possibly, elastic stress), see Figure 6.5.

Under special regularity conditions, the memory response function bS™ can be reduced

to the linear functional form

S™( § [By(s), B(1)]) = / " L(B(), )Ed(s) dS | (6.129)

s>0
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Et,(s) E(s)
Figure 6.5: An interpretation of relaxation

where L(E(t), s) is a fourth-order tensor function of E(t) and s. Of course, £ (E(?), s) needs
to be chosen so that S™ satisfy the relaxation property (6.127).

Upon Taylor expansion of E;(s) around ¢ — s, one finds that
E(s) =E(t—s)—E() = —sE(t—s)+o(s%) . (6.130)

Ignoring the second-order term in (6.130), which is tantamount to neglecting long-term

memory effects, one may substitute E;(s) in (6.129) to find that

85 [Bils). / L(E(), s){—sB(t — )} ds :/ L(E(t), s)E (t—s)(glslgl)

Alternatively, upon Taylor expansion of E;(s) around ¢, one finds that
E/s) =E(t—s)—E() = —sE(t) 4+ o(s?) , (6.132)
which leads to

S"(5 BB = [ £m0.(-sbobas = |- [T 20,55 B

s>0

= M(E)E(®) , (6.133)

where
/ L(E )sds . (6.134)

Now, attempt to reconcile the general constitutive framework developed here with the clas-
sical one-dimensional viscoelasticity models of Kelvin-Voigt and Maxwell. Start with the

Kelvin-Voigt model, which is comprised of a spring and a dashpot in parallel, and let the
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spring constant be E and the dashpot constant be 7. It follows that the uniaxial stress o is

related to the uniaxial strain ¢ by
o = FEe+ne. (6.135)

Clearly, this law is a simple reduction of (6.126), where the memory response is obtained
from a one-dimensional counterpart of (6.133).
Next, consider the Maxwell model of a spring and dashpot in series with material prop-

erties as in the Kelvin-Vogt model. In this case, the constitutive law becomes
= b (6.136)

and take the accompanying initial condition to be ¢(0) = 0. The general solution of (6.136)

is

o(t) = e(t)e ", (6.137)
which, upon substituting into (6.136) leads to
é(t) = Een'é(t) . (6.138)
This, in turn, may be integrated to yield
c(t) = c(0)+ /0 t Een"é(r)dr . (6.139)

Noting that the initial condition results in ¢(0) = 0, one may write that

¢ B b
U(t) = {/ EeWTE.(T) dT} et = / Eeg(T—t)é(T) dr
y 0

t E
= / Ee n%(t—s)ds . (6.140)
0

Clearly, the stress response of the Maxwell model falls within the constitutive framework of
(6.126), where the elastic response function vanishes identically and the memory response

can be deduced from (6.131).
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Chapter 7

Boundary- and Initial /boundary-value

Problems

7.1 Incompressible Newtonian viscous fluid

Parts of this chapter include material taken from the continuum mechanics notes of the late

Professor P.M. Naghdi.

7.1.1 Gravity-driven flow down an inclined plane

Consider an incompressible Newtonian viscous fluid under steady flow down an inclined plan
due to gravity, see Figure 7.1. Let the pressure of the free surface be py and assume that the

fluid region has constant depth h.

Figure 7.1: Flow down an inclined plane
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Assume that the velocity and pressure fields are of the form
vV = 17(1’2, 1'3)62 (71)

and
b = ]5(1'1,1'2,373), (72)

respectively. Incompressibility implies that

divv = 6—1’2 = 0, (73)

which means that the velocity field is independent of x5, namely that
vV = 1_)(.1’3)82 . (74)

Given the reduced velocity field in (7.4), the rate-of-deformation tensor has components

0 0 0
Dyl = [0 0 %53_;; (7.5)
0 4= 0
Recalling the constitutive equation (6.50), the Cauchy stress is given by
-p 0 0
[Tl = | 0 —p pit (7.6)
0 pge —p
Note that gravity induces a body force per unit mass equal to
b = g(sinfey, — cosfes) , (7.7)

where ¢ is the gravitational constant. Given (7.2), (7.4), (7.6) and (7.7), the equations of

linear momentum balance assume the form

8p B
81’1 =0
op d*v ov  0v
8:)32+ud 2+pgsm9 —p[at+a—vk] (7.8)

0
o pgcost =0
833‘3
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It follows from (7.8); 5 that
p = p(xa,x3) = —pgcosbzs + f(xs) . (7.9)
Imposing the boundary condition on the free surface leads to
p(x2,h) = —pgcosbh + f(x2) = po, (7.10)
which implies that the function f(z,) is constant and equal to
f(za) = po+ pgcosbh . (7.11)

Substituting this equation to (7.9) results in an expression for the pressure as
p = po+pgcost(h—xs3) . (7.12)

Substituting the pressure from (7.12) into the remaining momentum balance equation (7.8),

yields
d*v :
ud—x% + pgsinf = 0, (7.13)
which may be integrated to
A
Oay) = LI 02 4 cr e, . (7.14)
21
Enforcing the boundary conditions v(0) = 0 (no slip condition on the solid-fluid interface)
h sin 6
and Ta3(h) = 0 (no shear stress on the free surface), gives ¢; = 0 and ¢; = M, which,
when substituted into (7.14) yield
sin ¢ x
(z) = pgu wa(h — ?3) . (7.15)

It is seen from (7.15) that the velocity distribution is parabolic along x3 and attains a
pgsin @

h? on the free surface.
24

maximum value of v,,4, =

7.1.2 Couette flow

This is the steady flow between two concentric cylinder of radii R, (outer cylinder) and R;

(inner cylinder) rotating with constant angular velocities w, (outer cylinder) and w; (inner
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Figure 7.2: Couette flow

cylinder), see Figure 7.2. The fluid is assumed Newtonian and incompressible. Also, the
effect of body forces is neglected.

The problem lends itself naturally to analysis using cylindrical polar coordinates with
basis vectors {e,, eq,e.}. The velocity and pressure fields are assumed axisymmetric and,

using the cylindrical polar coordinate representation, can be expressed as
v = V(r)ey (7.16)

and
p = p(r). (7.17)

Taking into account (A.9), the spatial velocity gradient can be written as

L = du(r) ey R e, — Eer R ey, (7.18)
dr r
so that
rd (v(r
D = 57 <¥) (e, @eg+eRe,) . (7.19)
It follows from (7.19) that
T = —pi+ u'rd% (@) (e, @ep+egRe,) . (7.20)

Given the form of the velocity in (7.16), it is clear that div v = 0, hence the incompress-

ibility condition is satisfied at the outset. Also, the acceleration becomes

52

dv 1
a = ( U(T)eg Re, — ﬁ;er ®e0) vey = —U?er ) (7.21)

dr
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Taking into account (7.20) and (7.21) the linear momentum balance equations in the r-

and 6-directions become

U ()
dar — Udr
d d (v) P d (v) 0 (7.22)
RS 7"‘_ — B —_ pr—
'udr dr \r ”dr r ’
respectively.
The second of the above equations may be integrated twice to give
_ C2
o(r) = ar+—. (7.23)
r

The integration constants ¢; and ¢y can be determined by imposing the boundary conditions

U(R;) = w;R; and 9(R,) = w,R,. Upon determining these constants, the velocity of the flow

Ro(r Ri>+wi (Ro 7")
R\ p o\ - B
(r) = woR, L o \T Ho : (7.24)

takes the form

Finally, integrating equation (7.22); and using a pressure boundary condition such as, e.g.,

P(Ro) = po, leads to an expression for the pressure p(r).

7.1.3 Poiseuille flow

This is the flow of an incompressible Newtonian viscous fluid through a straight cylindrical
pipe of radius R. Assuming that the pipe is aligned with the es-axis, assume that the velocity
of the fluid of the general form

v = v(r)e,, (7.25)

while the pressure is
p = p(r,z) . (7.26)

Clearly, the assumed velocity field satisfies the incompressibility condition at the outset.

Taking again into account (A.9), the velocity gradient for this flow is

L = %ez ® e, , (7.27)
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hence the rate-of-deformation tensor is

10v
D = 55(9r®ez+ez®e,«) . (7.28)
Then, the Cauchy becomes
0
T = —pi+ ,uﬁ—i(er Re,t+e Re,). (7.29)

Noting that the acceleration vanishes identically, the equations of linear momentum bal-

ance in the absence of body force take the form

op
~5 = 0
10p
- 0, (7.30)
O, Lv pdv

0z * Har - rdr
where (A.11) is employed. Equation (7.30), is satisfied identically due to the assumption
(7.26), while equation (7.30); implies that p = p(z). However, given that v depends only on
r, equation (7.30)3 requires that
% = c, (7.31)
where ¢ is a constant. Upon integrating (7.30)3 in 7, one finds that

cr?

v = @—i-cllnr—i—cz, (732)

where ¢; and ¢y are also constants. Admitting that the solution should remain finite at r = 0
and imposing the no-slip condition v(R) = 0, it follows that
C 2 2
v(r) = —((r*—Ry) . 7.33
) = .0~ ) (7.3
Two additional boundary conditions are necessary (either a velocity boundary condition on
one end and a pressure boundary condition on another or pressure boundary conditions on

both ends of the pipe) in order to fully determine the velocity and pressure field.

7.2 Compressible Newtonian viscous fluids

7.2.1 Stokes’ First Problem

See Problem 5 in Homework 11.
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7.2.2 Stokes’ Second Problem

Consider the semi-infinite domain R = {(z1, 9, x3) | 3 > 0}, which contains a Newtonian
viscous fluid, see Figure 7.3. The fluid is subjected to a periodic motion of its boundary

r3 = 0 in the form

v, = Ucoswte; , (7.34)

where U and w are given positive constants. In addition, the body force is zero everywhere

in the domain.

€1

Vp

Figure 7.3: Semi-infinite domain for Stokes’ Second Problem

Adopting a semi-inverse approach, assume a general form of the solution as
v = f(z3)cos(wt— axs)e; , (7.35)

where the function f and the constant « are to be determined. The solution (7.35) assumes
that the velocity field varies along x3 and is also phase-shifted by aurs relative to the boundary
velocity. Further, note that the assumed solution renders the motion isochoric.

In view of (7.35), the acceleration field is
a = —wfsin(wt — axs)e; . (7.36)

Further, mass conservation implies that p = 0, i.e., if the fluid is initially homogeneous
(which it is assumed to be), then it remains homogeneous for all time.
The only non-vanishing components of the rate-of-deformation tensor are

11d
Doy = D3y = 3 d_f cos (wt — aws) + af sin (wt — aws) | . (7.37)
T
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Recalling (6.46), with tr D = div v = 0, and noting that p and u are necessarily constant,

since the mass density is homogeneous, it follows that

—p 0 T
;) =10 —p 0 |, (7.38)
T 0 —p
where
d
Tis = Ty = u —fcos (wt — axz) + af sin (wt — axs)| . (7.39)

dx
Taking into account (7.36) and (7.38) it is easy to see that the linear momentum balance
equations in the ey and e directions hold identically. In the e; direction, the momentum

balance equation reduces to

T3
S 7.40
Oz pay ( )
or
d? d
i —J; cos (wt — axz) + 2a—f sin (wt — axs) — o f cos (Wt — axs)
dxs dzs

= pwfsin(wt —azxz) . (7.41)
The preceding equation can be also written as

i [% - ozzf] cos (wt — axs) + {2;1045—&1 + pwf} sin (wt —azxz) = 0. (7.42)

For this equation to be satisfied identically for all x5 and ¢, it is necessary and sufficient that

>f
_ — 4
" o’ f 0 (7.43)
and
d
2,uoz—f+pwf = 0. (7.44)
dl’g

These two equations can be directly integrated to give
flxg) = 1Y% 4 coe™ 8 (7.45)

and

flas) = coe” it (7.46)
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respectively. To reconcile the two solutions, one needs to take
flzs) = ce na® (7.47)

where a = /2)_w With this expression in place, the velocity field of equation (7.35) takes
\/ 2u

the form

v = ce T cos (wt — axs)e; . (7.48)
Applying the boundary condition v(0) = U coswte; leads to ¢ = U, so that, finally,
v = Ue %% cos (wt — axs)e; . (7.49)

In this problem, the pressure p is constitutively specified, yet is here constant throughout

the semi-infinite domain owing to the homogeneity of the mass density.

7.3 Linear elastic solids

Consider a homogeneous and isotropic linearly elastic solid, and recall that its stress-strain
relation is given by (6.112). Taking the trace of both sides on (6.112) and assuming that

A+ % /4 is non-zero, it is easily seen that

tre = tro (7.50)

3A+ 2

hence
1 A

_ U —_—
244 3N+ 2
or, using the elastic materials parameters £ and v,

trol (7.51)

1
e =z (1+v)o —virel] . (7.52)

where (6.113) is used.

7.3.1 Simple tension and simple shear

In the case of simple tension along the es-axis, o33 # 0, while all other components o;; = 0.

It follows from (7.52) that

€33 = % , €11 = €22 = _T7 (7-53)
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while all shearing components of strain vanish. A simple tension experiment can be used to

determine the material constants £ and v as

E=28 5= (7.54)
€33 €33

In the case of simple shear on the plane of e; and es, the only non-zero components of

stress is 093 = 032. Recalling (7.52), it follows that
12 = — , (755>

while all other strain components vanish. The elastic constant p can be experimentally

measured by arguing that 2¢ is the change in the angle between the axes e; and es.

7.3.2 Uniform hydrostatic pressure

Suppose that a homogeneous and isotropic linearly elastic solid is subjected to a uniform

hydrostatic pressure & = —pl. Taking into account (7.51), it follows that

1 1
= —p—— I = —p—1 7.56
€= TP P (7.56)
3N+2 E
where K = _?t g 30— 20) is the bulk modulus of elasticity. Equation (7.56) can
—2v
be used in an experiment to determine the bulk modulus by noting that tre = —% is the

infinitesimal change of volume due to the hydrostatic pressure p.

7.3.3 Saint-Venant torsion of a circular cylinder

Consider an isotropic homogeneous linearly elastic cylinder under quasistatic conditions.
The cylinder has length L and radius R and is fixed on the one end (z3 = 0), while at the
opposite end (x3 = L) it is subjected to a resultant moment Mes relative to the point with
coordinates (0,0, L). Also, the lateral sides of the cylinder are assumed traction-free.

Due to symmetry, it is assumed that the cross-section remains circular and that plane
sections of constant x5 remain plane after the deformation. With these assumptions in place,

assume that the displacement of the cylinder may be written as

u = arsrey (7.57)
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x x
where « is the angle of twist per unit x3-length. Recalling that ey = —e 2 +eg—1, one may
r r

rewrite the displacement as
u = Oé(—!lfgl’gel +:171x3e2) . (758)

It follows that the infinitesimal strain tensor has components

0 0 —%axg
lei] = 0 0 sax : (7.59)
—%aa:z %axl 0

Hence, the stress tensor has components

0 0 —X2
o] = pa| 0 0 x| - (7.60)
—T92 X1 0

It can be readily demonstrated that, in the absence of body forces, all the equilibrium

equations are satisfied identically. Further, for the lateral surfaces, the tractions vanish, since

0 0 —XT2 1 T 0
t] = [owllng] = el 0 0 @ |~ |aw | = |0 (7.61)
—xy 1 0 0 0

On the other hand, the traction at x = L is

0 0 —x 0 )
ti] = [oyllng] = pa| 0 0 0] = pa| ; (7.62)
—Ty X1 0 1 0
so that the resultant force is given by
o R —sin @
/ ti]dA = Ma/ / r cos rdrdf
z3=L o Jo
0
o (7.63)
—sin 6 cos 0
R3 2m RS
= pHo—— cos @ df = Ho——— sin 0 == 0
3 Jo 3
0 0 0
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Moreover, the resultant moment with respect to (0,0, L) equals

Me3 = / (:):1e1 —I—l’geg) X ua(—xgel +a:1e2) dA

o R (7.64)

:,uoz/ (z]+23)dA = ,ua/ / r?rdrdd = pal ,
w3=L o Jo

4
™
where [ = TN is the polar moment of inertia of the circular cross-section.

7.4 Non-linearly elastic solids

7.4.1 Rivlin’s cube

Consider a unit cube made of a homogeneous, isotropic and incompressible non-linearly
elastic material. First, observe that the pressure p is work-conjugate to the volume change
in that

T-D — (T'+ %trTi) (D' + %trDi) ~ T D 4 (—p)divv,  (7.65)
where T" and D’ are the deviatoric parts of T and D, respectively. Next, recall the general
form of the constitutive equations for isotropic non-linearly elastic materials in (6.83) and,

assuming, as a special case, by = 0, write
T = —pi+ 0B, (7.66)

where by (> 0) is a constant, and p is a Lagrange multiplier to be determined upon enforcing
the incompressibility constraint.

Returning to the unit cube, assume that its edges are aligned with the common orthonor-
mal basis {ej, e, €3} of the reference and current configuration, and is loaded by three pairs
of equal and opposite tensile forces, all of equal magnitude, and distributed uniformly on
each face.

Taking into account (4.130) and (7.66), one may write
P =J(-pi+bBF 7T = —pF T +bF, (7.67)

where J = 1 due to the assumption of incompressibility. The tractions, when resolved on

the geometry of the reference configuration, satisfy

Pe,- = ce; , (768)
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where ¢ > 0 is the magnitude of the tractions per unit area in the reference configuration.
Note that ¢ is the same for all faces of the cube, since, by assumption, the force on each face

is constant and uniform. Therefore, one may also write that
P =cleg®e+ea®e;+e3®es) . (7.69)
Solutions of the form
F = \e; ®e; + e @ey + A\3e3 @ ey (7.70)

are sought for this boundary-value problem, subject to the condition A\ s 3 = 1. It is clear
from (7.68) that the equilibrium equations are satisfied identically in the absence of body
forces. Returning to the constitutive equations, combine (7.67) and (7.69) to conclude that

c = —%erm, (7.71)

or

b\ = chi+p, (7.72)
where 7 = 1,2, 3. Eliminating the pressure in the preceding equation leads to
b (A — )\i) = c(N\i — X)), (7.73)
where ¢ # j. This, in turn, means that
Al = A or bi(AM+ X)) = ¢
Ao = A3 or bi(Aa+A3) = ¢, (7.74)
A3 = A1 or bi(A3+AN) = ¢
subject to AjA9A3 = 1, where not all conditions can be chosen from the same column in
(7.74).
One solution of (7.74) is obviously
Al = A = A3 = 1. (7.75)

This corresponds to the cube remaining rigid under the influence of the tensile load. Another
possible set of solutions is \; = Ay # A3, Ao = A3 # A\ and A3 = \; # 9. Explore one of
these solutions, say A\ = Ay # A3 by setting A3 = A and noting from (7.74) that

)\24—)\3 = )\3—|—)\1 = b£ =n, (776)
1
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148 Rivlin’s cube

so that
)\1)\2)\3 = (7’]—)\)2)\ = 1. (777)

The preceding equation may be rewritten as
fO) = X =29 +9°A -1 = 0. (7.78)
To examine the roots of f(\) = 0, note that
') = 3N —dnph+02 , f'(\) = 6A—4n, (7.79)
hence the extrema of f occur at

7 Where f”(g) =—2n7 <0 (maximum)

Ao = { 3 (7.80)
n  where f’(n) =n>0  (minimum)
and are equal to
Ui 4 4
N = =821 = —1. 81

It is also obvious from the definition of f(\) that f(0) = —1, f(—o00) = —o0, and f(o0) = 0.
The plot in Figure 7.4 depicts the essential features of f(\).

f

Case 11T, Case II

/ “Case 1

;
p
A

Figure 7.4: Function f(\) in Rivlin’s cube

In summary, \; = Ay = A3 = 1 is always a solution. Further,
1. If tn® < 1, then there are no additional solutions (Case I).

2. If %7}3 = 1, then there is one set of three additional solutions corresponding to A = g

(Case II).
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3. If 2%7)3 > 1, then there are two sets of three additional solutions corresponding to the

two roots of f(\) which are smaller than n (Case I1I).

Note that the root A = A3 > n is inadmissible because it leads to Ay = Ay =1 — A < 0.

7.5 Multiscale problems

It is sometimes desirable to relate the theory of continuous media to theories of particle
mechanics. This is, for example, the case, when one wishes to analyze metals and semi-
conductors at very small length and time scales, at which the continuum assumption is not
unequivocally satisfied. In such cases, multiscale analyses offer a means for relating kinematic

and kinetic information between the continuum and the discrete system.

7.5.1 The virial theorem

The virial theorem is a central result in the study of continua whose constitutive behavior is
derived from an underlying microscale particle system. Preliminary to the derivation of the
theorem, recall that the mean Cauchy stress T in a material region P can be written as

(vol P)T = /

t®xda—/diVT®xdv. (7.82)
aP P

Taking into account (4.83), the preceding equation may be rewritten as

(vol P)T = /

oP
d
:/ t®xda+/pb®xdv——/p}'{®xd0+/p5<®5<dv. (7.84)
op P dt Jp P

t®xda+/p(b—a)®xdv (7.83)
P

Define next the (long) time-average (¢) of a time-dependent quantity ¢ = ¢(t) as

(¢) = lim = /t " syt (7.85)

and note that

d 1
<£/,0>’<®de> = lim — U p%x @ x dv \t:t0+T—/pX®xdv |t:t0} — 0. (7.86)
P 00 P P
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150 The virial theorem

The preceding time-average vanishes due to the assumed boundedness of the integral fp PX R
x dv throughout time. Using (7.86), the time-averaged counterpart of the mean-stress for-

mula (7.83) is
{(vol P)T) = </a7>t ®Xda> + </Ppb ®xdv> + </73 p)'c®>'<d1)> ) (7.87)

Turn attention now to a system of N particles whose motion is governed by Newton’s
Second Law, namely

mox* = ¢ (7.88)

where m® and x® are the mass and the current position of particle o, while f is the total

force acting on particle a. It is easy to show that the above equation leads to

d
mo‘ﬁ(i{“ ®xY) —m*x* %% = f*@x”. (7.89)

Taking time averages of (7.89) for the totality of the particles and assuming boundedness of

the term Zivzl mex* ® x“, it is seen that
N N
—<Zm0‘xa®xa> _ <Zf@®xa> . (7.90)
a=1

a=1

Recognizing that, in each particle, the total force f¢ is comprised of an internal part fé@te

due to inter-particle potentials) and an external part f*% the preceding equation may be
g y

rewritten as
N

_<i mex® ® xa> — <Z finba @ x“> + <i ferhe xa> ) (7.91)

Upon ignoring the body forces in the continuum problem and comparing (7.87) to (7.91),
it can be argued that there is a one-to-one correspondence between the three terms in each

statement. Specifically, for the mean stress, one may argue that

((vol P)T) = —<i frrte ®x°“> : (7.92)

which leads to an estimate of the mean Cauchy stress in terms of the underlying particle

system dynamics as

((vol P)T) = <i mex* ® xa> + <i ferte @ xa> . (7.93)

Equation (7.93) is a statement of the virial theorem.
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7.6 Expansion of the universe
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Appendix A Al

APPENDIX A

A.1 Cylindrical polar coordinate system

The basis vectors of the cylindrical polar coordinate system are {e,, ey, e,}, where

e, = e;cosf + eysinf
eg = —e;sinf +eycosb (A1)
e, =ej (A.2)

Here, 6 is the angle formed between the e; and e, vectors. Conversely,

e, = e, cosfl —epsinb
e; = e, sinf +eycosb . (A.3)

e, =e3 (A.4)

Further, one may easily conclude that

T
r o= J2+x3 , 0 = arctanx—j , 2z =3 (A.5)

xr1 = rcosf | xoy = rsinf | x3 = z. (A.6)

and, conversely,

Using chain rule, one may express the gradient of a scalar function f in polar coordinates

as
8f 18f of 0 10 0
df = — —e, = e, ) A.
gradf = Frert 5%t 5C oo e T %) (A7)
When the gradient operator grad is applied on a vector function v = v,e, +vyey + v.e,, then
1
grad’ v = <8aer 8899+8a )@V, (A.8)
or, upon expanding,
radv = 8v X e +%e ® e +%e ® e,+
g - 8 r (97”‘ 6 r a z r
! 8”"— ® +1 % ©est 22 %0, @ oot
r\ag ~ ) pg )T T g O
0vr v Uy
ger Re, + a—;eg Re, + Eez ®e,. (A9)
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A2 Cylindrical polar coordinate system

Also, given a symmetric tensor function

T = Tr?"er ® €, + Tr0<er ® €y + €y & er) + Trz(er & e, + (S & er)+
Topeg R eg+Th.(eg e, +e, ®ey) + 1.6, e, , (A.10)

its divergence can be expanded to

T, T.n—Tw 19T,y OT,.
divT:{ + ¥ o ]T+

or N TR
0T,y 2T 10Ty 0Ty
[ar i e T az}eﬁ
|:8Trz Trz 1 aTBz 8T‘zz
+ S

or PR 9z | (A-11)
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