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A frequency based data-driven control design considering
mixed H2/H∞ control objectives is developed for multiple input-
single output systems. The main advantage of the data-driven
control over the model-based control is its ability to use the
frequency response measurements of the controlled plant directly
without the need to identify a model for the plant. In the proposed
methodology, multiple sets of measurements can be considered
in the design process to accommodate variations in the system
dynamics. The controller is obtained by translating the mixed
H2/H∞ control objectives into a convex optimization problem.
The H∞ norm is used to shape closed loop transfer functions
and guarantee closed loop stability, while the H2 norm is used
to constrain and/or minimize the variance of signals in the time
domain. The proposed data-driven design methodology is used
to design a track following controller for a dual-stage Hard Disk
Drive (HDD), based on the sensitivity decoupling structure.

Index Terms—Data-driven control design, Mixed H2/H∞
norms, Multiple input-single output systems, Hard disk drives,
Track-following controller, Sensitivity decoupling.

I. INTRODUCTION

Control systems for the dual-stage actuators in HDDs have
been designed using a variety of model-based design tech-
niques. In this paper we will however explore the use of
data-driven control design methodologies, which only utilized
frequency response data [2], [4], [5]. Specifically, we consider
the design of track-following servo systems for dual-stage
HDDs using mixed H2/H∞ data driven synthesis techniques.
The proposed algorithm combines the necessary and sufficient
convex conditions for the H∞ norm for Multi-Input Single-
Output (MISO) plants [1] with sufficient convex conditions
for the H2 norm [4]. Dual-stage actuators in HDDs normally
accept two control inputs, while having only one measurement
output. Therefore, the controller for this system will be a single
input-multi output controller (SIMO). Frequent practice in the
HDD industry is to decouple the dual-stage system into two
SISO systems using the well-known methodology sensitivity
decoupling approach [6], [3]. We will use the sensitivity
decoupling approach to design compensators for dual-stage
actuators in two sequential steps by considering the mixed
H2/H∞ design process for SISO systems and will refer to this
approach as the Sequential SISO design strategy. We will also
utilize the mixed H2/H∞ synthesis methodology developed
for SIMO controllers, to simultaneously design both of the
compensators in a sensitivity decoupling control architecture,
and will referred to this approach as the SIMO design strategy.
Control systems designed using these two strategies will be
evaluated, and their performance compared.

Fig. 1: Control block diagram. G(ω) represents the frequency
response data of the plant. The disturbances to the system
are colored by the stable weighting functions R(ω) ∈ RH∞,
N(ω) ∈ RH∞ and W (ω) ∈ RHn×n

∞ .

II. PRELIMINARIES

G(z) and G(ejω) respectively represent discrete-time trans-
fer functions in the z and frequency domains. Rm×n

p,q ⊂ Rm×n
p

is formed by all rational causal transfer functions with n inputs
and m outputs of order q. RHm×n

∞ denotes the class of all
asymptotically stable rational proper transfer functions with
m outputs and n inputs. We will consider transfer functions
that are only characterized by their frequency domain data,
and do not have an explicit model representation and will use
the argument G(ω) to represent them. We also make extensive
use of H∞ and H2 norms

Consider the stable feedback system in Fig. 1, The well-
known stable factorization results [7] will be used to factorize
the plant and controller for these systems.

G(ω) = M̃−1(ω)Ñ(ω), M̃ ∈ RH∞, Ñ ∈ RH1×n
∞ (1)

K(z) = X(z)Y −1(z), Y ∈ RH∞, X ∈ RHn×1
∞ (2)

The feedback structure given in Fig. 1 will be used to design
the controller K(z). Signals r̄, n̄, w̄ are zero-mean white
noises with unit variances, and the filter blocks R ∈ RH∞,
N ∈ RH∞, W ∈ RHn×n

∞ are used to color these noises. The
sequence e = (r− y) is often referred to as the position error
signal (PES). (1) and (2) can be used to derive the closed loop
transfer functions from external signals in Fig. 1 to the tracking
error e, the control input u and the measurement output y
respectively, in terms of the stable factorizations.

Er En Ew

Ur Un Uw

Yr Yn Yw

 =
1

ÑX + M̃Y

M̃Y −M̃Y −ÑY
M̃X M̃X −XÑ
ÑX ÑX ÑY


(3)

In (3) Er denotes the closed loop transfer function from input
r to output e, Uw denotes the the closed loop transfer function
from input w to output u, and so on. All functions in (3) have
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the same closed loop poles, which are the roots of ÑX +
M̃Y ∈ RH∞.

In this paper we will assume that there are l frequency
response measurements available for the plant G in Fig. 1,
and will denote the i’s measurement by Gi(ω). Similarly, Er,i,
Uw,i and Yr,i are the closed loop transfer functions for the ith

frequency domain data set.

III. CONTROL SYNTHESIS ALGORITHMS

In [5], Karimi et al. proposed a data-driven H∞ control
design methodology for SISO plants. In this paper, we present
an extension to Multi-Input and Single-Output (MISO) plants
[1]. The convex condition for the H∞ norm of the closed loop
transfer function from control input disturbance w to control
input u, Uw,i ∈ Rn×n

p in (3) is presented. The procedure for
obtaining the convex condition of all other closed loop transfer
functions in (3) is similar.

Theorem III.1. Assume that the frequency response data for
the ith measurement of the plant, Gi(ω) ∈ R1×n

p , is given
over the frequency region Ω, and is factorized according to
Eq. (1). Given positive scalars γ, the following two statements
are equivalent.
• I) Controller K(z) stabilizes the plant Gi(ω) and

‖WUw
Uw,i‖∞ < γ, ∀ i ∈ {1, · · · , l} . (4)

where WUw
is a frequency weighting function.

• II) There exists controller stable controller factorizations
X(z) ∈ RHn×1

∞ and Y (z) ∈ RH∞, such that the
following convex inequality holds ∀i ∈ {1, · · · , l} and
∀ω ∈ Ω

γ−1σ̄( WUw
(ω)X(ejω)Ñi(ω) ) <

Re( Ñi(ω)X(ejω) + M̃i(ω)Y (ejω) ) . (5)

where σ̄(·) is the maximum singular value and Re(·) is
the real part.

Proof: [1].
Consider again the MISO system given in Fig. 1 and

assume, that the exogenous sequences, r̄, n̄ and w̄ are zero-
mean independent white noises with unit variances. A key
design objecting for track-following controllers of HDDs is
to minimize the variance of the position error signal (PES).
Therefore, in this paper we will consider the minimization of
the average variance of the error sequence e = r − y, for all
l frequency domain data sets.

1

l

l∑
i=1

||ei||22 =
1

l

l∑
i=1

[
||Er,iR||22 + ||En,iN ||22 + ||Ew,iW ||22

]
(6)

where the frequency weights R(ω), W (ω) and N(ω) charac-
terize the colored exogenous random disturbance inputs. It is
also possible to constrain the worst variance of some sequences
of all l frequency responses of the plant, for example the worst
case variance of the control input, ||ui||22 ≤ βu for some
βu > 0 and for all i = 1, · · · l; or constrain the average
variance, of the control input, 1

l

∑l
i=1 ||ui||22 ≤ βu, given l

frequency responses.

Fig. 2: Sensitivity decoupling control Structure for a dual-stage
HDD. Ĝm(z) represents an estimated Mili-Actuator (MA)
transfer function. In order to switch to the single-stage HDD
with VCM as the actuator also known as the single-stage VCM
loop, signals um and ŷm are set to zero.

We will use results from [4] is used to determine an upper
bound to H2 norms.

The H2 and H∞ criteria can be combined to form a mixed
H2/H∞ control design problem. The sufficient convex condi-
tions for the H2 norm criteria in [4] are used to impose the H2

norm constraints or minimization objectives. The necessary
and sufficient H∞ convex conditions in theorem III.1 [1]
guarantee closed loop stability and are used for loop shaping.

IV. HDD TRACK FOLLOWING DESIGN RESULTS

A Voice Coil Motor (VCM) and a PZT Mili-Actuator (MA)
are the most frequently used actuators for nano-positioning
the head on the data tracks in HDDs. These two actuators are
respectively denoted as Gv and Gm in the dual-stage feedback
structure shown in Fig. 2. Four sources of external noises
and/or disturbances are considered. r is the non-repeatable
track run-out. Measurement noise n contaminates the position
error signal, e, as measured by the magnetic read head. wv

and wm are the control input sources respectively acting on
the VCM head assembly and on the MA. The most commonly
used control structure in dual-stage HDDs is the Sensitivity
Decoupling structure illustrated in Fig. 2

Five sets of frequency response data are used to represent
dynamics variations for each actuator (i.e. l = 5). These five
sets of frequency response data are plotted in Fig. 3. Only the
frequency response data generated by these transfer functions,
in the form of factorizations Ñv,i(ω), M̃v,i(ω) and Ñm,i(ω),
M̃m,i(ω), were used in the control synthesis algorithms, where
i denotes the ith frequency response of the l = 5 data set.

The compensators in the sensitivity decoupling structure
given in Fig. 2 were designed under four different scenarios
each involving a different value of ηym , the upper-limit of the
square of the MA output stroke average variance.

1

l

l∑
i=1

‖ymi‖22 ≤ ηym
, (7)

where ymi is the MA closed loop output in Fig. 2 for the ith

frequency response data. These values are shown in Table I,
which presents the five cases of controller design scenarios
that will be evaluated, as well as their respective marker type
used in the plots. The data based synthesis methodology is
an iterative approach. In this paper, all the controllers were
synthesized using 10 iterations.
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Fig. 3: Hard disk drive actuators frequency response measure-
ment data sets used in the design. Five measurements from
each actuator are used in the design. Gv and Gm represent
VCM and MA actuators’ transfer functions. The actuators
output units for both the VCM and the MA are 10 nm.

TABLE I: Controller design scenarios and their marker type.

Index Scenarios Design strategies ηym (nm2) Marker type

1 SIMO1 SIMO 442 +
2 SIMO2 SIMO 422 ×
3 SIMO3 SIMO 402 /
4 SIMO4 SIMO 382 .
5 SISO1 Sequential SISO 442 ◦

All closed loop transfer functions in the final, 10th iteration,
satisfied their respective H∞ constraint limits.

Fig. 4a shows the magnitude Bode plot of the closed loop
error rejection transfer function Er, at the 10th iteration, for
the dual-stage feedback system in Fig. 2, and the five design
scenarios described in for the five design scenarios described in
table I. Also shown in the figure is the inverse of the weighting
function WEr

(ω), to space the closed loop error rejection
sensitivity function Er. Fig. 4b shows the the magnitude Bode
plots of the closed loop transfer functions from the track run-
out r to the actuator outputs yv and ym respectively. As shown
in the figure, the VCM is more active at the low frequency
region, while the MA takes over at the mid-frequency region.

Since the z-domain transfer functions for all of the actu-
ators frequency response measurements shown in Fig. 3 are
available for this example, we were able to compute the closed
loop poles of the feedback system, for all of the synthesized
compensators and for all of the scenarios in table I, and to
verify all the closed loop transfer functions were stable for all
the plants used to generate the frequency response data in the
data-driven mixed H2/H∞ formulation.
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Fig. 4: Magnitude Bode plots of the closed loop transfer
functions: Er (from track runout r to the tracking error e), Y v

r

(from r to VCM displacement yv) and Y m
r (from r to MA

displacement yv); for the dual-stage feedback loop in Fig. 2,
after the 10th iteration of the sequential SISO and the SIMO
design strategies.These plots include 25 closed loop transfer
functions for all the 5 design scenarios in table I using all the
5 frequency response data sets in Fig. 3. The arrows show the
increasing direction for the scenario index numbers in table I.
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